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PREFACE!; 

The orteinal object ot tl.is colloctioo ..t lualhcinulical foriiiuh..- lo hiiuH 
togetL, cLpactly, some ot the more osetul resnll* of malheiualool aoalv.e. 
( 0 ? the benefit ot those who roKaid mntliemnties as a tool, ami iml m. an eml in 

itself. There are many such results that are ilitlicull In reinnul.ei . -a tt ln. 

is not constantly using them, and to Ihul them one is ohiige.l lo looh nh a 

number ot books which may not immedialeiy lie aiTessilile, 

A collection ot lorniiilae, to meet tlie ohjeii ot [he in one. iiiiiM he 

iargely a matter ot iniiividuai seledioii; for ibis reason Ihe. lohniie m i-.,neil 
in an interleaved edition, so llmt. additions, miM tin}» individual in r.l may hr 
made, and be readily availaltle (or refmrncr. 

It was not originally intended lo include iiny liddes of fuiulmir. ni tbp. 
volume, but merely to give references to such lubb^s. An ev. eiuiM.i wad nnub*. 
however, in favor of the taldes of elliptic functions, culcidaird, »*«i Sti to Migr 
GrccnhilVs new plan, by Colonel llippisley, wiiicb wrir bu tnimpdy Ma uicl f.u 
this volume, inasnmeh as these, tables are not olheiwisr avuilublr. 

In order to keep the volume within reasonable iHumds, no laldr’i of iudi todie 
and definite integrals have been included, h'or u brief eolle« ti»»n. ibui of ilie 
late Professor B. 0. Peirce can banlly be improvnl niam; and the rbiborute 
collection of definite integrals by Bierens de llaan show bow iuiidenimle any 
brief tables of definite integrals would lie. A short list of useful tabh th of tlus 
kind, as well as of other volumes, having an objei l similar lbi?> one. i - upprmb d. 

Should the plan of this collection meet with favor, it is hoped that Muggesii.m^ 
for improving it and making it more generally useful may be rn tivnl, 

To Professor Moulton, for contributing the cimpler on the Numniral 
Integration of DilTcrcntial Kt|iiations, and to Sir (leorge (ireeribill, f»»r bU Imro- 
duction to the Tallies of I'illiplic I'nncUons, 1 wislj to iv^prifs my gialitmlc. 
And I wish also to record my obligations lo the .Secretary of the Smillmounii |H' 
stitution, and to Dr. C. G. Abbot, Assistant Secretary of the luiftlituiioii, for ibe 
way in which they have met all my HuggeHlimm with regarrl fo ibio vobime. 
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SYMIU)1,K 


log logarithm. Wlicnevcr usotl tin; Napi'iinii ’mgiuilhm in utJ*h v 
To find the common logaiitliin to l»aw‘ »o: 

logio <t . . . lo); fj. 

log a ■ • . . . log,,, t/. 

I Factorial. «l where n is an integer demni-n i . j . 4 , 4 n 

Equivalent notation l!t 
4: Docs not cijual. 

> Greater than. 

< Less tlian. 

^ Greater than, or ef|ual to, 

^ Less than, or equal to. 

Binomial coclTicicnt. See l.DL 


— > Approaches. 

I a{h I Determinant where is the element in ilie iih row nml Aili ♦ 

IC ' ' *1 Functional determinant. See 1.37. 

. i^l Absolute value of a. If a is a real ((uanllly iln noooii«.j( Vidor^ 
without regard to sign, If a is a eomplev iimuttitv. o " n i 
.| a- 1 « modulus of a ^4 .p v/tt’f .jV /:|i. | 

i' The imaginary ™ 4 \/ L i” | 

^ Sign of summation, i.e., dj i uj, p , . . . j 


. ^”>1 j 

IX rvocluct, i.o., II(i -I- iv) . (, *)(, ,, , 

A** t 





I. AIXM'VIUI/V 


i.OO Alj'tilinru’ 

I, «•' • • /i" - 0 i ■ /AOi" ‘ I- a» ''h I- a" ='/r -I- I- <//»" “ I- /'" *). 

a, rt" ;l: h" ' ' 0 / I- / 0 ("" ‘ ”• I' 

« nild: iipprr si)'U. 

/i even: lower »igu. 

3. (.V I .I,)(.v I- <h) (.V !■ «..) ■ I- V’,,V ■' I- /Vv”-'' - 1 - 

•I’ I-'' l‘ 

I ih ■!• ...... I* </.i. 

J\ - ' siuni of 111! llie pnulnel rt of I he tukeu h nt it liine# 

. . . . 

4. («'^ 1 /»■')( a" I /■^") ‘ ("ft ‘‘ W- 

5. (a^ - /r)(tt''‘ ■ jP) - (<m ;h - {»i(i J /'cif. 

0. (-r^ 1 I' I !■ 7") - O'a H- I nP !• I' 0 ^ - 7 < 0 * 

1 0</i - ahp, 

7. (n-* \ h'^ I r'^ I (r‘*)(a'-* I (P I- 7'' I h P ‘ 7 I 

1 > . ha 1 » fi - dyP I {iiy ■ /»« • ft h i l /»7 ■ ■ 

H. 0/f‘ - /«/)'■' i 0»</ I /« )' (•'» 1 /"/)■' I (*»'/ ’ /« )■■’♦ 

<). (a I h)(h I » )(< I »|) ((/ 1 I * )(tih I hf‘ P ni) ahr. 

10. (n I h)(h 1 <’)(»' T ^^) ti’(h t ♦') I /*■*(•' I *0 I <'(<• 1 ' ^0 I' ' 

n. (n 1= h)(h I . )(. I ti) - hi (h 1' • ) I <-»{< I <<) I «/'(" I /') P 

13 . I /')(/* I « )0 I' ‘0 I h I <f - (./*' I' h^ !■ <*'’). 

iA. (h .i)(e ■ .»)(<' /») - <»'*('■ ‘ /*) I' f’Hti - f ) P (Hh (i). 

14. (* - n)(e <»)(*■ - h) - « *■') I /«(<:’ - ‘»^) I' » ' ' /’'*)■ 

*5. *O0' ^0 ’I ^’) I 

it>. On ft)’* ”P (ft <0* P ■"" ft)(^» <") P (ft 

»P (t: - fl)(i: - ft)!- 

17. rt’Cft* ('■*) p /^(r’ «’) 'P ft^) *** (<* ^'Hft P 

x8. (<f ft 4- f)(«^ P ft« 4 - ft<’{ft 4 e) I- P «) P P P P ‘'’• 

(ft H" ft 'P f)(ft<^ 4 “fft 'P ftft) ’** "P P"' P “P P P ^**^*^ ' 
ao, (ft 4 e »" o)(c H> ft •"* ft) (ft 4 ft <’) “ ft*(ft 4 c) 4 ft^(<^' 4 ft) 4 P ft) 



2 MATinCMATICAr. I’OliM in,.K AND I ; 1 . 1 .1 1- l it • I I r. t I It . % 

21. (a + b -I- c){ - a 'I- b -I* <00^ " b \ < )('/ i /' ' > ' i 

-(«■> -h b-' -I- c‘). 

22. (fl 't- b -I- c -i- d)’ I- (fl h b - C - (/)'' i ('I i ‘ b '■ > ' I f'M </ /< ■ 

= 4(fl® H- /r -!• <;* -I - '/**)- 
If yl «a by r(i 
Ji ^ afi -I- ba 4 <-Y 
C (ty -I- bli 4- t’fi 

23. (a 4- b 4- c)(« H' 4’ 7) ‘ I' I' ^ '• 

24. [ft’' 4' 4- -I* /''■■I- '<0.! !.<••■’ I 1^’ i 7’ '■ i*y * V<**l 

= yl” 4WP 4- (.-I/M lie I (M). 

25. (ft’’ 4" b^ 4* — 3ft/ft')(tt'' I- (i' I 7‘ ' ’ 311/^4 • .1 ' j /*' i I ' ; I /‘I t 

AUir.iuiAH' r.ni'Aiit'Ni:; 

1.200 The expression 

J{x) >■= ftiKi’" 4' ’ 4 </■;»■'* 'M r *».. t' 5 .t„ 

is an integral rational funetion, or a |ti»lynoiiiiiil. **i ilir nilt .h . in ji 

1.201 The equation /(.v) «o has « rttoht wliii li may l>r m .il *•» i.aim!* 
tinct or repeated. 

1.202 If the roots of the e((ualitin /(.v) ^<0 art- t i. n. . . 

f(x) (io(.r ■ ■ /'Of.v ‘ f .) ...... ( a' , .4 

1.203 Symmetric functions of the routs jut e-vpif . I mov > 4 viiij' *. t! di!, 

binalions of the roots in terms ttf the i<n4iii'it iii‘i. to, ihi h.mm- loip^ 

arc : 

<^i‘Kfl4- 

On 

<%4'<^l<-a4’ . • . 4’<y:i I fV'i I ...... i t,, ,1., •• 

>t I 

Wa 4 - ^W.l 4 - . . . 4 ' Wi |. , .... I < „ . **'' 

U.,) 


c„ tr. (..... i)« 

<( n 

1.204 Newton’s Theorem. If Sk ileimtes the sum tif ilir /iJi r t *4 ^ 
roots of /(;V’) «=> 0, 

fc k h 

(-1 I h i p <> 

ifli 4 ' S\(in o 

2«'J 4' 4. .Vh/I,, *m 0 

4' .'Vta 4^ W/i |* vaffn 0 

4fl.i 4* .V|ft.T 4- .v^fta x^/i, p 0 
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Si < 1 — 

'di 




2'<'4 , 

i,i^ 



'd. ' 

air 





1 jWiaa 



a II 

a If 

a»'' 


4^^l 

*V.i - ■ 1 


‘|a r‘a;i 

aa-? tfi^ 

</n 

'dr 


' M l 1 

<d»' </«■* 


:l.205 If .SV tloiHilts (hi- sum of llic nTi)>nujibi of llm A*ll» |)o\vrrs of all ihu 
loutH of llm i‘<iualum /(.v) o; 


I'd. I I .S’l'/., ■ ' o 

mil,. •.! 1 I I' I, o 

.Vd. :i I •’'Vd. u •V:!<d. 1’ I- o 


.Vi - 

a« 1 



a,, 



:;a„ 2 , 

, a"« i 

My 

“ ' ' 

' ’'d^^ 

»Sfl 

.yd. s . 

.y/» I'l 

I « » 

a„ 

a,,-' 

• 


1,220 lf/(.v) Is •liviilod liy .v - // I In* rrstill is 

/< v) (.V fi)(J \ n. 

is ilif ((uoiioiU uiiil R ihi? miiaiiuU'r. 'I liis opfraiion may bu matUly jter-; 
foruu-'l as follows: 

Wriit’ in lim* ilu* vului’s of ao, /ii, . . . a„. If any is»wt*r 4»f x is tnissiag : 

writi* o in iho ntrrosiKiinling plaro. ^fulliply by A nml plua* ibo |iri«tut?l in 
tin; scmnl lirm mulor aij add to ai and phua* tin* stim in tin* third liiu? undrr at. 
Multiply this sum iiy ft and platT tin* pnidini in tlu* smnid line under th\ mid, 

, to ffg and place the sunt in the third line under a**. Continue this series of: 

Operations until the third line is full. The lust term in the third line is the I 
;; remainder, /?. The tirsi term in the third line, which is «», is the coelTicicnt of 
in Utc quotient, (Ij the second term is the coefncicnl of and on. I 
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MATHEMATICAL E0KMULA5 ANJ) ELLIPTIC in)N( NITONS 


1.221 It follows from 1.220 that J{h) ~ R. This /fives a t:<mvenien( way ol 
evaluating f{x) for x - h. 

1.222 To express f{x) in the form : 

fix) = Aoix « h)" + /ii(.v » //)'*-' + -I- /ln.-i(.v • ■ //) I 

By 1.220 form /(//) - An- Repeat this process with eacli (luolient, and I he 
last term of each line of sums will l»e a succeetliiig value of llu* serieri <4 
eflicients An, An-i, /lo. 

Example : 

fix) = 3a;® T 2x^ - 8.V“ -I* aa; - 4 h > a 

3 2 o a ■ 

6 16 3 -^ 48 H!t'» 

3 8- ifi 34 50 00- .il(j 

6 28 1 S 8 22 .|. 

14 44 274 /j 4 

6 4 0 ifi.s 

20 84 280 A, 

, 6 ^ 

26 13 O yla 

6 

32 « Ai 

3 =» ilo 

Thus: 

Q ” 3^* T 4- l6;V* -I- 24.1: -I- 50 
R '='/(2) g6 

/(*) = 3(* - 2)‘ + 32(* - 2)‘ -I- I 3 f)(.v - 2 )» .|. jSo(,r - j)» i (.,■ , 


TRANSFOlUrATION OF EQHATIf)NH 

1.230 To tiansform the equation fix) o into one wlitwe 
signs changed ; Substitute for .v. 


rootw u)t have ihrlr 


trar To transform tlie cqunlion /(.r) » o iiiln one win* rnols arc all miilii. 

phed by a constant, »i; Substitute */». for t. art an miiili- 

1^2 To transform the equation /(.r) » o into one wlaisc r.mla are llie 
^ypTOals of the roots of the given equation ! Substitute i/.r for * and mulllply 

3!°, “iuation f(x) - 0 into one whose roots arc all increasrd 
or ammlshed by a constant, Substitute ** * for * in li.e a ve 
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llui u|>|u*r sij'ii ln'injj; umul if ilu? nujis iiit* l<> In* iliiniiuslu'd Jiiul llu; hiwor Mifjin 
If llu‘y lU'i! In Im iiHlH’ilsrd. 'I'lu; iv.snlliii^' t^ijiuilioii will l»c: 

/( I /O I XJ'U h) \ f'/"(:l /O I l /O |. . . 0 

wlirrti J*yx) Im iIh* lii'!*l Orrivulivi^ nf /(.r), /”(.v), llui .srcnml iKiriviilivo, iitc. 
M'lir iVrtullinff (!i|iiulinM nuty al:in Ijr wrilli'i); 

I J,a-* ' I ^ I- I- .1.. .,.v |- .•!„ ..o 

whotr iIm’ rnrflirirni'i may hr found hy I hr mrtlioil 1.222 if ihr rools art! to 
ha tliniiui;ilu'il. ‘Po im rraso llir innis hy // t hauKo ihr tiij'ii tif //, 


MDf.Tii'ii: laiors 

1.24,0 If t i‘i a intihiplr rnoi nf /t.v) ■ o, of onlcr /a, i.i*.. irju'utftl ni tiuu'H, 
(lint 

/(a) - {x iy\}; R .1 o 

I- i!i ahai a nii)ili]i)i! mol of nnlrr w - r of (hr liifit ih iivnl niualion, /(.v) o; 
of nnlrr /« j of (hi* fH'i oial tlriivnl rtjuulfna, /"(.i) = o, anil an on. 

1.241 M ill! ri(uiilton /(,v,) - o will haw no inuliiplr roots if f{x) and /(.v) havo 
no loininon divirior. If is I ho ^rtiiliHi rouiiaon divisor of J\x) and /\.v), 
/ix)/h'{x) and /d.v) will liuvo, no imdtiplr roots. 


1.250 An n(nu(ion of odd dr(i;rtr, h, has at hnisl onr mil root whosr sit'll 
ojiposili* to that of iji.,, 

1.251 An niuaiion of rvrn drt^rw, «, has oin* posiiivt’ and oiu* nrj^ativo mil 
riHit if if„ is iirKatiw, 

1.252 MMic rijuallon /( i) a has as rmtiiy mil riads hrtwrrn x .V| and ,v a'a 
as tliprc* am t harijisrs of si^n in J(x) hrtwwn .I'l and a>. 

1.263 DaMarlt'*P Rulv of Sijtins; No t*f|iiAlion can have more |»os|iivt‘ rtaiU 
than U has thunKcsof sikh fnun !- to - and from *“ to i , in the terms of /(,r). 
No equaUon can have more nefjalive riMiis Uian there are changes of sign in f(^x), 
1.254 If fix) o is put in the form 

/U(.i’ - h)^ I 4i(.v - A)"'"’ h , >f /(m o 

Uy 1.222, and /U, cfi, ...... are all (Kmtive, h h an upper limit of the 

fKmitiva moia. 



U MATHEMATICAL EORMULiE AND ELLIPTIC FUNCTIONS 

^ If f{i/x) = o is put in a similar form, and the coenicienls arc all positive, 
/; IS a lower limit of the positive roots. And with /(-. i/x) - o, h is an iinner 
limit of the negative roots. 

1.266 Sturm’s Theorem. Form tlic functions : 

J{x) ~ rto-'V" + T ^ ^ ^ ^ 

/•(‘^’) =f{x) = na()X*^~^ T (« ~ ^ ^ ^ 

Mx) = - 72 i i« f(x) = (),/A.t) -h Ah 
Mx) = -7^2 in fi{x) Q.ifi(x) H- A2 


The riumljCT of real roots of /(a-) = o I, etwee, i ,e ,r, is n,.. 

stituted for .r mimis the luimlicr of changes of sign in llie same series when tn 
IS substituted for x. In forming the functions /,, f-, ... . mimericil f iciois 
may be introduced or supprcsacil in order to remove fraclionai coenidenls, ' 
Example : 

J(x) ~ a;"' - 2x^ ~ 3.V- ro.r - 4 
/l(;V) => 2 .V=* ~ 4- 5 

/sCt) y.V” ~ 27.1: -I- ri 
/a(.\') = -S.r - 3 
/,(.v) =1 -143.3 


.1? = — 03 


^ f' h fi f, 


X = O 


.■v 


'|- 00 


changes 
» t^hangcrt 
I change 


Therefore tlicre is one positive and one negative real root. 

If It can be seen that all the roots of any one of .Sturm's f..„...i 

imagmary it is unnecessary to calculate any more of them after that <me 

fthcie are any multiple roots ot]the equation f(x) ~ o the series of Siiom.’ 
functions will terminate with f r <r r t n 1 • 1 <u Muini a 

/and/,. Infhisca.,erlL„^,:at{;^:’:rt:;^^^^^ 

and ,v - ,■», each multiple toot counting only once will hr'lhe d r'"'" '' “i ''' 

positive. (Rigid Dynailte"‘i‘lrt II, ^'"'207.'/ “ 

Arrange the coefficients in two rows: 


<7-0 




.1:" 
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Form a IhirtI row l)y iross niullipliculion; 

^ ihftl 

fh di 

nm a fourtli row )iy oi)i'i:i(iii}j; on lliosc lioil (wtt rows hy a similar (‘loss- 
ulliplinUion. (!niUimio litis opiaation unlil (lirre mv u<i Icrms lofl. 'Dto 
imln'i* ttf varialioits of sif'ii in lln* In si. colmnn I'ivi's tlio mimlHT of rttotii 
tost! real parls aro posliivo. 

If (hero uro any otpial roots stmto of (la* snhsitliary fuimittns will vanish. 
1 plaoo of olio wliloli vanishos wrilt? tho tlilfornitial na’llit loiil of llio la;. I »nui 
lioh (loos uol vanish ami proi ood in (ho samo way. Al. (ho lof( of oaoli row 
wridon (ho pttwor of .i: oorrospomlitij' to (ho (ir.sf. snlisiiliaiy fnm lion in dial 
w. 'I'his jiowor diminishos hy for om h stioooodinit oorHii ioni in dio row. 
Any row may Ito rnullipliod or dividotl hy any imsilivo tpianlily in order 
romovo frmiittns. 


DKiiaunNArioN or Tiir, murrs or an i:ooAr(oN 


JOO NowIoii’m MoIIuhI. If a rool of iho ot(via(i«»n f\.\) - > o is kmiwn In Ho 
twoon .Vi and Vj ils valno ran ho found to any ilosiosl tlo).»ioo of appro\inml(on 
’ Nowton’s mol hod. ‘I'his molhotl ran ho upjiliod lo (ransrondomal oipmiioiis 
well as (<t alt'oliniir ei|ua(ions. 

K h is an appro.\imale valno of a root, 




f(h) 


/ (/») *' * ' ** appr«*>(lmalit*n, 


f(r) 


j d a (hird aiipio.vimallon. 


lis proress may Ito ropoulod indoliniloly. 

161 Hornor's Modunl htr apprttximalinK lo die real rottls of fix-) - o. 
tel pi ho du* lirst appro, \lma( ion, sm li dial /a p i > r > /a. wlu rr t i^^ ilu* 
»L sought. The ei|na(ion ran always ho transfonnrd Into one in whhh diis 
iitlilion hohla hy inullijilyinK or tlividiuM die roots hy somo |«mrr of lo 
1,231. lliininish die roois hy pi hy 1.233. In die Iramdoniird isinalion 

4 ii(.e p,)** »h .li(.v - />i)" ‘ 4 * .... 4 .'l„ »(,e • pi) j .U o 
t 

fh _ ,1 H _ 

tl dimmish die roots hy //j/io, yieldinti[ u seroinl Intiisfornu'd eipiadoii 
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If Bn and J3„_i are of tlie same sign pi was taken too largo and must lie dimin- 
ished. Then take 


pi 

100 


Bn 


and continue the operation. The required root will lie; 

, 

* lO TOO 


1.262 Graeffe’s Method. This method determines aj)i)iu\imate values {)f all 
the roots of a numerical equation, complex as well as real. Write (lie eipialion 
of the wth degree 

f{x) - dox'* ~ aix”~^ -h . . . . zb a „ o. 

The product 

fix) •J(-x) = A o;v2'‘ - /] -p ‘ , 1 : /| „ .. o 

contains only even powers of cr. It is an eciuation of the «lh degree in x\ The 
coefficients arc determined by. 

Aq => (t (^ 

Ai = ~ 2«ort2 

Ai = - 2(7ifl3 -i- 2ffon-i 

As = fljS _ 2aia.i T 2am - 2(ro«o 

A\ ~ a.p - 2flafl6 H- 2 « 2 nfl — Mm -|- 2no(T8 




The roots of the equation 

Aoy'* - -p A^y'-^ - . . . . d- yl „ « o 

arc the squares of the roots of the given equation, Continuing (his process wc 
get an equation 

RoU” ~ -P ie2«"-2 ^ 0 

whose roots arc the 2 ''th powers of the roots of the given equation. Tut X «« 2 ^ 
Let the roots of the given equation be ci, ca, . . . . , c,,, Su|)po.se first that 
> Ca > Ca > > Cn 


Then for large values of X, 
Ri 


Ci^ 


Ci' 


Ri^ 


C,i' 


Jk. 

Rn A 


If the roots are real they may be determined by c.xtracting the Xth roots of 
these quantities. Whether they are rt is determined by taking the .sign which 
approximately satisfies the equation f(x) = o. 

Suppose next that complex roots enter so that there arc cqualilic.s among 
the absolute values of the roots. Suppose that 


I ^ I Ca I ^ I Ca [ ^ , , . , ^ I . I 

, I 1^1 Cp^.i I ^ , , , , ^ I 


> I Cm I 







Al.(}KniiA 


0 


'riu;n if A i« t-noUKlt so (hut »',> is liiij'o romparal lo r:,,|.i^, < i^i ' A • • • • 
api)it)xiinuU!ly siUisfy llu; c(|u:ili<m: 

JiiiU" • • A’i«'’ ' ■' ••• .... i A',. ■ o 

ami • ■ • » ui)pro.xiM.alc!y salisfy llm .■.iiiulion; 

R,.u'> *' - R,.nu" “ ‘ I- '■ " • ' 

'Dmicfora when X is laiy,t! muuii'h llu; nivon mpialittn hivaks »lu\vn inlo a imuiltrr 
of Him|)lrr miuations. 'I'his sluj?o is sliown in llu- pnuTss vi tlmiviuj' llir sitr 
cessiva iMiiuilious whra aa lain of tlio t oi iru iouls n\v oltliiiius! from llunio «>f 
tho priHaMlinj' c(|Hiilioo simply liy sipiarinj^. 

Ki.kkukncks : ICmyklopailir th'r Malli. Wiss, I. i, .yi (Uunf'r). 

;HATUSTt)W: AppUrtl AiToilynaioics, pp. s.S.i .soo; llir snlulion of a nuimiual 
wiualiou of tho Kill ilfi'ia’O is Kivon i»y (JnirnVM Miilliod. 


1.270 Quat hallo iMiua lions. 

.V" I- ^a.v 1 A o. 

The roots are : 

.Vi —a -1 


Xji a • “ Va’-* 


Xi ] X-i ■ -Ml 
XiX-i - A. 


jl a’* > A roois aro ii'ul, 

a'-* < A litolfi an* tomplrx, 
a’’’ - A roois an* isjual. 


1,271 ( Millie miualions. 
Sulmruutc 


where 


(i) •v’’ p 1 A.V I e o. 
a 


U) .v- y 


.1 


(.0 " d/^v " *”* o 




3 s 

‘ 3 a? 


Roots of {;i) : 

If p > Of q> o, > //» 


cosh </> •»* n-p 


10 


MATHEMATICAL EOKMULA*: AND KLlJI‘T.l.C .I*'UN("IMUNS 




yi « 2 Vi> cosli ~ 


3'2 

^3 




Hinh^ 


If /> > o, <7 < o, (/2 > i)\ 

y\ « - 2\/]) cosh ™ 

ya = ~ -I- /VJa sii»h - 

2 


If /> < o 


sinh (/j 


P c=J 


V" 


3 'i « 2 V - /> sinh ~ 


3'8 


<l> 


I- ojsh'' 
2 ^ -j 




Yi 


W- M> cosh 


</> 


If /> > o, < 7 ® < />*, 


cos (p 




yi w 2\//> cos ~ 


5 'a 




„i„i. 
« 3 


1.272 Biquadratic equations, 

„ , 'h -I- fl3.V -I* Oi 0. 

Substitute 

ffl 


AJ «“ y 






AUrKUKA 


G =•> (lo'Wa -I- 2«|'‘ 

/'■ r i (/i/Vri -- 4</ir</i(/;i ‘l> 

/ ^ i (/,!</., - -I- 

/»' <hf-l • • 

A ‘ / ' • ■ y/J" '■ IIh; <!ist i lmliiui»l 
M' 4//'’ ■ ’ ‘/o-O. 

NiUuic of liio roolM of llui ))i(|iiii(lnili(r : 

A ' ’ o J'’.(|\ial nulls art; jirrsnil 

Two nulls only fi|ual: / atul J aro luil, luiilt /.oro 
Tlinai mots an* iu|uah / ■ ■ o 

Two tlisiitul pairs of (*<|ual mois: (» ‘o; OirV »» 

l'\Mir mots n|iial : // ■ / J o. 

A < o 'I'wo n*al aial two romplov mots 
A > o Roots am cillaT all iral or all rorn|iK’\: 

II < o Jirul ii»^I - I «»//" • ' o Routs all n al 
// > o and (tu^I - > o Roots all loinplrv. 


OK r I MINA MS 

1.300 A ik'U'riaiaaitl t>f tiu* «th onlor, with olniu’iils, h wrhtoii : 


Uti 

ffvi 

ai3 


aa 

<% 

...... 


Uai 

« « 

Uaa 




» 4 

a m3 

i/h3 . • . • • . 




1.301 A tlelunnlnaiU, is not dtanj^ctl in vulut* by wriliuM rows for t olumiw aiai 
columns for rows. 


1.302 If two columns or two rows of a dcicrmintmf arc intcrt han^psl the rC' 
suiting (Iclcrmlnimt is unchnngcil In value Inn is of the t»|ijmsUe sign. 

1.808 A determinant mnlshes if it has two equal columns or two cqtial rows. 

1.304 If eneb eleinent of a row or a roliimn miiiiiitUiwI l'.«» it«M 
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1.306 A determinant is not diangcd in value if to eaeli (dement (d u row or 
column is added the corresponding element of anolher row or column mul- 
tiplied by a common factor. 

1.306 If each element of the /th row or column consists of llu‘ sum of (wo 
or more terms the determinant splits up into the sum of two (»r more de- 
terminants having for elements of the /tli row or column the separalt! terms (»f 
the ^tli row or column of the given determinant, 

1.307 If corresponding elements of two rows or columns of u (hderniinnnt 
have a constant ratio the determinant vanishes. 

1.308 If the ratio of the dilTerences of corresponding elenumis in llm /Uli anil 
qt\\ rows or columns to the (lllTcrencos of coriTsponding eleimmls in I he Mh 
and ^th rows or columns be constant the determinant vanislu's. 

1.309 If p rows or columns of a delerminant whoso (demenis are ralimml 
integral functions of ;v become cciual or proporliomd wlum .r “ //, (he determinant 
is divisible by {x - A)'’"’. 


MULTIPLICATION OF Dl'.TlvKMINANTS 

1.320 Two determinants of ecjual order may be mull ipliial together by tin' 
scheme : 

I «<;• I X I bii I I i'i j \ 

where 

Cij » a^bji -I- (li'Jifi -I- 

1.321 If the two determinants to lie nuiUiplIisl tire of uneiinnl order the one 
of lower order can be raised to one of etiual order by bordering it; i.e.; 


«ll 

ffl2 . . . 

. . . flin 

IVi 

1 

0 

0 . 

4 » 4 

14 4*4 

... 0 

<l2l 

(Isa . . . 

• • . flan 


0 

I 

0 . 

4 ■ 4 

♦ ♦ » 4 4 

• 1 4 0 

• • 


• 4 » « » 


0 

0 

r , 


4 i • 1 * 

1 1 » 0 


ff'n2 . , • 

• • • fl'iin 


, 


• 1 » 

« « t 


■14 11 

4 4 4 ** 





0 

0 

0 , 

• flu 

fljB . . 

. , fl|n 




0 

0 

0 . 

1 • 1 

. rtai 

4 t 1 

flaa . . 

< • fla« 

4 4 4 4 




0 

0 

1 » 1 

p . 

4 14 

. flnl 

flna . . 

lilt 

« Ann 


1.322 The product of two dcterminaiUs may be written : 



AWiKtJUA 




(/II . . . . 

.... (/l„ 

o . . . . 


» t « ■ 

. . . . </„„ 

o 

o 

o .... 

.... 0 

//ll . . . 

■ • > • fhn 

o .... 

. . . . o 

/*lll .... 

. . • • l^iin 


I»li'*n;i<KNl'[A'l't<lN (IK DKTI'.KMiNANIS 

1.330 If lli(^ (’IcmnUs of u (l(>H‘niiiiiam, A, luv. fum lionM of a vaiialilc, /; 


‘/'u 

ihi • . 

. . . </|„ 

1 

I/O 

</'n . . 

■ a * 

‘*^1 

(/i*;) • « 

. i ■ l/'Jn 


•h\ 


. . . (/;;.. 


(/»i'4 < ♦ • 

• • • (/.It. 


</.ii 


. . . . f/,.., 


i/jl 

<f|'4 . • . 

. , •/*!„ 

•hi 

•hi . . . 

• • •/ '.'ll 

‘/.a 

«/n2 . . . . 

• « (/ n« 


where (he iiccema deiiole (lllfereiKiiuion by t. 


KXI'AN^irdN (IK VIKTKKMINAKTM 

1.340 'I'he ninipleie exjiannioo of a (leit’iTiiiiauir of 11 m‘ «(h order ((mlaiiis «1 
Icrins. 1-iuh of Ihese (erms eonlaiiK oiu* (^leniem from eadi row aad one ele- 
ment from each t ohimn. Any (erm may he ohialned from (he leadinjj lemi: 

by keeping the* llrHl snfilxes vmelmnged and permuting (lu? Hceoiul sunixe*( among 
ii a» 3i - • . .. H. 'l‘he {iign of any Itfrm is determined by ilie numlwr of inversions 
from the second sunixes of the leading term, being imsiiive if there is an even 
numlier of inversions nnd negative if there is an odd number «if inversions. 

1.341 Tim cocflldcin of when the determinant A is fully ex}mndetl ia: 


MATIIKMATICAt. vimMi'l.,!: AM. I i niTi. rr:., ,.mna 

A., is llicta minor nl ll«' ini A ..01. |.. i , a ,|i.. 

icrminant of order » - >■ H •' imv 

ami column which inlorsrcl in 0,,. nod i..oll.|.ly,n,. l,y r , . 


1,S4Z 



tfil A ji -I' A(j I 
rth’ Ai/ '!‘ *hi A'j^ I • 


. . j 5 


“ if £ 5 f 
A M r ; 

'■ if ; ^ j 

,\ if ; ■ } 


(T'A »fA»! 

**^*''» 


is the coefiidoni of in ll»‘ n- i-oi .-1 Mt*- »l. J. uuisiru.f A, li 
may l)c olilaineci fnmi A, rMrjii fm d|‘it, I'V « u>;* dir iA,v, , .mi.I (n.lnitMh 

which inlci'sccl in UtV aifl »h./. 


1.344 



The (IclcrminaiU iA</l is ilir i< m|m 


; - r\" 


■it'j t.i A. 


1.340 

1.340 


1.347 


A- 




A.j A.t I >h\ *‘A r'A .'A 

Af j ■! ‘^'■1 . ‘-‘’m 


A’ 


_/PA 

(Jaj 


A .4 Arf A., 

Al4 Ar. A-r. , 

Ah a,; a.., 


fi'A i»"A 


1,348 If A **' 0, 


•3 A n A A *«A ^ 

diitf hf-i.'. « 


1.350 If (he flelerMiiniint nyjtutisrsiti.flit Id* a ityjniifsxrlfital 

determinant 

A,. 

1.351 If ihc (kiermlrniiu n druusvfshdissr In a fMrw 


Ar.(nC 7 !RA 15 

1.352 H «iy‘= 7«/i, anti itu ’ O, iho (Utl.crniiminl is a skew syniim^hical 
(Uitonninuiil. 

A skew syminctrinil tlclermiiuinl »)f even order is a perfeel sinune. 

A skew syininetriuil tlelerniiiuinl, of odd oinler vanishes. 


1.300 A system of linear e(|ualions: 

(inXi 1 - iikx-a I - I ' - /.'I 

I ‘I’ • • • • ‘ I’ ' />*'j 


'I' I' 'I' ‘ ’ ^Mi 

luis a solution; 

A ‘ S'i ' ' /\'\ ^\{ [• Aui I « • • • • />*»( 

\)rovi<led that 

A I > I </</ 1 4" «• 

1.361 If A ' o, l»nl all the lirst miiuMs are not 0 , 

<T' A 




Anji'.V/ .Vh A)) / ’l' r 


d(/ « »<'h; 


(./ ^ ‘ X, 2 


«) 


where s may he any one of the inte^'ers i, 2, . . . ., «. 

1.302 If A’l > ' /.'a ■ ' A‘„ ■ ’ o, the linear etjtialions are homi*j*ene«ms, 

and it A ^ ' o, 

i‘‘ (J ' I, .J, . . . n). 

1.303 'I’he ( (MuHlion that u linear homoj'«’iUHms equal ions in n variahles shall 


the 

deterniinanl, A, 

shall vani'di. 


i 1' t 

linear <'i|uations 

in u variahh 


UirV| 

1 Ui-A’a 1‘ . . . . 

■ » 1 

hi 

Uai.v, 

i' -|' , . . , 

* ■ 1 

• » 

hi 


h Un'i.l'a t .... 

* t 

. . I' Uuft.VM 

h H 

C|.V| 

1- Ca.Va 1 , . . . 

• . 1 < H-V.J 

hmi 


the condition llial this system shidi he lainsislenl is that the tleteriniimni; 


<fll 

</ l 3 • • • • 

> > . ■ tlin 

hi 

tin 

tin .... 

.... llaM 

h. 

» 1 

tf«i 

11(13 .... 

. . • . Umn 

hn 

Cl 

• . a > 




o 
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1.370 Functional Dctcrniinanla. 

:'if yh y^i . . . arc n functions of .vt, .v- ; 

I A' ' yu ^ /*(>'■!» x,i) 

. ■ ' K.}- 

the cleterininant : 




£vi Oy^ 

dvi 

dy,; 

dt.Vi, Va . . 

. .. V..) 

Avi (7 v2 ’ 

• * ’ oFii 

Ox, 

d(.V,. . . 


Oy^ Oy^ 

Oy, 




0 .V 1 dAa * ‘ * 

' ' ' d.r„ 

« 4 • • 1 




0y» dyr* 

dy„ 




c).Vi d.V3 

' ■ ’ ar,; 





is the Jacobian. 


1.371 If yi, )' 2 , y,, are the partial tlrrivallvc-. nf n fuin-tiiiii 

(iV'ij A’ 2 , . . . . .j iVii) ! 


yi nZ yi ‘ ' h'^ ») 


the symmetrical dctcrminniU 5 


./OF OF 0F\ 

‘ \ 0 .vF Ox, Ov.j 


is the Hessian, 


oxi Ox I v„) 


1.372 If yi, ya, y„ arc given as injplicil funt turns of ,v„ 

!V'» by the n equations ; 


/q(yij ys) , . . • >1 yu, a-ij .Vaj I < , • , > a| A“«) *-i 0 

/ »0*i) y^) •*,,.) ynj All > I • ■ « ■ a’h) 0 

afaVi,. ■ . . .,y.) . flfPi, /••„) It. ,/ 1 

. ,iXn) ^ 0(a?„ A., . . ., a-,,) 


1,373 If the » functions yi, are not uulepemltnn of enrh oiln-r 

the Jacobian, /, vanishes; and If ,/ « o the n functions vi, are imi 

independent of each other but arc connected by a relation 


Hyi) yii > • . . . Vii) <»» 0 


A1.(JK1JHA 


1.374 CovariaiU property. If the variables au, Xi , . . . iv„ are traiisforivusd 
by a linear aubsUtulion : 

Xi - (In (a “!• (id'i f 'I' (/ - X, «) 

and the funetiona yi, ya, y„ of .vj, ;v„ become the fnncliona 

7}i, ?/a> > • • • ■) 

W (Hvtf V-h • - JL- JL* ’b.) d(:vi, iVa, . 

fl(£.r6r.T . T .;'£„) ' <•»(.;■, r.va, .>•„) ' •> ' 

or J' ‘ 1 a,-/ 1 

wliore I Oij I ia the deleriniimnl or modnlua of ihe Iransformarmn. 

For Urn Ileaaian, 

Jl' I" //• I (ij/ j 


1,380 'i'o clmnfi;e the variables in a nudliple iiUe^pal: 

y‘/''(.vn yMyvlyn </yn 

to iiew variables, .vi, .Vj, .v„ when yi, are j'iven fmn imns 

of ;vi, ;V 3 , .v„ : 

r r i/.* 

/ »» I , I ■ - f (XjdXilfXi llXn 

J <Ka’i» *ra, .v,,) 

when', /'‘(a:) is Ihe result of substitulinK .V|, .Wj r,, f»»r vj, ya, . . y« 

in /*’(yi» yai . . . . .i y«). 


IM-HMUTATIONH AND {‘OMUINATIONH 

1.400 (liven « <lifTer('iU elements. Ue)ireseut each byanumber, », 3, , . . . 

n. The number of permutalioiiH of the n dllTerenl elements is, 

nFn •*« nl 

c.ij., n *« 3 : 

(t 33 ), ( 133 ), ( 213 ), ( 331 ), ( 313 ), ( 331 ) ^ 0 V.. 

1.401 Given n dllTcrcnt elements. The number of permutations in groujis of 
r (r<«), or the number of r-permuiaiions, is, 


■pr^r)! 


o.g., n *»a 4 , r 3 J 


i8 


MATHEMATICAL EOlUItTL/ro AND ELLTP'ITC FUNCTIONS 


1.402 Given n difl’ereiU elements. Tlie niimhei of ways iIk'v can In; 

divided into m specified groups, willi ;Vi, ;Vi», , ;V„i in each group res|)t!(> 

tively, (xi + .V2 + ;Vm) =■ n is 

n\ 

:Vj!;\^l ;Vml 

e.g., n = 6, m == 3, Xi = 2, a-’g = 3, ;U3 =■ i : 

(12) (345) (6) (13) (245) ( 0 ) X 6 - * Oo 

(23) (145) ( 6 ) , (24) (135) (0) 

(34) (125) ( 6 ) ■ (35) (^24) (d) 

(45) (123) (d) (25) (234) ( 6 ) 

(14) (235) (d) (15) (234) (d) 

1.403 Given n elements of which ;Vi are of one kind, .vy <4 a .second kiiul, 

A-'m of lui wUh kind. The niimiier of permutations is 

-// I 

A-iLval .lJ 

X\ 4* A'a -I* Xm II. 

1.404 Given n difTerent elements. Tlie number of ways tiiey can iie penmile<i 
among m specified groups, when blank groups aix; allowed, is 

T Pj" 0! 

(«/ - 1) 1 

e.g., 11 = 3, w ■= 2 : 

(123,0) (132,0) (213,0) (231,0) (312,0) (321,0) (t2,3) (2i,3)( r3,2) (3 1 ,2) (23,1) 

(32.1) (1,23) (1,32) (2, 31) (2, 13) (. 3 , 12) (3, 21) (0,123) (0,213) (0,132) (0,231) 

(o»3I2)(o,32i) - 24 

1.406 Given n difTercut elements. The mimlier of ways they can be perimitCil 
among m specified groups, when liliink groups are not allowed, so that each gimip 
contains at least one element, is 

// l(//- - 1)! 

{n - •;«)!(•/« - i)! 

= 3 j « 2 ; 

(i«,3)(2>,3)(I3,2)(3I,2)(23,i)(32,i)(i,2,1)(i,,?2)(j,,H)(3,I,,)(,,,u)(.,,3,) „ 

1.406 Given # diHercnt elements. Tlie munlicr of wnys llicy cun lie ccmiMncil 
into lit specified groups when blank groups arc allowed is 

e,g,, « >= 3, » 2 j 

(i 23 ,o)(r 2 , 3 )(i 3 , 2 )( 23 ,i)(i, 23 )( 2 , 3 i)( 3 ,i 2 )(o,i 23 ) .. 8 

1.407 Given # similar elements. The number of ways they can Ijc combined 
into m different groups when blank groups arc allowed is 




20 


MATHEMATICAL EORMULAC AND ELLIPTIC EimCTION.S 


1,62 Table of Biuomial Cocillcicnls. 



1 

2 I 


4641 


5 

10 

10 

5 

I 






6 

15 

20 

15 

6 

I 





7 

21 

35 

35 

21 

7 

I 




8 

28 

5 f> 

70 

56 

28 

8 

I 



9 

36 

84 

126 

126 

84 

3d 

9 

1 


10 

45 

120 

210 

252 

210 

120 

45 

10 

I 

II 

55 

165 

330 

462 

462 

3.10 

165 

55 

II I 

12 

66 

220 

495 

792 

924 

793 

495 

220 

69 1 2 


1.621 Glaisher, Mcas. of Math. 47, p. 97, ipi.S, lias Kiven ii coiuploki lublp 
of binomial cocflicients, from n « 2 to n uu 50, and k 0 lo k ‘ - n . 


1.61 Resolution into Partial Fractions. 

If F{x) and f{x) are two polynomials in ;v ami J{x) is of luglu'r (Ichi cc I him 

F(;v), 

® y . y I j/", ‘ r /' (<o 1 '' 

J{x) ^ «•/)(«.) ;v ~ a Zj (/> ^ f)i I (/>(,•)■ \ 

where 



Tlic first summation is to lie extended for all the simple roots, a, of J(x) ami ilu* 
second summation for all the multiple roots, c, of order /;, of /(.r). 


FINITE DIITORENCES AND filJMH, 

1,811 Definitions. 

1. A/(a;) “ /(jU + A) — , 

2. Ay(») « A/(a5 + h) - A/Ov). 

f{x d- 2A) ~ 2/(.'i: 4. h) 





a I 

3. Aycv) ■ • Ay(.v I //) • Ay(.r). 

I .i//) I* 2/0 1 - 3 /Cv I- A) fix). 


4. AyCv) > '/(.v I- nh) i X//) I- ’••/(.V I- n • 2li) - . . . * 


1.812 

1. A|V/(.v)’| ’ <’A/(.v) (<: a cniiHlaul). 

2 . A[ /i(.v) 1 .AC.v) 1 . . . .;| - * A/,(.v) 1 Aj,(x) 1 . . , . 

3 . Ai:/,(x) •/.(» ! -■Mx)>i\Mx) A Mx I //)-A/,(.v) 

^ ‘ /i (.v) • A/a(.v) I /. (x) • A/i (.v) I A/i (.v) • A^(.v). 

ACv) /a(V)' AA^ a') ./,(a')' A/ ufA‘) 

1.813 'Hu* «lli «iillVmU'r of 11 piilyinHuiul of /ilh tlqjicu h nnwtmil. If 

fix) - (/„r„ I <»|.v" ‘ I' I- <^n \X 1 

A'‘/( v) ‘ H !(»«//'*. 


1.82 

^-\(x h)(x . A h)(x h 2 A) . . . . « iA)l 

‘‘ «(« ) {u m \ i)/r 


(x h)ix h h)ix U - 2h) .... (x /» - A m i 7 /). 


9. A 




(.V I /i)( v 1 A I A)tA' I A j ;.*A) .... (a' | A \ n ih) 

, , n(n I 1) f« 12) f» I m • = 

^ (.V J A) (.V I A I A) ix I A I ih) .... (a- I A |> n \ m • lA) 

3 . A*^u* (i»* 

4 . A log /( a) ^ log I 

. * r. / . t hV* . / , . I ft i if\ 

5. A*’ sin (a* h </) ^ ( j h.v f « 1 . 

( <i'A\*‘ / f”A 4' 'ff\ 

3 aiii -J j C09 u‘.v *1“ rf ‘I’ M* "-“Y— j • 
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1.83 Newton’s Interpolation Fornnila. 

/(4 -/(«) + ^ A/W + Ov - o) > - a - A) 

I " <0 (•'• " " //) (.v " a - a/ /) 

3I /r* 

-I- " 0) (x a - //).. . . . (x ,/ . . . ,"/,) . ^ 

)il /,'> " "" “ ' ‘^'lA'O 

//■I' ll ■' '*»’ 

where (* has a value iiUcnnedialo hetween I ho j^roalosl niul least of a, (a I- n/i) 
and a:. 


1.831 

/(» + nk) -/(a) -I- Ay(„) !'(" ■ Ay(„) 

'I- 

1.832 Symbolically 
I. A = c'% — X 


2 . f(a-\- nli) =■ (i -I- A)y(rt) 

1.833 If «o =/(«)) - /(a. H- //), «.j ... /(,/, .(, j.//), 

U» = (l -|- A) Ki 6’^'Vtt R(). 




1.840 The operator inverse to the difference, A, is (he Hum, 2J, 

(■).« ™ I 

1.841 liAF{x)^f(x), 


F(x) ‘P 

where C is an arlntrary constant, 

1.842 

1, S^:/G^’) =< c^f(x), 

2- S[/i(.t) +/,(*) + .,,]_ S/,(4 .|, _ 

3. SC/.(*)’A/,(*)] -/,(*)./,(*) - S[/,(* .|. /,). A/,(*)3, 


Ai 4 ;i:itKA 


1.8d3 

Imlciinilr 

SlUlIvl. 



I. i;i: 

ix /•)(.»• 

/• h)(x 

h .•/,) . . . (.i- 

.... 1, . . ,1 ... 


1 

1 0* 

{X ■h){y ■ 

A /,) (.,• 

■ h nh) h<;. 

“■ 2 

\ 

^ (.V 1 h){x 

1 /' 1 //) • 

1 

. . . (,v 1 h \ n ■ 

i//) 


1 

[11 iUt 

(.r 1 h}[x 

1 

i /' 1 //).,..( 

.V 1 /» 1 n .!//) 

V 

tr' 

1 <*. 
i 





■".-A 


?-iu (i r 


^ nm (i,v 1 

./) - 

. :a 



I C. 


’tlU 

J :*ju 

1,844 If /(») 1+ J' pol\ attiuiitl nf «, 

I ( „/\ I 

1.84C If /(.») in a |n»lvm>nait! i<f »lr).»nr /f, 
nntl 


Wllfl'lt 


- iluX" } * I ... . I «/,. |.v 1 

- w \ ( \ 

l-ix) “• t„V‘“ I n.r'‘ I i-.x" * i . . . , 1 r,.r i r.ui, 
(» I i)//r» jfu 
frt'n 1 fthi \ ill 

..,...ll/,V, ■}• (ji < >■" th 


T1j« cntmcicni Cnii muy bu l.nk«n urlMirurily. 
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1.860 Definite Sums. From the indefinite sum, 
a definite sum is obtained by sulitraction, 

<i-|- h/i 

2 /(•''=) = -I' nit) - F{a d- mft), 

O'l'WiA 

1.861 

(I'I'HA 

, == -I* //•) *»-/(«• *b 2 //) d- . . . . d-/(« d- 'f//) 

a 

=> F{a + w/f) - F(rt). 

By means of this formula many finite sums may be evaluated. 


1.862 


1.863 


«+«/ < 

^ “ A - 2//.) , (;v /, F-f -i/O 

41 

“ ("• - - l> d- ^r^T //) . , . . ( ff .... h d- « 

-i- 1)// 

(a- - b)(a- - b ~ It) .... ~ M) 

d- 1)//- 

a-h«/< 

2(;v ~ a.)(.v (/. ~ . (;v _ (I -- Ai"-^‘T/0 

=, - AO . , 

. (k d- 1) ~ • 


1.864 If /(.i:) is a polynomial of degree m it can be cxiircsscd: 

fix) - /lo d* - (/•) d* ^laCv - a){x - a ^ h) d^ . . . . 
d* A,u(x a)ix - a. ^ h) . . (x - a 


a-\-nh 


(w d- x) 


166 lf/(aO is a polynomial of degree (w i) or lower, it can be cxi>reflsedt 
fix) ^ Aq d- / 1 1(11; + init) d* /laCi: d- tnh){x d' in "FT//) 

+ 1 . . . d" d- ink) , . , (;v d' 2//) 


le f y 

. . (ft! d- mh) mh ( »(» + h) . . . (« d> liT^h) 






AI.<}KIUii\ 


(<j nil) 


(i; 1 n I in ih) 


{ill ■ i )fi \ '<(*' I //) • • • ('» I" nt ^h) («j I ;///) , . . (n 1 » I w 


*. .1 

[it II \ nh] 


,850 If fU') n pulymuniiil nf liry.nr in ll < tiii In* i Npn'Ssrd : 

J(X) • .1.1 I .Ilf I »lll) I i iiili){x I III ill) I . . , , 

I A»Jx { lull) . . . f.v I ll) 
ltd, 

I wA ^ - 

'yt fix) ^lit j t 

^xix \ ll) . . . (.V I mh) itili 1 n(*/ I . {ll I III ‘ ill) 

\ 

(ll \ nh) (ll I III I n ill) I 


, If ‘ V ) , , y 

‘ h \ii ll 1 nh i ' 


II I wft 

1 I . I 


y 

M ,v <1 ll 


I ( t 

I- ; I - ■ ■ V 

I h ll \ ih n I M 1/1 


1.86 Kuli'fS SitntitialiiMt 1‘nnittilit. 


^ftv) - 1 £.m‘k I .1. j/(M - I .1,./ |/'(M , 

1 . . . . i .U 




jU lui.i'^ 


^ • /f J? 

<t>M - -J I- .1, I .1, — 


4 .... I ,U i/r *s. 


wl0,«(3), with h > 1 * i, h the IU?rrtmtlHn« imlynomijil. 

Ax An n ^ o; lilt? ciAcftit iirnts An are ritHHCtlctl with Hcrnou!ii’s 

numbers (0.002), /ii,, by Utc rt?laiitui, 
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MATHEMATICAL EOKMULAi AND .I^LLU>TI(; FUN('Tl()NS 


1.862 



Sl’ECIAI. EINITE KIvUlMS 

1.871 Arithmetical piogrcssiom. If .v is the sum, a the lirst term, <5 the cumnum 
dilTcrcnce, I the last term, and »• the number of terms, 

s ~ a -I' {a -I* 6) -1' (« 'h 25) -I* • ■ • • \jf !■ 0*' i)5J 

/ » rt d' 0^ - i) 5 
s « ~[2ff -I- (;/- - i)53 


1.872 Geometrical progrc.ssions. 

5 « ft -I- up -I- a f -1“ *b 



A" - 

P ~i 


If /Kr, CO, 


1.873 Harmoiiical iirogrcssions. a, h, e, d form iin harimtiueal progreHsitJH 

if the reciprocals, i/a, i/5, i/c, i/d, .... form un arithmetical progression. 


1.874. 




n{n -h i) 


* W I 

* W « 


2i “ 


n{n -V i) (m + i) 
6 


KWH 


y «« ) t 

i.S>' 




* W t 


S ' 2 ’ 3 30 


*'■> » 


•• in 

/ii If'j »'>inlK‘is (G.902), 

(1.01); llir iUMirs v\n\ i with (hr tnni iu /i if I: i 
U;riu in n" li i’‘ »mM. 


1.870 


i I .'. I ' I ' I . . . ■ I '-71 '"I! " I ■ 
i J S 1 "" 




»(// { l) (« I *) 

7 ... Kuh'i'r. «'unst;inl • • 


n-i •■ 

l J 


1 

th ■ 

-■' •'■ ■' 

\ 4 


to 

tii 

.So 

th 

.'f 


v(i a ) (j ’ v) 


1.877 


JO 


I nr- 


/*. 


Ill I « ”1 

P * ^ ** ” i * 

/'I _ 

(« } i) (m j Ui ( 5} 

a- >)i 




hi, 


1.878 


1 , < > , , ^ . .. c - 

p « ‘ u* ( 0 M 

<1 

(« i 1 1 (« I J) ( H I .0 

fn 

C <»* Xj 1% ^ i.aoao^Ooo^va 

Jm4 i * 


r-i 




I arir llir hiinnni;il 
;i r\Tii, ;uul willi iluj 

>h 

«(» 1 0 


I • x)t!\’ 


h, 

1 1 (« \ »• ) 
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1,879 Stirling’s Korimila. 

log (//!) ' ■ log V'l/r I I I"}; n n 


A‘i .ji! 

n n'* ' 


-I- 0 /la, 


(;)/• - j)! 


o<0<i. TIio cocnicuMils /lit ail! gi\rn in 1.80, 


1.88 

1 . i-l-rM- 2 . 2 ! |.. . , . I ;,.,,! (« , ,)! 

2 . I'2’3 •^1' 2’,V4'I’3''I *5 i' • < • . I //(// I I ){» I j) • jiMn I i) 1 j)(n j. 

3- i*2'3 • . . . r I' 2'3>-| . . . (r I i) I \ | ,) („ | a 

. . , . {n -I- r j) 

I 1 ) (11 } .!ll . . . .If; I fi 
r i I 

4. I S) I- I I „ ,1 

' '{;»(« i)Uff I ,*« 

5. P-1 + (P - i) (,/ - ,) .|. (/, . - s) 4 ) I I,, I,, , , 

~ Z"&pi - (» - i) Up I :vi . SIS I iV|. 


6, + ,W.| 

»■ ‘uirr 






. ^ . (/. j- tt) 

I ~ -rijlTTT. '(« -I - M 


i n 

A I I 


M 

M 



IT. GICOMin’RY 


2.00 'rriiiTHfiinnatiun nf iu a pliiiur. 

2.001 (luiii)a* ‘if orl^'jin, l.<‘l .v, v In; a KViilain of rnhiny^ular or ohluiuv tuor- 
(liimlrs wilh orif'in al T). kcfcnni (o .v, y llio au’irdiiialtni of I hr nvw onVJn O' 
iirt! </, h. ‘riu'ii rrfrirrd |o a paialK'I sy.sirin of coUi'dinalrr) willi orif'iii al. 0* 
llu! t:t)hrt!iiia(i*rt uro .v', /. 

' .V - .v' l a 

y ' • y' I /i. 

2.002 Origin Tuu hangrtl. Dire* lions of axrs Oiaitgnl. OI»li<jnr rohnlinaUH, 
J.rL CO hr the angle hriwrrn llir .v ■ y axes nirasnrnl i ounl«*r iloikwisr from 
the .V" To llu* ysixis. I.rt, llu* .v'-axis make an angle cr with llu* .r axis and ihu 
/“Uxis an angle /i wilh llu* .v-axis. All anghii aia^ measured c ounler ehakwisc 
from the .v-axis. 'I 'hen 

X sin CO *•• x' .Htn (co - cv) | y' sin (co *• ji) 
y sin CO - ,v' sin ck | / .sin (i 
co' li ■ = cr. 

2.003 Heidangular axes, l.ei holh new and old axes he reelangtdar, the new 
axes being turned through an angle 0 wilh respeei lo llu* <»ld axes. 'I hen 

0^ ^ .L 0^ 

X ^ .v' ( OS 0 -= y' sin 0 
y x' .sin 0 h y' eos 0, 


2.010 Pohir cnOrdlnalc.s. Let Ihe y^axis make an angle co wilh llie .v-axis and 
let the .x'-nxls he Ihc Inilial line for a .syslem of polar mdrdinnleH r, 0. All unglen 
arc measured In a couiUer-dockwiKc direi^ion from the .v-axis, 

■ r sin (to - 0) 
sin to 
»in 0 

y Be* ^ » 

am CO 

2.011 If the . 1 ?, y nxea arc rectangular, w «« p 

X m r cm 0 

HI M KIM /) 
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2.020 Transfornmlion of aiordiiuUos in llim* (linicnsions. 

2.021 Change of origin. Lei. .r, .v, 3 he a sy.slem of rnf,inyjtltn nr t „iir.. 

dinates with origin at 0. Referred (o .r, v, ihe roiii.liiiai.-i ihr new origin 
0' arc a, b, c. Then referral to a parallel sy.-iieiii of e.Mirdiiuiie:i wiih miirin 

O' the coordinates are .v', /, s'. 

.V ' .v' I- (» 

y ' y' I b 
s • s' I f 

2.022 Transformalion fnnn <hu! to another reelangtdar :.vi|<*ni. Oijgin nn 

changed. Tlie two sy.steins jue .v, y, s and .r' y' 

Rcfciicd to y, z the dtretttion ('osines of .v^ are /i, uti, n\ 

Refciied to ;v, y, z llie diree.tion cosines of v' an* /;•, 

Rcfeiied to ;v, y, z tlie direction (Cosines of ;/ me /.(, ///), ft\ 

The two systems are connected hy the st lnam'.’ 



x’ 

y' 


X 

h 

h 

h 

y 

w/l 

nti 

a/t 

z 

«l 

fh 



X » hx' -I- /ay' -|. biz' 
y “ -p 'W/.jy' Dhz' 


8 « «l.v' -I- Ihy' -I- »;|5' 


/l* -I- Wi® -P ?/i® 1 

'P w/a® -p ;/js“ k. i 

T Wia® *p e. I 

/pMl -p /«H/.J .p na Q 

w/rW| -p -p '/HjHa B*' o 

«i/i -P Ilih *1' Wa/a '« 0 


•v' lix I m,y I |/,i» 

y' hM \ vhx p 

‘ - /,i e I »c,y } 

) // I - 

Wi’' I »h' i M/V -4 

I I #/T -4 

fih d W|Hi.. I 4., o 

hh I WtVh I <4. o 


h WLtMt I Ihih ^ O 

spcitivdy. "" “'’Kl-'* «. ff. y will. .V. )•. * r<- 

a COa f? /, ..p ;;jf„ X ff. ^ » 


<;i;oM t;TKY 
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CO!;- a 


cos 

Ul 

Vih 

y 



nh 1 «.I /| 

1 - t 

«.l 1 l\ 

■ m, ■ 

1 h \ fVi 

■ - Vi • l 


2.024 ‘I* 

raii!iforina(ioii 

IVolM 

a li'claiif'tilav hi 

ail ol>li(|ut! 

systcin. 

x, y, r; rcc- 

(unipolar 

tiysicm : .c', y' 

0 

ililii(uc sys 

ilctn. 




n);i 

.n-'-A 


i ii:. .cy' 

’ • k 


c«is x;;' 

^ /:i 

cos 

y.v' mi 


co'i yv' 

m. 


c<i!i y;;' ■ 

vh 

cos 

- ;/| 


CO’. ;;y^ 

Vi 


c«»s 

■ «;i 



X 

/..v' 1 

kv' i 

u-/ 





y 

mix' 1 

nijv' 1 

mx/ 






)hx' 1 

ViV' 1 

Vf,' 





Cos 

y',' l,l 

} iVim, 

1 ViU, 





CO'. 

- Ui 

} 

\ V.iVi 





( tl V , 

x'v' - ‘ hi. 

1 

1 Vilh, 






/.’ 1 a/r 

1 «r 

I 






If 1 mx 

1 v i^ ’ - 

1 




l.i' \ I //;r • • I 


2.02c fiont one |o aitoilicr sy iU'iit. 


I'OS .l.v' 

h 

COM ,vy' - k 


cos xz 

' ^ k 

Cos v.v' 

IV t 

cos \'v' ^ m < 


cos v;-, 

' VI, 








COS ^;,v' - 

III 

I'OM Z 

y' • fh 


Co'i Jjl', 




A -■ 

h k k 







IViVtililA 







17 , H, Vi 






X - hx* 

1 Ay' ■ 

1 If/ 





y Wi.v' 

1 vhy' 1 

i ivf* 





a * «,.v' 

1 ihv' 1 

1- Ilf' 



A‘x'- 

(vhVi ’ 

•W.1 (//)»’ 1 

{iiJa «A\v I 

(Awji 

klil'j)^t 

A y' ‘ 

(vhlll 

j 

(Wi Vik)y 1 

(Awi 

hiVih, 

A‘%'^ 



(ilik «aA)y 1 (hilh ’ 

kiViU, 


If I ifif I I rm ys \ Sfult nn sv \ Jiffih t«»s .ly i, 

I W3’ I' Mg'* I- 3Wia«a i nf* yn !■ iihj^ t'OH s.i' | iikuis t on xv 1, 

// I Vh^ I «/ I 2WaMa rus ys I wJi t:<w S,V | Jlktth ('(IS .vv I. 


;v >\- 

y.\. 


y C(»s XV 
X cos XV 


s cos XS 

S cos £V •»» 


hx* 4'7?:v' l /as', 

• j’ iihy* \ /Hss', 

f . f . i 


p MATHEMATICAL EORMULA-: AND ELI.IP’ITC I'lINCTIONS 

2.026 Transformation from oiuj to unolluir <il ilium* .sy*'l‘'in. 

If Its, ih, ih arc the normals to Hu; nluncs y::, c.r, .vy and n/, u/ 
normals to the planes s';v', ;v'y', 


X cos xUx ~ ; 

i;' cos x'li x 

p y' cos y'w , • 

• ens j;'//,. 


''T*' 


y cos yiiy " ;i 

cos X Hu • 

!• y cos y'a „ 

■ etis 

3COS3W fl “ 

'/ cos x'n a • 

- y' t;os y'a , | 

V* C<K 3 'a a. 

a;' cos x'lix “ 




;V COS XII J 

I- y cos ynx 

a Cfis r;a,'. 





y' COS y'n ,/ “■ 

;V COS .r« ,/ 

I- y e<is ya ,/ 

;; cos ;.;a J . 





3 COSs'Wfl' =^--’ 

.V cos .va / 

I- y cos yaa' 

r. co.s cna\ 


2,030 Transformation from r(*(’tanKular to ,siilu*i irjil imliir t otSriliiialrs. 

r, the radius vector to a point makes an aiiKle f/willi ihe axis. I he projeetion 
of r on the x-y ])lane makes an atiKle (/> with Ihe .v axis. 

X « r sin 0 cos (f) \ |. j.;j 

y « r sin 0 sin <{> 0 - " (‘»)s ‘ - " 

v^'-' I y ' I 

3 « r cos 0 , V 

(f ) (an » 


2.031 Transformation from rectangular to cylimlrieal eotlidiniUtvi, 

p, the pcrpcmliculur from the c-axis to a [mint makes an aimle 0 with Ihe 
x-z plane. 


AJ-pcosO p^. | y 

y “ P 0 0 - (an • 

v 

c «« 3 

2.032 Ctirvilincar coOixlinatea in general, 

See 4.0 


2.040 Eulcrlan Angles. 

with lire Niiire oriKiii 0. 

Wioct ionro -t! ™ "mi if 0 , is vc.rlic«l, mul lh« 

fo L oast. "> i» tiircctcil lo the somh, then OK is tllreclwl 



(‘.rmiKTHY 
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'rii<* (lin'iiiim iH.iiii-. <>i ilii< iwii syrtiniiH of umch ar<‘ j'lvcn liy llu' followiii}; 



' 

V 


u 

V 

V* 

/i 1 1 . 1 . 1 ,' in i/i : ill 

1 .1-, i/i 1 II : fl nil/ '.in i/i 1 1)1 yf' 

in. i/i -.111 /I 

;'))> i/i 1 II I If I II 1 1 I II 

•lill i/p mi H nil) })j ( r, 
:Mn l/* t-ill fl 

I/I ru'i Y 

i-ill fl rit;i \l> 
tiin fl iiiii d- 
. tfi // 


. 

. 




2,()6() I’liliiK -o < ‘I'lU iliiiiUi -i. 


.\ |iiiinl ill .t ptiiiii- i - (Irtillr.l ii il t 
from Iv.'o illlri Ml I ill;.' liiu ; U|V frivrll, |,ii (M, 
( ‘H I !• i;'. 1 1 lit 1 1n f liiif; : 

/■A' (•. I'.S /•/• ,, 

'riit.iiii* ^ '.1 ;iiii| ( Ii il l iltr » , y iiM lulling!; 
ail iiiiKlf’ ( 

,«■ - , .. 

HI ( 

, „ ■' , 

III ( 


0 



Any t Ml Vf ■ o lirtniMi M; 


I 




1 IK 


If .1 i . Ilm iot .i of liir hi.uinlc (t ‘,|/I iiiliiM^lr of Mr-rciH'r*)^ 

J% .r \ }>tj j ,,, 

.» ‘ m \ 

f .,1 /f, 

iiUtj llu' n'ljii iii.ih i.f a t invi* iiniv l*r wfiiuu lit llip tMil)iO);(rMt^oiH frtrtli : 

f( , H .-.A 

\us'> i hij j »)ri <,iH (. ) Uf I irj iitin ( / 


2 . 0 CO <,)ua«lM|ilaiiar ( 'otijiljiiiily^, 

‘I'hc.r (III* ilm aiiitloi'iir iit j •liriicn.iiiiimi of irilinmr coJJrtHrmlifii In ft plftrie 

lOAftn. 



34 MATirKMATrCAL FORArilL/K ANt) KLLlPTrC KIWC’IMONS 

A’l, As, xa, .r., (Iciiole llio distiiuccs tif a poiiil. /’ iVdia I la; four shK-s of .( 
rahedron (the tctralna Icon of rffereua*) ; ft, Wi, nr, «/,, uy, f,, w/,. 

k, m.\, «,i the direction cosines of llie mn-inals In ihe planes .v, o, .i-i o, .v, o 
Ai = o with respect to a reclangular syslein of eoiirdiiiahs .r, y, r:; and »/, ' 

(U the distances of tlieso 4 planes from llie oiaV'in of conrilinales ; ' *’ 



f ;Vi fiX -1 ///,y 

1 n,:: </, 

(r); 

1 ;i2 hx. -f nhy ■ 

1 //;>'; </;. 


1 .\;i fax ))hy 1 

I- II Xi ■ il.t 


, x.i ■■■■■ liv I- ;wiy I 

V nf. </,. 

si, ^2, .9.1, and .9.1 are llie areas of (he 4 fair.' 

i of the li'lrahcdr 

9 ;| f -l i.V,. 

and V its volume: 

^ ;'’i>Y| 1 • .ru.i’v! 1 .I'l 

fly means of the first .•? e((iia(ions of (1) v, r; 1 

iire dcleniiiiii'd : 

A .. , 

'li;Vi 1- j. t 

•v.t ■! Ih, 

y - ' 

Ikv-. .| ( 

1 fk, 

S “ .1 

'Iji.Vl •[■ fiaXa ( V 

V.I 1 Da. 

The equation of any- surface, 

/‘’(.\',y,s) - 0, 

may he written in the homogeneous form : 


f' 1 

. /A / 

‘■•I d (Yi-Vi I' .V; 

r-Vg 1 .V;i.v,, I .v,.r,) 1 


[-'IjA-c -(■ /te I- Cji;, I I 

[/Irt'i -I- /te -I- CVv., .|. ('1 ,|. I I I ( 


2.100 The cqualhra „f a liner''"'’ 

-i. 

P »« .V (’<K4 (X - p y Cds fl 

2.102 If a' «,ul /S' are (he aiiRlcs lln, line nnte will, il,,. .v- 

P^ y cos «' .V <’OH if. 

2.103 The equation of a line ,„ay |,„ 

y < 5 !.V *P h. 


ninl yiijics! 


fl « tangent of angle tijc line niiikcH with the .v-nxls, 



2.104 riir iwo lini:. : 
iiilrrsci'l al lla* |it>iiti : 


r.KoMIlCHV 

y ./,.v I /i,, 
y I /)., 


/'• /'t. ifilh ti-ln 

'^1 lit (/.. 


2,100 ir «/* •li'‘ auj'li' lii’luu M I 1 m‘ (wn liia s 2 . 101 : 

If I If;. 

I I 


fan tjt 


2.100 m| iwit |i,ualti'l liiir-i: 

j ' '''• I fr 'M' I 

I .1.' I /''v i ('■ II \ V IM- I I,.. 

2.107 I'.fjHufiiMi i nl Ivvti })rt |if‘iii|i('nl:ii liiH -i : 

j I V i /'V i r, (. 

\ fiy -Iv t f‘, II 


or 


y >i\ \ /•t, 

Y 


V 


{ h. 


/*(*' ill I(v VjJ ti nr V vi 


2.108 l aiUJlIhMl nJ' liiii- (timiiyii i,, v, ail.i |> ii,i||rl In ihr liin* ; 

.J »■ I /fv if 1 1 III y . V j /,^ 

ill i /^(y V,l n ni' y V| ■ iflV ,v,). 

2.100 I'aillatiiiM nl iilir l)l|.it|i«)i t-,. V, aial |•^lpl■iil|il|||.l| fn llir liiiit 
J.v j Hv i ( ' -■ ni' y „y I f,^ 

»■ V, _ 

if 

2.110 nit liiir ilimiiylt ,v,. Vi lii.iMiif’. iui tft willi jju* |iiu> i 

•t i fall t/* 

y vi - ■ ■■ V i -V » ,t. 

t If tail </« 

2.111 KljUiUinii ni lino llilnUrll IIm* Uvn puiltl ., v,. v,. atli( »V, V;| I 

y ' V.J — ^ ^ j _»■ . Vj y 

2ill2 I i'(|M Ui(i( ulir ilr'.laiMo frniM ilir piiMil .Vj, t'j in ijio liny 

-I.r i /»y J. t‘ ~ p nr y - in' ( /i. 


i t /iv, ! f ' 


or 


v'Vl* r ih ^ 

2.113 I Vila r y^in.’^ninii nf ihr luir y if^.V f hi 


V, *1 l‘i h 

Vi -I' a» "" 


h ro^ (t 

^ Si ifr w? 


.H.S 


a V I l»\ 


where 
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2.114 If P, the perpend iculiii t<» (In^ liiu; from I hr m ii'iii, niakn; an an};lc /J 
with the axis; 

p > ' r ros {(} • • /i). 

2.130 Area of polygon whoso vorlii'<‘s in-<* a I .vi, yi‘; .V;., yy, 

yn = A. 

2 A « yiCT,, - a’a) -I- y;i(.Vi - .I'l) I y;i(.v-.: .vd | I y„(.v„ i . .vj). 


I'l-ANK CUHVI-.S 


2.200 The cqiuUion of a plane ( urvo in rn laiignlaj i (liiitlinah :. may In* given 
in the fornis: 

(a) y --/(>'■)• 

(b) ;V /i(/), y ' MO < 'rhr paiainrti ir ftmn. 

(c) , I''{x,y) = ■ o. 

2.201 If r is llic angle between I he tanj'«'i»l Ut lln* nii vi- iind llir .v axifi: 

(a) tan t y'. 

(IMP 

(I.) tanr«^'C. 

di'X-v, y ) 

(c) (an r - -- 

(V' (.v, y) 

(iy 

In tlic following fonmilas, 
y' - ^ - tan r (2,201). 

2.202 OM « .r, Afp X7'p r. 



TP r:, M rci' T .'''v/l i V'“' 

J i - y CM. r ... 

7il/ ■» y cot r M wihlangeni. 

iW «. y see T yVi Ty^ Murinal. 

MN - y tan r yy^ Hiihiionnal. 

2.203 or « ;v ^ inleieepl of langeiit mi .t usis, 

or » y ~ xy ^ iiucreepi of langeni on y.nxh 
ON ^ A' q. yy « hucrccpi uf inirnwl on „v avis, 

OiV' « y + 1 intercept of normal on y .axis. 



<u:(vmktuy 




2.204 < V ' “f from in ii'iii = > PS ■ ■■ project it m of 

‘ * y r;nliu!i vet h>r t»ii nonuiil. 

{ .oiinlnmtc!. t»f (J: ^ ^ ^ j 

2.206 as ' * ilinlautf of nntituil from tirijpn /’() 1 = prt)]et:tit)ii of 

^ y " railitts vrelur on Imineul. 


( 'ni’tiilimilr > tif S'. 


X 1 y v' (.V I yv'fy' 
I 1 v'" ’ ' l I ' v'-* " 


2,200 OP ■ ‘ pnlar mihltin^'cnl, 


PP * - ’ ’ ■ ' ; ■ - - I “'lor lunm'nl 

.V I vy 


»/» ‘ y*- 

V I yy’ 

. , vf.vv' ‘ v) .vfv vv') 

( t»r A: ---■<'■■ — , , 

-v ■ vv .r I yy 


2.207 fM' ■ — ' ^ " pi»l»r iinltntnuml, 

py - ^ ^ ^ ■ pt*lur ntutuiil, 

( oAnliiialc:^ ttf I ; ^ . > ' y. : a 7 ' " 


2.210 T\\v. eiiuulitmrt ttf llm lan^ciil »l ,vi. vi Itt liu* curve In llu* liiree forms 
of 2.200 nre; 


(a) 

(b) 

(c) 


y yi (y ’■"* y»)* 

(y y,)//f/.) - fy :u)h*(U)- 


ix ■ y.) 


Six 


Jf-ww 


( y Vi) 


»»»i 

Ji'-'iill 


O. 


2,211 Tim fqimUtimi of Urn iiomuil al ,V|, yi lo the curve in the three forniH 
of 2.200 nre: 


(a) 

(b) 

(c) 


fM iy - yt ) « 
(y - yiW(tt) I 
hit' 


(.¥ 

ix 


« .V|) o. 

.V|)/,'(A) o. 


(ar 
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2.212 The perpendkuku’ from (he ori/pii upon the (aiijjent lu tiu' eiirve 
F{x, )') = o at the point .v, y i«: 

OF OF 

a; — -h V - 
A * ■'" * •'' 

'~" 0 F\' /OFV' 

av ■' Sv 


2.213 Concavity and Convexity. If in (In' nriKliInnlinud (»|' a point /’ n l uiAa* 
lies entirely on one side of (he lang<‘nl, i( is coin avt' or t'tinve\ upwards iu t tMtlintf 

as y" = is positive or negative, 'riie positive diieelion tif the a\es an* shown 

in figure 2 . 


2.220 Convention as lo .signs. M'he positive dirn tioii of tin* nonual is ielal<*<l 
to the positive direction of (he (angeiK as (he posiiive yaxi*. i-. related hi the 
positive .v-axis. The angle r is measured posiiively in ilie eoiiuD-r a loelavise 
direction from the posiiive .v-axis (o (he posilivi* (anj;<-n(. 


2.221 Radius of curvature ^ ■ p; eurvalun? i//>. 

i f/r 

9 

/) Os 

where s is the arc drawn from a fixed point of the curve in (he diieelion of the 
positive taitgent. 


2.222 I^'ormulas for tlie radius of eurvalure of . ui ves given in (he ihiee romei 
of 2.200. 

(’*¥ \ * 

W.r/ f |i J 

‘ ' it 




If s is taken as the parameter f: 


(bO 

(c) 


P es 


(lx (Fy 

7fs d? 



(iKnMKTUY 


:v.) 


2.223 'TIm* t'l’uli'i' ‘if i iuvahin- i*; a imiiit (’ (lij.r. :*) tm the lunmal :il. /* siuli 

lluil /’< ’ />• I* /’ ' ■ ^ ' '1^'* normal (2.213); if lu'j'alivo, 

on llu* ni'Kalivr mniiial. 

2.224 'I'In* i iit io ’4 om valmr i i a t in Ic wiih (' ns n-uk r mtil lailius /). 

2226 1 In* ili'Mil ‘'f rinvalmi' is llu* tlmnl tif tin* tinU* of ouivalum passiiif!; 

(liioui;lt tlo* onrJo ainl I hr poiiil /’. 

2.220 ‘l ilt* iiiiinliiialr-; of ilir n uu i of i urvalmi' al llir point .v, y i\iv 
1; ,v p sin r 

</v 

la,. T 

1 / V I /I i o:i r 

If l\ nt! mo Iho iliiri lion io.iur i of iho po iiivr nonnal, 

1; y i 

1 / V I ;///>. 


2.227 If /, •no iliiiriioM ro.iiu > of thr poativo laiijinil ami /', m' ihoso 
of Ihr pitiiilivr nojiii.il, 


n 


,U r >ln! 

</v /I 

I' • HJ, tl}* /, 

.//' >!m[ 

tl\ fi *f‘> 




2.228 If iho laiiK* III ami mtumil al /* m»' lal rn as ihr ami y um s, (hni 
* P 


Umil *' 
,V -O j V 


2.229 I’olnls of lullrsion, I'oj a l uivr yjv» n in ihr foiin (a) of 2.200 a polm 
of inllrxioii Is a point al whiih our al lr;ra of ainl ami is ton-' 

liniiHOH ami al whi* h oiir al Irast of j-, ami js;, vaoishr*. ami i han^r-i si^n. 


If ihr rurvr is ^ivni in ihr foiin fltl a |B»inl of inllr\ion, l{^ is a point al whlih 
llu! ilrirnuiiiam : 

I frUi'i /V'iM 

I /,' (/.) Ui) I 

vnnishcii timl ilmiiiirs sij^n. 

2)230 Elimiiialtnii v ami Y Ih-Uvi'I’H iht* ciWinlinnlrs of iht* rriilrr of I'orvalurf 

(2.226) an*l Urn rorrrsiM»mliiiK nuiaiions of ilu* iurvr 12.200) kivi h ihf ff|iialloii 
of tlm evolulc of llm riirvr lliP \mm of ihr rciiirr of lurvaiurr. A i iirvr 
which has it Kivcit curve for ctvolule is calhal uti mvohur of ihtr Kiveii curve. 
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2.231 TJic ciivclopo to a family «>f curves, 

I. y, a) • o, 

where a is a paranielcr, Is »)h(aiue(l hy elimiiKi(iii|!; a liclwccn {[) and 

OF 


2.232 If tlie curve is j'iven in tiu; form, 
r. ;V‘i/i(/, a) 

2. ft), 


the envelope is ohlained l)y eliminatinj ' t uml ft lielwicn (i), (.0 and llu; func 
tional determinant, 


3- 


’0{{, aj 


o (sc<' 1.370) 


2.233 Pedal (hirves, ’The locus of (he hiol of ihc |un|icndicnlar fiiun a lixet 
j)oiut upon the tangent to a ftiven curve is the pedal of tlu* j-iven dirve will 
reference to the fixed |)oinl. 


2.240 Asymptotes. The line 

y »» ox »p 

is an asymptote to the curve y fix) if 




OmU 
.V »e> 




i: /(•>■)- v'(.>n 

2.241 If the curve is 

and if for a value of /, ti,/i or /a hecomes intinile, there will he an anynipiole if 
for that value of / the direction of the lanttenl l<t the curve upjiroaches a limit 
and the cliatancc of the tangent fnnn a fixed pc»ij»t nuproju hes a Hmil. 

2.242 An asymptote may sometimes he determined hy eximnding the enuntloii 
of the curve in a series, 

I 

A *» 0 b ** t I 


Tf hk , 

the equation of the asymptote is 







r.liUMKi’UY 
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If (if iIm’ 111 Hi (irjtn i' in v, I his rcpirsciUs a i inailimnir asyinphiU;; If of a hi{j[lu:r 
(h-f'iri*, a i ui viliiii ar a:iyiiipln|i\ 


2.200 Sinj'uliii' 
piiini'i arr lincir 


I'uini i. If liif (’({ualiiHi (if ih(i (ni'vi! is F (.v, y) - o, Kingulur 
fur wliii )i 

.)/'■ 


(i7' f)7'‘ / iVI> y 
('ll- ily‘ v'l.v Hy) 


If ^\v o lilt’ >‘ii 4 'itlar piiinl is a iluiilito puiitl with Iwu ilistinri tunj'oiils. 
A-ui llir --iujMiliii puiiil i'l ail Ivuluinl puiui wiih no mil liramh of llu* nirvc 

llllUU)?ll il. 

^ - o llio ■ iiifinlai' pulnl is an oa ulatlii;' poiiil,(ira l usp. ‘I'hr curvi' has two 
III am ill's wiih a iniiiiuuii lamtcnl, wliicli iiui'l al Ilia singular poinl, 


If 


nr 

I 

iJ.v 


nr 

1 

I’lv 


inr^ inr\ 

♦ II’ llv’ 


.17' 

ill ily 


siniultaiu'oiisly vanish at a point (ha siiiji'vilar 


point is (Ilia Ilf hii'hi'i 01 tier. 


t*i A^^K I i*M\ I M, v*iii ,\u rot'minN.vi iis 
2.270 ‘riia I'Hiiiitiun of thr nuvn Is kivcii in ihr. form, 


In i\mi' -^1 ^ - 0, aui/ja XVr r, lutMlr /7V 0. 

2.271 0 h inrasnnsl in iha i((Mm»’r'ihM kwisi- ilinalion from the iihliul line, 
ff*V, uml 1 , lha iui , is pu ♦ho w ii as (o hu raapc* with 0, 'I'ha anji»h* 0 Is invasuri'd 
in the iinniU i * Imhwisa ilirri (ion from lha positive radius vector to llu! positive 
landfill, ‘I’livn, 

T ■»* f/ I 0. 


WATIIKMATICAI, i’OKMUl./K AND KI.I.II' t'H' \V>i< IHtN;, 


2.273 




sin 1 - u.:. « 




tail T = 







CMS 0 f ’‘in // 




(h - 


2.274 

M 

- r\li 

'U, 

1” pnlar laiigt’iif 


rv 

- \/- 

'@r 

pohir tiMi iiial 


OR 

.,s 

,, ....... 


: i polar siiltlaiiiv'iil 


OV 

ilr 

JO 


t ’ polar suluioi loal. 

2,276 0()-- 


. . 

/» 5« (lisi 

latH'c. of laiit'ciii fuaii 



w 




2.276 



If u “ ", I he curve r < 
r 


(lislaiue of iininiul frotu utiriii. 


/(//) irt I'lUU'Hve Ml' C'<aV(i''i (m ihr him'im an Mi.iiue ii 
t!*u 


u I 


is posiliveor uegulive, AUi puiiil, of |nlli'\i()n ilih <|iiaiiiii y vaiti JM , uii«i t ItaiiKf 
sign. 


2,280 The riuliuH of curvuture is. 



X 

2,281 If # « ~ the riulhis <»f (airviiture is 
r 



lilnMi'iKY 
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2.282 il r(|n,Hhiu i>( iln* lUiVf i’i i^vcM ill ilir fiirin, 

' JV) 

when' ^ i ’ .iM iin .i .Minl liKiii ;i lisrO )u>inl of llir i urve, 


i/'i /</»V' 




2.2KM If /' • ' li" |tn pt Hili< ill u hiuii ihi' niii’in ti|io»i llu* liinm'iil lo llu* i iirvr, 


f. /> /' I 


2, 28*1 If 


SM" ,/«**' ,.'U) . 

2.280 I'olfH **i llu Miiiii of iiirvaltm’, ii, 

, '.ill' .lir ■: ■ \,iiij 1 1/11/ I 


/^/» y if 7 j 

' ^ ‘M ' ' 


fi, i \ , 




4‘M'' 

2287 H i' iti-.p! .4 Movoiorr ia.220h 

>h /' 

- ^/< - ■ - fn* , 

' 4/* ’ I 


"(’■ * tl!) 


2.300 Kn Uliii* .«f A'^^viopioii •*. U r ni‘jmaiiir>i « us (I u|ijirMju ln*H uu «, 

ill 7<ii*' •! iiinilj (u fill’ll fOi* sli.iUiJU lllU. 

r («»’ ■"■ (H /• 
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MATHEMATICAL EORMUI.A-', ANH ELUrTIC I’nN’( TIOiNS 


2.296 Intrinsic Kquation of a plane curve. An inlrinsie i i| nation nf n plane 
curve is one giving the radius of curvature, /), as a fimelion <if ilic an', v, 

P •■ ■/(•'“) 

If r is the angle between the .r-axis and the positive luiigeni (2.271); 


. (Is 


X .v« I' j et»s Tm/\ 

T <=» To *|- 

A (I s 

L m 

y * ' Vo \ j !iiu To/.v. 


2.300 The general equation of the secoml degree: 


Oiix^ ')' UviXy -I* uwv'’' -I- I I um o 


A 


Un th'i Ui:i ; 

U.JI iiii 
U;ti (/;ii 




A hh ^ Minoi' (»f a kh 


Criterion giving (he nature of (he curve: 



/las :|: 0 


(n 



/l3:i<0 

/l8a>f> 






(/ii/l 

or tifiA 




A :hO 


<0 

>0 


PiU'idiola 



Hyperbola 








Ellipse 

Tmaginary 







Curve 





/Ia3<0 

/ 


A» 

or An 

Au " An 





<0 

>0 

„ ff 


Pair of 

Pair of Imaginary 

Retd 

linaglimrv 


/! » 0 

Real 

Lines 



Ibudde 


Straiglit 





l.iiie 


Lines 



Pair of I*nraUcl Liiteii 


Intersection Pinitc 





(Pascal! Kcpenorumi dcr hShcrcii Maiheminik. II • 


r»K«tMKTKy 
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2.400 I’iUiilM-lii U’MV :0- 

2.401 Vi lli' /*. I imh.; 
lliKun'Ii />, him - 

lii\. 

]''t|lialiiil| I'f 
luij-^ii ill l^ 

y^-- .Jin' 

V - fl.u. V .1//’, 

(ij- .. mi ... f} 

I' I, - »M) ■ -* mi l.iliiH 
rri Itiiii, 
hi* - />’/', 

2.402 hr-hh Mli 

.V I iJ. 

,V7‘ -■ A .ji.j i i>, r\f - 



X 


tK\’ - v/'‘ ^ "■ 1 .JiOvAv-r;' 

T »1 T u J t ' w -I X 

I H !it>Iit itlif i*» latigyiil /7'. 
hli - v''»n«^ s uii, /7’ “ hVh - 4 V‘ vi;*< j ,v), 
i J r hi - H hK 

7 hr* ItUiMi / /" rtiii‘l f//*’ ill ihr rslrrmilii's of li hnill I'linnl VhV llKTl 
♦in ihs? lUn'iiiii iii li ni rifjhi iiiii?lr"^, 

f *- {uijilt* ,Y77’. 

1411 r - y /^“ • 

Till? liiiijgpni ai /’ liiftriin ihr anujcsi hVll* ami hlJP\ 


2.403 UaslUis «4 nmv-aiwyc;. 




ylr 4- rtl* I Nl^ 

>Jtf/^'W4.i»n^*>weMK«^ 41^ aw » 


V'7l 


4 «r 


C«Or*ljiiy*lc;f# i4 rriiicr «:4 rurvaUircs 

^ t M, !!’«»■"* 3.t\/ j • 


ttif fitwitiiiitr^ 
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2.404 Length of arc of parabola incasurtid vi ric\, 

,y « Vx{x -I- (/) I- ii h»g (\/ 1 1 jy I \/'-) • 

Area OPMO - ~ xy. 

2.405 Polar equation of parabola: 

;• FJ\ 

0 angle A7’7’, 

;!i/ 

i: “ cos (I 

2.406 Kquation of Parabola in Icrnis of f>, the pcipriulit nlai fiom./- upon || 
tangent, and r, the radius vts'lor A'/’: 

/ * 
r 

I ■ > semi latus rcclnn). 


2,410 Ellipse (Pig, 4 ). 


Y 
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(JKOMK-rnY 

2.412 iMinaliims of Kllipst', 

.V II cos (/,, y /, j-iu 

0 anj'lc AO/ , wlii-n- /" is Hi,' poitii wli,-r,; ih,. oniinuU; tiL P nuH-ts Hie 
'"‘ Ir, Hraw.. will, O as ituIit and radius i/. 


2.413 

op 

OP' 

t'li 




r 

n cnilricilv 

/ 

ViP 

P‘ 

J 





a 


PI. 

a{ 

a 

1 d) 

semi laliis icclunt, 


P'P 

■ a 1 r.i\ 

pp 

1/ I 



r 

aiiidi* A’ IT', 




la It r • 

Pv 





a V ti 

’ x' 




i\M 

■1 <« 
ir 


( yp 

ny- 


pr- 

^ 

1 “X 

S' 

t".\' 



os ' 

|■■^■\4d 

« 

.0' 





V ,d , 

r-.l'* 



2.414 

llir pai 

raili'l lo 

TT; 

nn' 

and PP' are roiijiii! 




OIP 

.... ,p , 

Idi:’ pp K P'P, 



1 

\ OIP >■ 

■■■• id 1 

Ir. 



PS' : 

H on 

’ all. 



<r ■ ■ .V-' 


all 

V a- ' cAv- 


I'ajualion of I'Hip;,' nfn,,.,! p, ronjuj'ali* diami lns as axes; 

<v - augle XOI* 
an^jjle XOD 


P . V*’ 


a* ^ OfP 
/d i)P 


aVi^ 


l/ •— I till /O f*k*l /J 

id Slid tr j /d ,„d (V 


/i« 






(d Slid 3' '1' /♦’ I'os^' /3 
2.410 Uu, lilts of tairvaliire of ICllipse: 

fi/V f (id ' . 


n I <T . « »* J 

' iiVd 

niiiile /•VA' luiKlf F'PX - w, 

mv 


Inn /.I 
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MATHEMATICAL FORMULA: AND ELLIPTIC FUNCTIdNS 


Coordinates of center of enrvatufe; 






A » 




Equation of Evolutc of ]Cllii)se, 




'• > r. 


2.416 Area of Ellipse, irdh, 

Lcnglli of arc of Ellii)se, 

w (/, 

2.417 Polar Equation of l?llij>se, 

r « 1>V\ 0 angle A7*7’, 



)• Sl't 


J> (| ' r'-') 

I. • • <• t'<*s 0 


2.418 r « ()J\ 0 - angle A7f/’, 

h 

r W " v:: 

V I c* CO.S’’ (} 

2.419 Equation of Ellipse in (enns of /*, (ho porpondaular from /•* upoii (ho 
tangent at 1\ and r, the radius vocl(»r /•’/*: 

I 3 I 

f.:;} M rA* 

/>■•> r a 

I Sl’ini laius nu t(nn, 


2.420 rTy])crbola (Fig. 5 ), 

2.421 0, Center; E, E', Foci, 
Equation of hyperbola, origin at 0, 

•T® V* 


a* OM, y 4//', a 0.1 »» 0 . 4 ', 


2.422 Parametric Equations of hyperbola, 


or 


a a cosh u, y h sinh 


X M 0. 

(j) « angle XOP*, where E' 
circle of radius a, center 0. 


see 0, y m If (an 

is the point whciru the ordinuie 


at 7’ mceU ihe 






so 


MATIIKMATIC.AI. FOiaiiu..!': AM> i.u iwu: 


2.426 Radius ol curvaluro of hy|«*i'lii»la, 


/> 


((■.r- tJ')' 
ah 


anjdo ' imi'h- hi’ I' 


/'7‘iV to 


I rr. 


aiij-di’ /'7'iV ' to' • ’ i I 'l'l’, 


liiu to 


//♦ V 


l o;i (0 


\t\ t> 


/> r<t. (0 / /* /• 7* 

CoOrdiimlos (d mUn' td rurvaiurr, 

, , .1 

V 




ir 


(iVv 

A* ■ 


Kqualiou (d Kvolula of IiyiH’iliolii, 

x\^ //nV 




2.428 In a rerliuiKular hyjualmla h - o. Ute auvinpi.Oi . ajr |mh»*h.U« iilar l<i 
cat'll other, Kqimlion <d r«:lanii*ul:ir liypnlHdi wiih himuhImu , a. » amt 
origin at 0: 


.I’V 


2.427 Lcnglli <d arc <d hyitcrlmla, 

lin see-' </> ,hlf . 

tU'Jn V r > « r 

2.428 Polar Equation <d liyin'rlmU; 


K. fJr'V 


r^hV\ O^xrp, ^ 

r i n-j H I 

f OP, 0 « xor, ^ , 

r ro'-s’’ if ^ I 


2.420 Equation of righUhand Imiiirh of hvjH iit *.f ifu* i^ijh-h. 
dicular.from P upon the Ungeni at P amt r. itm ra«lio. vn i-i 1 1\ 


/ 3 1 

r 0 * 


I ^'mi biiK riti ) iifti 



2.450 (’yrinids iiiut 'I’nuhnlds. 

II II rii'flr of I'jMlitis rolls on a slraii'lil. linn us Imso tho oxlrnniily of any 
riulhis, II, (li'scrilu's n. cycloiil. 'riin riTlauKnlur tniualion of ii cycloid is: 

X ■■■■ rf(</) ’ • sin </)), 

y i . ,/(j . - j-oji 

wIh'I'c iIio .V avis is iIm* base willi llu* iirinin al llic iniliul point of conlacl. </> is 
the niif'ln tuinci) iliroujdt by (lie inoviiif' circle, 6.) 



.'( ^ vn U’V (if I yt loi«l. 

< ’ -- m-iHit of Kviii’iiniiiM rirvlr, tirnwn laiiMCill lit .•!. 

'I’lin luitKisil In iftr ry« Injil i.l /’ U |»;0(illcl In du’ i liuht .b>. 

An: .1 /• -4 4 H I lionl .Ip. 

'J'lii? lioliiii of l urvahin* iil P is ii>ir.illrl i«i ilu- i Inml ((/( iohI eqiml lo 4X< li«nlp/^ 

/\> - ( in tiiiir tire .t(*. 
l.rllKtll Ilf l yi liiiil; v Sri; n - (M, 

•Area of lyi lniil; .S’ - aTTii'’. 

2.401 A poild on ibe radius, /#></. describes a prolale (roclioid. A- pninl, 
desci'ilies a lurlale (rochoid. '(‘be }»eiiei;d eijualion of innbdids and 
cycloids is 

.V (»(/> - (fi I i/l sin (ji, 
y « (</ i tl) ( r - cos (fi), 
ti w o CA’cloid, 

</>o Prolale I rochoid, 

(l<o Cur I ale l roclioid, 

fartv b tP)^ 


Uadiuri of curvalurc: 
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2.452 Epi- and. l^ypo{;y^:loi(l^i. An i-pit y» l‘ii(| h (li':u liln d l.v a puini tiii n 

circle of mdius a tlial. rolls on (he (•oiivo.x side »» u ti'o'd riit li- \>\ ladin;. A. .\„ 

liypocycloid is dcscriljcd hy a |)oint on a. cin le of radius ./ lliai i.dl , on iIm- roi,.. 

cave side of a fixed circle of radius h. 

Equations of epi- and hypocyclnitls. 

U|>per sif^tt: Epicvclidd, 

Lower sij'ii; I lypm vi loid. 

1 A * o , 

;\! =•■ (A rl; a) cos </> »( 5 ^< ns (/», 

tl 

// \ ' i 

, y (A I/) sill (/> - II sin </>, 


The origin is al; the center of (he lived circle. Tin- .x iivis i-. iln- )iin- juintiu' llu* 
ccntcr.s of the two circles in the initial posilion and ifi is ihe anple {intn d ilnouyh 
by tlic moving circle. 

Radius of curvature; 

2a(A;l;(l) . U , 

n ; i ,^111 0 

A ; t : .Ul Ah 

2.463 In the epicycloid pul A u. The curve bet nun-', a ('anli-.i.l; 

{.v'> .p I I NWv- ,nd. 

2.464 Catenary, The e(|ualuin may be wiilleii; 

r ■' ? 

I, y '-t '-j </(»" j c *'). 


2. 


y li cosh 


^ , V I: V'V’ ' 

It 


The radius of curvature, which is eqim) bi the length of tin- mnnial. i .; 


\ \N 


p ■*" (1 cosh* '• 

ii 


2,46(1.^ S,,ii'al of Arclumwte, A poiiii im.viiii! >mifMi'ii,lv al.ioj, ,, li,,,. ,vi,i,|, 
:i;ol(VtcsAumformly about a fistal poiMt .bsrrih.-. a apiial ..f ( la- 

ijguation isi 

■. , >' V.,,\ 


or' 


r m 




y - VA^ p y^f«trt Urn • 

m, A > 1 “ 

The p^jar suhtangent polar sufmurmal n. 
Radius of Qurvniurc! 

2.466 Hyiicrbolic apinil: 


tO «« (i. 



(}!•'.( )MKTUY 


2.467 I'uralmlu: spiral: 

r’ - >r> 0 . 

2.468 Lo^rarilluiiH: (tr i’(|uian|.'iilar spiral; 

r rj 

// ' > fnl fU ' J <•()»'»(., 

<i’ ' ' aiif'li* laiiKcnt lo c.urvi! makiis with ihc ratliuH vactia*. 


2,409 

Lituus: 

rVO ■■ ■■ n. 

2,400 

Ni‘t*iil; 

r f ■ (/ 1 

2.401 

(Issoal: 



Cv'. 

1 ■ V').r ’ ' an y^, 

r *1 ‘?.u tan 0 sin 0. 

2.402 

(’ussinoiil; 



(- 

v*' -1 A-' -i n-')^ - qaV' 1- hi 



COS J:0 ! i lA -- </■'. 

2.403 

Leninism le {h a in 

( ‘assinoi(l): 



|.. yq" F« T"), 

»■" 'Ail^ COS 2O, 

2.404 

Ciuuhoiil: 

.vy - {h -p y)2(fr' -- y). 

2.406 

Witch of .VgnesI: 

- y). 

2.400 

’rraciri.v; 

.. 1 . 1. 

__ a 1- \^a ' ' v' / ■;, 




u - v „ J .... y 4 


l/v ,v 

rtVi/’-* < 

y 


KOUl) (ntOMKrUY 

2.000 'rhti I'laiie. The equation of the plane is: 

p Hy p Cs '}■ 1) «. o. 

2.001 /, m, H tire the illreeilon cosines of the normal to the plane anti p is ihc 

IJer{»en<lictilar rlisUtncc from the origin upon the i»lunt*, 

, .^l. /i, C 

f, w, « 

VA^ q. m -p C-* 

p w lx my -i» im, 
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2.602 The perpemticuliir from llie point .Vi, ;V|, .'^i upon tli<^ pliiiic ,I.r | /ly !■ 
Cz-h D = o is: 

•n//|" -I- 

2.603 0 is the angle between the two planes: 

/ii.v -I- Jhy ( 'iS I- Ih o, 

/JaT-b Ih <■ o, 

VAi‘ [- lir \-Cr v''.l,= I /.? I (V 

2.604 Kqualionof the plane jiassing Ihroiigli (he three poinl'i (r,, y,, v,x) ('.o, \n, ;■.) 

(‘Tsj y3j ^3): 


yi 2i I 

-[• y 

Z, Xi l 

T 2 

.rj vi 1 


•'■| \*( ;;i 

^2 % I 


2'J ;V;! 1 


•V-.! y-i 1 


-‘■j )■; 

)'3 2.1 I 


2;| .V;| 1 


.r.t y,i 1 


.r.i y.i ;;.i 


TiiK luurrr j.inm: 

2.620 The equations of a right line passing ihrough the point r,. vi, ami whnsr 
direction cosines are I, ni, n are; 


Xj- .Vl ;V - • Vj 

I HI n 

2.621 0 is the angle between the two lines whose ilireelion rosiue * air u 

ami h, m, ih‘ ' ' ‘ 

cos 0 tT. /,/;j q. q, 

sin® 0 - (fi/Hs - /..wi)'* q- (/«,».. q. 

2.622 The direction cosines of the normal l«* the plane delined hv the two lines 
whose direction cosines are w/,, //, and {„ w,«a ai'e : 


bf>h im 

0 ’ sin 0 ' sin If 


2.623 The sliorlest distance between the l w«i lines; 

7; 


■T' ~ Xj y y , 
/i mi 


St 


Hi 


II II. I •'* V;, 


V;J 


is: 


Hh. 




, r.--., * -r - n w I 

|(«wn - .«,«,)» + («,/, _ ' 

The dircclion cosines of Ihe sliorCesi .lisiaiue l,,.|wm. il,.. |j„.. 

(Minis - will), (iij, - (I,m. _ 


• . . vi"«3 

Kilims - 111,11,)’ + (H,/, - ,„/.)s ;iKrr7:=^Ti • 


(IKOMKTRY 
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2.G2G ' I'lu' 1 HTpiiii lien 111 r ilisiiincc fumi lh<< poim, a-o, y-, ::■> lo tlu! lliui: 

/| w/l Hi 

is: 

tl I ( V;! .vi)" I (y-,t Vi )" I (;;;• ;5i)'’P {/, (.V;. • • a‘i) ■ !• »r,(y.| -- yi) ■ /mC": Si) ) , 

2.C2C 'I'lir «liirriinn mi-iiHvi uf tin- linn passin)' thrm^'li llui l.wn iHiiiils .Vi, yi, Si 
uiiil .V.!, ::,i hit: 

. i-y-: -v.), (y. ■ . y,). ■ ■;;i) ^ 

I (,vy XiY' i (y. yp- .|. .'r;,)"p ‘ 

2.027 r\u' iwu linns: 

*V Wi- I- /'i, .V ■ I- h, 

mu\ 

y 1 f/i, y //yj'I’V.!) 

intnrsnnl ul u pitiiil if, 

(i//i - m-)6/i f/.i) («i )h)(l>i /);.) = o. 

‘I'hn ( itiiiilin.iln 1 m(' llin point uf intnrsni lion inn: 

Hhfh HI. (>i Hxtii n;tfi fh'-fft 

nh HI- ' ‘ ;/j //•,. ’ Hi\ ■ ■ Hijt Hi • ■ ;/a 

'I'lin niiniiliiiit of llin plane noatainiii)^; llin two linns is llinn 

{Hi ih) {x ‘ iHiH fn) (fill - w»a) (y - «,f; > i/i). 


Hmn’ACi-K 

2.0d0 A nimkIi* nijnation in v, y, s H'pinsniUs a mufayo: 

/•‘(.V, y, jj) 0. 

2.fldl 'rlin I limit inn loslnns of ilin normal to llin svirface ary: 



2,042 Tim pnrpnmlinnlar frmn the origin upon the tangent plane at .v, y, s is; 

/> ** /x I" wiy 1 H5. 


2.043 The two prlnei|»al railii of i urvaUire of the surface /•' (.v, y, s) o arc 
given by the two rooli of; 



MATIIEMATK.’A L EOK M Ui./l-: AND !■: I . M I'T I r !• D NT I I u.\ S 


k d"P 

d-7'- 

d/‘ 

p " d.r- d.vdy 

d.ed;; 

d.v 

d-’p /.• d-’P 

d-p 

d/' 

d.vdy p dy'* 

»lyd-; 

de 

£l tPP 

k . d'P 

d/' 

d.vds dyd.'j 

p 

d; 

PI PI: 

_dP 


Ox- dy 

d;; 

0 





where: 


2.644 TJie coordinates of each cenliT of t urvalun* aiv: 
t P . p dp 

+ ’'■■■•'-'•it -.y 

2.646 The envelope of a fandly «)f surfat cm; 

/'’(.V, y, z, (m) V o 

is found by eliminating ct between (i) and 

«V‘ 


/> dp 

f>‘ d,j 


2.648 The characteristic of a surfuee Is a curve debiut) bv llie iwn eiiiialions 
(i) and ( 2 ) in 2.646. ' 

2.647 The envelope of a family of surfmcM wiili two vmlalilr naranmieiM 
a, Pt IS obtained liy eliminating a aiui (i between; 

Hx, y, c, rv, p) .. o. 

2. dP 

X" - 0. 

ikx 

.. dP 

d/i - o. 

2.648 TI.C cqunUoiB of a surtac,. may la- giva,, i,. ,|r. f„„„: 

a;-/iCM, 1/), y *>/;((//, v), s 
The equation of a tangent plane at xi, yi, Sj |s; 

(x - a;i) .p ^ y \ HLhiMl .p /« „ df A 0 

where ^ 

Hu, a) “ tl diT ‘ 1*370. 

^ dA 
d» dv 
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2.049 'V\w (linu Hnii hmMwh Io (lu; iKn inal io (he surface in the form 2.648 aj.'CJ 

ilLkM mLhJ}). «'>(/■. .A) 

I ,,, .. v) ' »•)(» . ’ ()(-»■, v) 

' ’ I (MlM ,, /ly-JiiY . . ({lihiMf \ » ' 

I \ 'H«, «') / \ (>(», v) / \ <')(»! v) J j 

2.060 If llu* f(niiiliou of tlju surface is; 

« y), 

liu! {M|U!Hi«>n of ilu* lanf't'ul plane at .Vi, ;vi, «i 


s)/"’ K 


2.061 'I'lu; (lireclion tosiues of (la* uornuil lo ihe surface in the form 2.660 arc; 


np 


/, m, n - 


i\n 


ilx/' \(‘>V 


I 1 


. ■!' I 


•!/’V , 


2.062 ‘i'hr (wn |iriui ipiil radii of c\irvalure of Hie surface in the form 2.060 
iire f'iveii liy llu’ ivvo nmls of; 


OY { (,i 1 <r)r h (»> '\ AO/} VI I /»'• I- </• f) ^|. (i. .p /;« .j. (fy o, 

wliere 

ilf iif „ tVf . iVf . dY 


' lU’ ' jjv d.V itVflv 


iJ V ' 


O.v- 


I 




2.063 if /)i Jiiid fh an* llu* two principal rinlil of curvature, of a surface, and p 
is the radius of cui vutuie in a plane making an aniJile 0 with (he plane of pi, 

i cos'* </» sill" 0 

jr^'^'"pi ’■ " jif" 

2.064 If p and p* are llu* radii of curvature in any two mutually perpendicular 
planes, and pi and pi Ihe (wo principal radii of curvature: 

}. I J. ..J-i J, . 

p p' ' p, S ‘ 

2.056 (Junss’s measure of the curvature of a surface In: 

i 1. 

p'^pifk' 


SPACB CtIBVEH 

2.070 The equal toms of a space curve may he givtm in the forms: 
(n) ACr, ;v, §) *» o, ACv, y, s) »« o. 

(b) AT »•/((/), y^^/gf/), s *«/{!(/). 

(c) y «* 0(,v), 8 » 0(;¥). 



^8 matiikmatical formui-a; and FUNmnN:'* 

2.671 The direction cosines of the liiiiK(!ni to a sjnu tt ( lu ve in the h»nii (a) are; 


m 


'P 


dfl 


d/'i d/''.! 


dy 

ifS 

dr; dv 


<21^ 

(J/';! 

r 

d/''| d/';! 


t% 

(iv 

■ *d.r' ’ d^' 

r 


dA’i 


ll/'t •H'-.'. 


d.v 

dy 

d d.r 

r' ’ 


') ( 

m 


dKv 1 

1 1 

[tlxj 

' Vd y/ 

d.J 1 



f d/-‘, d/'\. 

ill-, 

t . 



1 d.r d,\‘ 

dy 


iU‘\ \ 
I'l:; j 


2.672 The direction cosines of llie tjini'cnt hi a span* nii vr in ilu* fmiu (li) me: 

.v', v', 

/. 7' 

where the accents denote <lin‘erenlials with n“-pet:l to 1. 

2.673 If .V, the length of arc measured from a (ixcd point on llii* cm ve i . the 
parameter, 1: 

, tlx »/v fl" 

i;’ 7s- dr 

2.674 The pi'inc'i|Kil radius of r'urvattiru nf a spax' ( Uivi. hi lla- ham (h) is: 

v'-' 1 -'-'I' 

'* “ |(yV' ~ s'.v'T I- (a'T" .*.")> I hr’v" ,r'."rl'' 

.v'“ 

“ (a;"« -p .p * 

where the double accents denote second ditferemiala wiili icxpc* i lo /, iind v, 
the length of arc, is a functam of /. 


2.676 When I - .9.- 


p \ W) W) w) f 


2.676 The direction cosines of the )wln(ipal uornml to tin* !-.|«uc cmvr hi the 
form (1)) arc: 



r.KOMF.TKY 
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v'( v';;” ;/v") A''(r/.v" • - 

”7^ 


wIkto 


t. - |.v'^' I- v'" i (v'r/' I 0:'.v" ■ • -j- {x'y” •- y'x'y]K 

2.C77 I’ll*' iliit rliini nf ilu* Itiinninul to tin; riirvt! in llu; form (b) arc; 


ut 


v':;" -/v" 

■ .V'" * 

■/.v" 

■ .V ’ 


WIUIT 


v'.v'' 

- .... .... 


.V- hy':7' I .vV')^ i (.vV' ■ ■ 


2.078 If till' ili aaiin' uirH .iiii'il uhuiK lln' niivi' from a lixcil jMiinl, on it in 
tin* pimiiiM'Iri, /; 

,, il'x , tl'v , »/■'•; 


r 


m 


<f nii valiin 

r; ami 

A/v 

th tlh\ 

^\,h i/v’ 

./v Jav 

J,h ,ry 

£::Y 

‘\ls 

</v tlyj 


(ty </'b N 


Sv I/a'V 


2,079 *riu* rmliii'i of ino.inii, or Koliii i of ?>i*i t*ut| < uiciilmc of u .spare curve is; 

fy'^ I v*' i 


ca’i 




,v' ■ ■' y 


•V' y fi 

.tut 


wlii'rr .V is i^ivvii in 2,677. 
2.080 When I - 


6o 


matiiematicaf. i! orm \ I i./E an » !•: 1 .M I' r n ■ i- 1 1 n< m »n ; ; 




(!x 

</.v 

,h 

'Z- 

(Is 

Z 

tPx 

d-y 

ilh 

'ils^ 


10 


(Py 


"ils^ 




2.681 The direction cosines of iho Innj'onl. to a i.pa.r « urve in I ho fm in (i ) lur 

, I. v'. 

'''"'“"Vm v-i.'' 

where accents denote diffei'eiUials with la^spn l In .v: 

, iUHx) ,, d^(,r) 

2.682 The principal radius of curvature <if a span* cum* in Jtu* fitnn (, ) j-i; 

I i 

J .H, J • ^ 

2.683 The radius of torsion of a space curve in the hum (e) ja; 


f tra 


(r -i v'^ I 


pHy 


U„Ul 


s'Y") 


2.690 The relation i)clween tlie direction coiines of the linip^etU, 
normal and binorniid to a si)act; curve is: 


I m ti 

/' «»' w' 


w I. 


pi iiM ipal 


2.691 Tlic tangent, principal normal and hinonmd nil iH-iipt iimttiiillv jM'ipen* 
dlcular the relations of 2.00 liold among their iliieiiinn tn -ines. 
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3.00 lim -V .V - ' I t’f .V < . ' I tut X ' • — ) 

X t»ii .f Hill .V Ian .V 

.V I I taU'V, t I'l ^v ' , I I rnl'.i’, •iiu‘-\v |. ftis^.c m i, 
vrinin X - i hih .i\ i nv«’i:<iu .i‘ ' 1 - sill .V, hilvni’sin .V'’ hIu® 


j 

3.01 !'in A' - ^'iii ( x) ' ' " V, 




. ..V .1' 

J ■illl i(i:i 


Ian A' 


Ian 


I '*• 

i:os‘ I 


■’ V' I . I lun= 


V I i 1^,1 ‘ Illl |. lull j I Iiii^ ^ 

A' .V 

i i'l 1 1 ii*;; a) Iim -'(i I ms :r), 

J Jt 

Mix V **’• i A‘ yl I m* y sin | v y), 
rt*fj V sin ( i“ } y) sin y nis (.v y), 

I / .. r ‘n. 


3.02 I'MS ,V lAtS 1 x) y ' I 4 sill^";« 


/l I ms AT 
J: 


. ^.V 
2 

I 


, A' . » .V , X 

♦ »*?!,’ ■ Hllr - — .J mS" ■■■■ •• I j 

J •? \/i }= lun^.v 


I litn" 
I j la II* 


j i ^ i 

V X , .V 

I i inn A' Inn - inn .¥ cnl “ 
J J s 


;v X 

yitl Inn ■*■ 

jt ^ mi A' 


,^in 


. ji‘ , 1 ' v / 1 ,.i.. 3 uni X 

ml • 4 inn ”* % * i m i a 

a ^ 

^ tm y (.y 4* y) 1 sin .v sin {x f y), 

«» f<A# y tv "•<» y)”” sin y sin t* y)i 


fcs la 
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.■■ill M 1 ■' 

3.03 ( •■v.l ; I ,, ■ 


fi *; -'.v 

;.iu (.'■ 

1 VI i III 

V 1. 1 eo,'< ,'.v 

(HIS (.( 

i yl i Ml 

t!os (.V • y) ; 

cos (.» i 

vt 

1 .M I 

sin (.V |- y-) 

sin U 

v) 

Inn '■ 

X 

Ian 

1 

,• 1.111 

.V * 

X 

( l.ui 

i: ■ ' tan ■ 

^1 

1 Ian 

1 

.r 

t 

(■ 

1 

i -• Ian I 

1 (an 



. I • • 


3.04 The values of live liij'omuueliii fnm in t. nn . ih<' m I'iven 
ill llui follo\viri|; liilth*. (l'’nr re 3.0f»,i 



3.06 The Iri^onumcnic fuiii tioiiH me j,i li,. 
CSC bciiiff 27r, iiiul those of iIh* t;iji uiul luj, 
from ihc follo\vin« tulile. In UKin^ h.nnnl 


t >n i - I ( 1 1 if 

j ! 



(be ^ 4X51 . 

tf. ’I Inn Sn.iV b'* noUi 4 

Kivou * . UjV nl she ( lie '- sovisiedi * 


•riU( 5 (IN 0 Mi;TUY 63 

fum luiiiM l»y IIh* I 'Hit «»f liniiH* tjuanllly, I hr pniprr Mijpi nuiy hr. liikrn from this 
lahlr, 




0 

ir 

■Jr 

4 

7 I‘ 

7 r 

7 r 

TV 

’Vr 

ij 

-ir 

1 

• TV -• 
> 

:i 7 r 

27 r 


0 

0 

‘ 0"" 

Oo" 

ou“ 


i.So“ 

.V 

1 h\) 

.r/o" 

' .r/o” 



.V'o" 

3(10“ 

sin 

0 


1 

1 


1 

n 



! 

.... 


0 

cos 

1 


1 

\ 1 



I 

• 

• 

0 

■h 


r 

tan 

0 


1 

1 (•* 



0 


!■ 

1 00 

1 


0 

col 

1 O) 


> 

f 1 



i CO 


1 

0 

- 


I'oo 

src 

1 


1 

1 Ml 



t 



1 CO 

|. 


1 

C‘<C 

COI 


i 

■ 


1 

1 w 


... 

1 



I'oo 


3,10 l-inu liMM . mI llaU an Aii^lr. (.Si r 3.05 for siyjr^.) 


3,101 


3.10a 


. I , / l 1 " ^ -V 

>10 V - jy _ I 


j V I I '4n .V a i sin .r 


y/i/ » A 

* A I \ I I tan-’ X' 


» I / 

t'HH X Y' 


I I r«iH X 


f 


I ’< , ^ , ■ r 

" i I I sm ,v » V i sin .V [ I 


»* cl;;\/ 


„ ' , )■ 
' .?\ i \ I I lair x/ 


I . t .M rrri X 

/ “ * V TMor? 


3.103 



MATHUMATICAT, formula-: ANJ> KI.LIPTH’ J'UN<'l’U)NS 
sill a: 

” 1 H' c(w X X ’ 

d;Vi H- luiV- X --i 
lull ;V 


3.11 Functions of tiie Sum an<l DiiTcrciH'i: of 'I’wo Aiiiijlcu. 


3.111 


sm 


,») sin iv cos 3' :i; COS .V .Hin y, 

: cos X cos y (lun .v j lun v), 
Ian ;v -.1: lun v 


lun X '!■ lun y 


sin (.V I y), 


i I cos (.V I- 3') I cos (.V y) | (tuii v i lun ;v). 


3.112 


cos {X:. 


COS ;V COS 3 ' ’I' sin .v sin y, 
cos ;i' cos y (i 0 tun x tun y), 
coi;vMMuny , . 

« (,v I y), 

col X ± lun y 
col. V ‘I- tun .V . y . X 

t,, .....t ..:- ftjjj (X i- 

cot y lun .V i i 
<«> cos X sin y (col y i luii .v). 


3,113 


tan 


Ian X vh lun y 
t -r- Ian X Ian y 


col V 1- col X 
col X col y ^1- X 

juii^ax I; sin ay 
cos ax 4- i:oH ay 


3.114 


cot (x zii y) i« 


cot X col y 1 
cot y ::i 4 cot. X * 


sin ax " f- sin ay 
cos 3.V '»■ cos ay 

3,116 The cosine and sine of the sum of any imriibcr of iinj^lcs In icrniH of the 
sine and cosine of the angles arc given hy the retd and inmgiiniry jiiirl.f» of 
cos (xi + xa +. . , . H- x„) *h i sin (xi H - H* .... .r«) 

“(cos .Xi + X sin Xi)(coa .Xji -|- i sin Xt) {m» ;y« + i giirii Xh) 



I UllHINUM r. l'UY 


3.12 Siunii ami 

3.m 


3.122 


3.123 


I liliVu-mrr. nf Ti i}'tmtiim'tri< l’’um'tH)iw. 

<iiti .V I bill y ..in ’(.»• I V) niM i(.v'rv), 

.V } y) I an -J 
• - O o:. y <Ht!; .v) fi>l .i(.v 'I' y), 


liiii .J{,r I 
I an J(.v I 


(sin .V V sin v). 


i.i-i X I ii»:i V* ■ rns ,J,(.v I y) ru;i jCA'-y), 

‘.in .V I sin y 
Kin il.v I yj’ 


ml I v) 
Kill 5(1 v) 


(coH y ' • i:os .v). 


4 sill 5ly I .V) sill 5(.v .v) 

I'.iii ,v I sill y) (tin 5(,v I y), 


3.124 


3.120 


Inn V I 


Km 


y 


sin ( V I v» 
i .ci ,v ’ i'ns y 


• HI ( r I vl . 

“ . ■ ^ llan .!• ( mil v), 

sill ( v I yl ' ■ 

- Km y Kill (x I y)(,rnl y I UiU .v), 

I I Ian v Km y 
ml ( v j y) ’ 

- ( I » Km .V Km y) Km (.v k y). 


I'nl V » inj y 


sin (V I v) 

l: I 

sin 1 sill y 


3.130 

I. 


h 


ftlM V i V 
I t»fj X' I I'.is V 


Kill |(x K y). 


5' » «it» V 


i«>si s ' i;kii-s y 


ml |(.i* ‘K y). 


ftiti t' I sin V Km 4 ' v) 
sin .41' "» 'siii y Km g(A’ y) 
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sill" X •!- sill" y - i - cos (.v -|* v.) ros (x v). 
sill" X " sill" _v i-' COS" ,v -■ COS" X 

- sill (.V I- v) sill (. 1 - . ,v). 
cos® ;v - sin®)» luis (.v y) cos (.v v). 

sill® (.V ;)’) -I' sill® (a- -- y) ' i co;. jx c<*s „*y, 

sill® (. 1 * y) • • sin® (.V • ■ y) < sin ,!.c >nii jy. 


cos® (.V -I* y) cos® (.V y) i I- cos ,*.c con ,*y. 


7- 

cos® (.V *1" y) " 

- cos® (a: ■ 

• y) 

sill .!,l 

' sill 

.tv. 

3.160 







I. 

cos ;/.v cos mx. 

^ i COS {11 

• o;)a' 

1 j con 

(« 

1 m)x. 

2. 

sin fix sill WM' ^ 

' i cos (n 

m)x 

■ 1 cos 

(« 

r m}x. 

3- 

cos //.V sin /fix " 

' -i sill (11 

1 ni)x 

■ i sin 

(« 


3.160 







I. 

gXliV 

c' (cos 

y 1 i sin y). 



2. 

(/ r l iu 

It* {cos 

(y l‘»K 

ti) 1 i s 

in (y lo^r ,1 

3- 

(cos . 1 : tl: i sill A') '* 

cos «r . 

1; / sill 

»r 






1,1)0 

Moivic"; 

i riicorcni 

4 . 

sin (a: :1; iy) 

sin A' I’osli y c 

/ cos .V ; 

dull 

y. 

5- 

cos (a; :L iy) > 

'»'! cos a; (’I 

isli y c 

1 sin X ! 

null 

y. 

6. 

cos ;V ' 

- j(-'" 1 - 

c 




7* 

sin 

2 


r "■<*), 




C^*' cos .V I / sill A’, 
M ctjH X i sin ,v, 


3.170 Sines and Cosines of Muliiple AnKles. 

8.171 n an even integer: 

sin m - n cos .t | sin * - «!„. .( .f. I 

.<■2 .n/ A ' ■' 


COS nx « I - sin® a; .}„4 -- .in . . 



THtdONtJMK'l’KY 


3.172 tt an oihl iniq'rr; 

f . («" r-’i 

^a^ «.v ' n { sin .v -'•■-j'-- 


. - i") (»" V") . r ) 

snr' .V -I' ;:y sni'^' x - . . . . 


rn:i nx i Jis 


1 O/’’ ■ i") . .. 0 /“ - I-’ . . 

x I ■ — r -sm” .V 1 — ^" 7 — — sin-‘.v - .... y 

I ^1 J 


3.173 n an i vm inin'i r: 


'! ( ()i ... 0 

( i)'' I'ti’i A' < ;i" * sin"' ' .V j.{jjN :i 

.ISO- . 1 ),,, 


ros II X 


( • i )” f ' sin" . 1 * - a" •' sin" " x -h a" '' sin x 

' [ I I 2 1 


3.174 II an tHlii inh>'i‘r: 


..... ,n V ,i, 


«(;/ • • :0 




sin «x ( -0 ^ 1 J" ' sin" x -- -j a" ^ sin" ^ x -I- :»'• f* sin" ‘x 


It {II • .0 {ii ■ .0 


rus II X 


It < ( ff .... 

(■ i) i ’nisx < . 1 " ‘ sin" ‘ x ■ 


1 

‘^an "x^h ... 


.»'• •* sin" •' X 


... - hI,,.. » .,■ i'iLiiOJ.'.'..;;-.-5LOi.;:-!!.>. ,» i si,,- > 

' ai ,0 


3,175 // any iniayxr: 

sin «x ~ sin X | a" ‘ coh" ' x — a" “ xus" * x 

, 1 . t* ^ x a" ’ ims" x 

,)! „ , . 

•'••■■i 

cns MX 2" * cn.s" .V ^ 2"^^’ ('iw"' x "I- ■ a" •* cos" * x 

\. \ * • 



68 MATIIKMATICAL FCmMITU*: AND K 1,1.1 1'TK’ I’UNri’hhNS 

3.176 sin 2.v « .1 siti .v cos .v. 

sin 3.V =••= sin ;v(3 - 4 sin“ .»■) 
sin ;v(4 cos“ .v i). 
sin 4.T ~ sit) COS'* .v ■ 4 t:os .i'). 

sin s;v =* sin .v (5 20 siii" .v I to sin* .v) 

sin .v(iO cos* .v ■ ’ 1 2 COS" .v | i), 
sin ()x =-'= sin .i;(32 ctts*' .v - 32 I'os'* .v I- 0 ctw .v). 


3.177 


3.178 


COS 2.V 

COS" X -- sill” X 


ITii 

1-2 sill" ;i; 



2 COS'* X -■ I. 


cos 3 .V 

cos ;\’(,| COS" .V • • 

.0 


co.s .v(i ~ ’ 4 sin'-* 

•V). 

cos 4 T ' > 

iS aw'* X -■ 8 cos’’ 

.V h 1. 

cos 5;V 

cos .v(t6 cos'* .V 

20 COS" X 1 |{) 


cos .r(i6 sill* .V • 

• 12 sill" .V 1 1 ). 

cos O.v 

32 cos* .V 48 cos' X ■!■ 18 cos'-* ,1 


Inn 2.V 


j? I tin .1' 

I ’ inn** .V 


col, 3.U 


ctJl**.)' ■ r 
3 Ct»l .V 


3.180 Integral Powers of Sine and Cosine. 

3.181 ■n an even integer; 

sin" « { cos itx ~ n cm (« ^ 2).v 4. („ 

n(n t) (n a) t ,\ ** h* 

3I C08(H-r)).V4 -hfipl 


cos" X n 


cos + « cos (n ~ ,)x cos („ .. 4),. 


. t) 0 /. 3 ) 

^ ^1 cos (» - 6 ),v H* . . . 4 I 




ii: 


TIU(5{IN(»MKTKY 


O9 


3.182 « !iH «nlil 


:iin" X 




ill //.V >1 jsiii (« 2 )x i 


n(n ■ • i) 

..... 


sin (>/ - 4);v 


.V 




(" 7')' 


Sin ;v 


I I , , /n /I ' ■ I / / \ 

ro:V' A' ‘ ' i'"s nx !■ // ms (« > ♦ „').v •!" i’om (« - 4.)*^' 


nin ■ • i) 
aI 


n(u 1) 0; 




ms (/f ' ' <i).v •!' 'I- 


«! 


mm 


cos .V 


3.183 


3.184 


sin*' 

X ■ 

.J{| - ■ cos 

J>X). 

sin' 

X '• 

Ua :‘in .V 

sin .i.i). 

siid 

,v -• 

i (cos 4.1- 

■ 4 cos .l.V ]■ .0. 

sin*' 

X 

sin 5.V 

»; !iin 4.V \ 10 sin .v). 

sin" 

,V ' ^ 

- -j'^iens (t.v ■- n c<»s 4.V-I- 15 ms a.r 

cos'-’ 

X 

J(i i ms 

j.c). 

ms-'* 

.V 

4 ( 4 CtiS .V 

i C(*s ,-; v). 

m-.^ 

X 

j((,i 1 4 cos A.V 1 cos 4.v). 

('os'* 

.V 

,'ttUn c<m 

•V 1 S .V'' ’!• 

cos" 

.V '■■■■' 

ii’afin 1 ‘ .S c(W -i.v | n cos 4.V 1 cos 


INVKHSK CIKcm.AU mS'CTIONS 

3,20 ‘Phc inverse ciirulur iiiitl loKariilunic fimctions luc mullipli* vuUied; i.c., if 

0 <SIIV ' .^'<"“1 

r 

I he .solmion of .v sin 0 is; 

0 a«7r I' sin ' .v, 

where « is ti poHiiivc inieger. In the following fornuilas liie cyclic consUinls arc 
nmilUitl. 
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~ sin" '(-a;) = > ^ • 

cos '.V ‘ ‘ cos ' \' 1 

“ “• siir"' V I ••- .V" 

IT t . , , ,. 

' ■ 1 ' Sin ‘ (,!.v' 

'1 •> 

2 

- COS"' (r - 2x^ - 

tan 

2 

v"i ■ . .»■“ 

,..i f I ■•' 1 •” 

.V" ) 1 1 f 2 



\ X 

/ '* 1 

. \/ r ■ -• ;V" IT . . . 

cor' -> - 

■ • / log (,V 1' ' 


3.22 


COS"* IT- COS"* (~.v) « - - sill * .V - r.w ' f .w'* 


i) 


2C0S-*\/--^-' .. sin » Vi . . .V" laii ' 

** A 



■/ log (.V H* /v’-* - i)^v„ 7r - / log ( v'V 1 - .i). 


8.23 


tan * a* « -• Uiir * (-,v) w sin * » 






V’l f x' 


isiiV 


Y:\r^ " 3 ' Vt \ A- 


71 , , t J r 

^ tan"* ”• fB. •“ ('OS’" * . 

2 ;\r 3 I ( 


- - - - . 

1 I . A » 


« 2 C08"‘ < ^ 3 

a Vi + ■ 


j'l 


I - I 
S\/t i 


“ 2 ^ •^***^-‘ I -i'-i I 

« - tan“‘ c ‘h Ian”** il^L£ 

I - cx 
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3.26 

sin ' 

.V 

1: sin ’ 

y 

sin ' 

IaVi ■ ■ V" : 

1, y Vi 

.v^). 

’j. 

I'OM ' 

‘ .V 

\ cus 

‘ V 

1 cos ' 

'j.vy 1 Vli 

' ■ .v“) (1 

- f)\’ 


sin ' 

X 

1: cos 

' >' ■ 

- sin ■ 

[.vy .1 Vfi 

(i • 

•?)} 






• cos 

'(yv/c ■ .r' 

■V .v Vl ■ ■ 


'I- 

Ian 

‘ .V 

1 Ian 

1 y . 

• (an 

i ‘-I. 

I 1 .vy 



S- 

Ian 

' ,v 

l CttI 

' ,v 

‘ Ian 

\ 'y ' \ 

' V 1 .V 




UYI’KKIHII.H; functions 

3.30 ImhiuuIiui for tlic liypciliolic fuiuiions nmy lie olilainiMl from iho corre- 
fonmiliis for ihc cin olar fimclions liy iTplacioK v liy ix and using the 


fuilowing 

ichi lions: 



i. 

sin /X 

. . J/fr- C 

') 1 . / sinli .V, 

A, 

IT IS /X 

... - 

O ' i cosli X, 


fan /v 

f(/^^ - 1 ) 

f.'j.? , 

i lanli .V, 


col fX 

1 I 

‘ -• / colh iV. 

S' 

SCI' ix 

1 

M‘Ch .V. 



ji 


6. 

CSC ix 

t r 

V 1 tsch At 

7- 

sin * ix 

/ sinlr ’ .V 

i log (.V '!• Vi 1' .V"). 

H. 

i:oH ' i‘.v 

sai — ( cosh'" 

* .V ^ - / log (.V 1' \/ 1 : d' ,t’) 

th 

lan"* ix 

w i iftidr’ .1 

• 1 i / i • ■ 

;* m i lOU \/ ' 

^ > I - .V 

10, 

cot ‘ ix 

MX - / coilr 
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3.310 The values of live liyperbolie foiHiioiis in Icrin;. uf ilif sisth air i^ivrn in 
the following liihle : 



3.311 rcriodiciLy of the Ilyiierhniic Imiih linns. 

Ihc functions sinh ;V, cosh .i', secli .v, csrli .v have an iinaginai v iinintl j .y/, : 

cosh .V i i ctisli (.V I Airifi), 

where w. IS any integer. The fiinclious tanh v, i nih v have an iniaginai v pnlu*! ni, 
The values of the hyperholic fuiicHoiis for ihr aiguinml n, ”V. ni, 

arc given in the following tahle: “ * " 
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3.320 

!>inh ' X 

3 

, /t osh X ■■ 1 



1. 

■v ,, 




, r 

, /ciwll X 1 1 



■3. 

«'n!ih .c 

... y 




Innh 

3 

1 o!il» .V 1 sinh .y 

. A'osh .V 

V cohI) .V 

..... 1 


sinh .c cash .v |- i 

-h 1 


3.33 

1. 

sinh (x 1 

y) 

- sinh X cash y i casli 

i; si nit y. 

3. 

i osh (.V ! 

y) 

- i nsli .V c<)sh y 1 sinh .i 

i- sinh y. 

3- 

mnh (x 1 

1 y) 

l.uili X 1 limit y 

1 1 (imh .y mnh y 



c nth {x 

1 y) 

cnlh .V calh v c j ^ 
cnlh V li calil ;V 



3.34 

1. 


2. 


.V 


A' 


S* 


6 . 


7 * 


hinli y I si»ili y - 3 sinii || (.v »| v) cosli ^{.v y). 

^.inh X ^inh y ^ 3 ronh i(.v | y) slnh J(.v - ■ y), 

i'n'ih X i n»sh y a co^ih H-v I- y) ntsh ■]|(.v • • y). 

.V cash y «« 3 sinli ^{.v ^ y) sinh ^(.v ~ y). 


tniih .V 1‘ mail y 
mnh .V mnh y «« 


sinh (,v y) 
casii .V cash y 


sinh (y - y) ^ 
cosh X cash y 


cnih .V >h coih v »* 


sinh (.V H” ;v) 


ftinh .V sinh y 


mh (.y - y) 
shiTh X ainTi y 


colh X - coLh y »»* 
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3.36 

I. 


sinh (;V -I- : 

y) 4> sinh (.V 3’) = = 

2 sinh A* 

cosli 

y. 

2. 


sinli (iV -I' : 

y) - sinli {x y) ‘ ■ 

i! cosli A- 

sinli 

y. 

2 , 


cosh {;V -h 

y) - 1 - cosh (a; - 3’) ■ ’ 

2 cosh A" 

cosli 

y. 

0 

A. 


cosli (.V 4* 

y) - cosh (a' y) ‘ ' 

2 sinh X 

sinli 

y. 




(tuih .j(-v t . y) ‘ 

sinh A’ 1 

i.iitli 

y 

5- 



cosh X 1 

cosl 

1 y 




colh i(‘V;i:y) 

sinh .V 1 

sinii 

y 

6. 



cosh A' 

cosh y 




(anh y i; lunh y ^ 

sinh ( V 

1 yh 


7* 



Tanii A' ' liinh y 

sinh (A 

y). 





colh , 

sinli 1 

(.V I- ; 

v) 

8. 



ailh 'V -'colh y 

sinh (a' - . 

v)' 

3,38 

I. sinli (.v-l- 

•y) -1- cosh (.V 

4' v) (cosh X 1 sinh .v) (c<»sh )' 1 

1 sinli y). 

2. 

sinh (;V 

4 - y) sinli (.v 

- y) siillr X " ■ siiilr y 






t'a cosli'"’ A’ ' I'osh' y. 



3« 

cosh (.'V 

4- y) cosli (;V 

^ y) cosh'"* .V !• sinh'"’ y 





r.» Hiiili*"’ A’ Ciislc’ y. 






1 I- Iniih i.v 




4- 


sinh:v4-c()sh^--;;-^,,,|^. 




S-... 


(sinh iV 4' cosh ;0" 4 ninh H.v. 



lu 







O " 
li. ■■■ 

- 


fi* cosh X ! • 

sinli A’. 



■' O 



c"' •?« cosh .V - 

sinh .V. 






sinh .V ■*> - c‘ 

■*). 






cosh X Ba 4 - c' 






•|’Kl(’.nN<»MKTUY 
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3.38 

i.liih .\x 

> .? jiiuli .V ( “idi .V, 

I. 

• liutll v 

1 luulr v 


ttlilll rJA' 

- rttv.h’’' A- 1 .r ’ ' a 


1 1 j jiiiili" .V, 

.V 

liuih * 

\ 1 tiinlr v 
' t iiiiilr -v 

* la nil r 

1 1 liinh” v 


sinh ,vv 

... ^ ;.inh A- 1 A ^'ddv' A'. 

*l' 

5> 

mh M 

- nil'Iv’ A' <''ish A'. 


; (atilt V 1 

(u 

luuli .1'' 

1 1 imih'-’ .V 


•'140 lnviMff IIvihmIhiIu Imuh 
'■ .,i„. luMHi..,.-. 

1. I III lilUnWiUt! lounuM.i IIU I 


I. 

i- 

s- 

6 . 


ilur;* “Illy 

lirinn ^ivi'ii. 



r.iiih * A' - 

■ 111)* 1 V ( y a' ! 

,) .. 

t osh ’ 

l .lill ‘ V - 

- 1..)* ( V 1 V A* 

. l) • 

sinh ' 


. / 1 1 V 



(anil * y 




mill ‘ y ‘ 


(anil 

i *. 

A' 

H't It * A' 

- '"n(,v ' 

') 

fosh 

1 HI U ' y 

- !■■(! ('. 1 V I” 

TT) 

V. sinh 


3.41 

I. 

3. 


spilth * rV * 


y - »illh ■, 

V - rush ' (v.v :> ~ ~ 


ni liinh * y 


uutlr‘ 


_ A’ ■■>:■: V . 

< .,1. VII 


nuiUiplc 

lunillrd, 
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3.42 

I. 




laiih ' ■' ’ * 

I I 


2 . 


lOK .V. 


UiUh - ' 

v r t' 


CIKlr' CSC ...siiil, I 

= ' liUl X. 


tonir. I,,,,.,,,, 

ifinh ' (an^ t • - loj' sci; .v. 


3.« The Gwicnmmiim,,. 

It. 


1. 

2 . 


coHli .r Kia- 0, 
.siiili .r inii 0. 


c” act; 0 4 - (an 0 ■ laii \ 
X ^ log Ian ,| i?j. 


^ ™ g(| .V, 


3.44 


I. 

sinli a; lan gd x. 


coah X m see gd x. 

3* 

lanli a; sin gd .v, 

4» 

tanh ~ sa Ian i 

$* 

c» - 

cos gd a; 


I COH 




V . \ 

h Kd if! 


y 7 « iSo® •“ (or -j" )3). 

c - „ « si» 7 « sjn 8) 

7- iHii ' lanli .!• Hi ' -'.v. 


3.60 

0, 

ur uHMi.iin-. i-i.ank tr!an«u.;h 

A, / > Sitirs <if Iriajigle, 



i^, Y ' imf'lfM iippitsiit* Id /,^ rtiHpeclivcIyj 

>1 • UKM of iiiiini^'lr, 



A ' - 1 A It). 

lihrn 


For mu! it 

a, /(, r 

a’ 

r,i,. ' 0 (« -.- S 

•J > he 

•> ' A(.V (/) 

1 A" a*'* 

f*!'! It -- ..■•■ - , 

Alt' 


/I 

.1 • ,/)(.v . //)(,v . . (-J. 

0, A, 


si., n ^ 

(/ 



Wln^n i/>A, and Iml (ine valiu; resulu. When A> 



/i lias Uvu va hit's. 



7 fHo® - (a- «h 


c 

^ a sin 7 



.sin 


A 

/( 1 ah sin 7 . 


A 

If „ 

«itn fv 


7 

7 « iSo® - (or * 1 " jS). 



.. „ i!!a....i: „ oi!Lf“ + &) 
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Given 

Sought 


I'ormuh 


A 

A 

sin 7 

“ 'J silt a- 

a, b, 7 

a 

tan a 

(/ sin 7 
b • • (/ cos 7 


a, 8 

•Ua' I - 8) ■■ 

- . ’7. 



(an •••((!: ™ /^) : 

1/ ■ ■ b , 

1/ I - b ' 


c 

0 f 

■ (a* 1 /r • jiib ens 7 )^. 


' ■ j (</ i- !>)" ■ .\n/i rtjs“ 

' ‘ {((/ ■ ' /»)" I- 

‘n«j! ^ 

a sin 7 
sill (V 

A ‘ ^ (//< .sill 7 , 


SOUmuN or SlMIliUlCAt. thianoi.ch 

3.61 Kight-anglcil sjiluaH-al (liunf'lrs. 

a, A, « sido.s nf inafiKlc, (lie ,.|,jM.Njh‘ 7 , ||„. 

«> P, 7 -angles opposiU* a, ,, ii-spirliwly. 

3.611 Napier’s Rules; 

7 "■ “ ^ ""-i 

.uljJca.i;f. - "f -K'-H ..f a 

par™” - ..f 

Fmm Iheac rate tl.c (1.11., „i„« * | 

ain a »« sin c sin (x, 

Inn a « tan »■ vm /i « sin b tan 
sin b » sill r sin j^, 

tan b «»- tan c c<w a ^ sin a inn 

cos (X »a cos a sin 0, 

cos /5 w cos b sin cv, 

cos c - cot a cot 8 m cos a cm L 


TKUSONOMKTKY 


3.62 

t ' nf liinnj!;lr. 

^'*1 y ■ tUijjlcfi <i|)|>nsiU' Co (/, Ilf ('f i't;s| )(;<'! ivciy, 

' • J (<f C A i r), 
y I ii I 7), 

I } Y I, So - ti)>ln‘iiral cx<tss, 

,S - >iiiiOi(*r lri;tii|'lo on splirro of radius r. 


(Ihru 
II, A, <: 


t^f //, 7 


»/, i‘, a 

Aiulii^uous fast*. 
Two stiiuUoiis 
possihltr. 


oc, 7, e 

Ambiguous case. 
Two solutions 

rm«iiUttn 


tk* 


■lir’ 


Cult* 


O’ 


O’ 


('OS** ■■■a 


liavi'tsiii o 


Carl" II 
■i 


cos’* 


ii 

sin 7 


l‘'i>n)n(lti 

liavnsiii o, 

sin f.v ■ . A) sin f.v • <■) 
sin A sin v 

sin (.V • A) sin (.v - <■) 
sin .V sin (a ■ ■ a) 

sin v sin {'.v a) 
sin A sin c 

)iav a liav (A • r) 
sin A sin <■ 


silt* S a - liavnsin a, 

ros (T ros (ff o) 
sin fi sin 7 


I os tr tfis for - o) 
ros ((T (i) {'OS (o’ • 7) 

i ms f<r (i)i fos iff 7) 


sin fi sin 7 

sin o sin <■ 
sin a 




a 


tail 0 Ian a f(»s r, 
sin i' 0 ) sin 0 tan r cot a 

ml (P >'■<1 liiii e ms a, 
o . L\ rp 

ms i: 


. »in a sin 7 
sin c ** • 
»m ct 


8o 


MATIIKMATICAL J-'CmMULK AND KI.IJITK’ I’UNCTIONS 


Given 


a, by 7 

tan 0 >=» tan a cos y 
tan 0 = tan b cos 7 


c, ay IS 

tan 0 w cos a tan a 
tan 0 w cos c tan /3 


SoufilH 

b i 


tan • b 


tan .J(n c) 
fan | r). 


h'ormuUt 
tan 0 - ‘ (an a cos 7. 

sin (// • 0 ) > ' cot (V Ian 7 sin 0 . 

sin .J{a' I 7) 
sin 7) 

Ct)S .J(o' 17 ) 

" nts i((v 7) 

cot 0 ' Ci)!! a tan 7 

cos (X sin 0 
ctis 7 

sin iO/ I t ) 

a ■ sill .J(fi I ) 

cos it'.; I < ) I , 

^ ii , Inn -Md' 7). 
cos ;J(« - • t ) ' f '• 


sin {(S - 0 ) 
cot { li 


Ian .J(fv 7). 


cos <; « t 


If. ^ { 


cos <; v > i‘t»s (I cos b I sin 0 sin b cos 7 . 

cos tl cos (h ' 0) 
cos 0 

Cos b cos (</ 0) 

cos 0 

luiv <■ ' ■ hav (n b) | sin n sin /• liiiv 7 

sin 0 tan 7 
laiwv- . ,, J' 

Hin (/» ■ 0) 

sin p 

sin c 

sin a sin b 
Sin (/ 

Sin (a 0) 

ka -I- 0) " - 

im J(.i I /.) 

inn ka - |3) » 

a sin j(" I' I') 

coa y ^ ^ am a am /S | sin sin coi 

cos 7 <7 (>ns I g) 

' - 

cos i3 coa fof f 0 ) 

C08 0 

iiiM « ^ «*n 0 

sm i $ f) 


tan 



TintJONOMKTKY 
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(livvn 


*1, 7 

it, /», «: 

e, 7 


Atmyjif 

h 

II, If ^ 

a 

c 

S 


(lilt J(ii I If) 

m\ i(if ' h) 


, imi I- sin (/> 
lull It ' • , ; - A * 

. .sill (fi: [■ (ft) 

<«)s \Uy (i) lull 
(US i(<'; I’ /S 
sin .i(<v ' (i) tan jc^ 
sin 1^) 

ml .Jii (III }j,li I ms y 
sill 7 

Ian ;V' lai' K' 

lull Kv - 


ml Jc 
tan’-' \c 


,S' Kv ' y a 7rr^' 

I Ho 


1 'Inhk siatii.s oi* ('iucmi.au vunctions 
3.00 If lia^ sum, / (/), of Uu’ iniinilf sorics: 

/ (r) II, I } III r I fh !■ 

is known, tliu raiins of llu* si'iics: 

.S\ 111 , cos .V I 111 r cos (.V I y) 'j- iia i’^ cos (.v -I* 3,v) . 

.S*a - ii„ sin .V I- III r sin (.v !■ v) !• iia sin (.v I- a,v) I- . . . . 

lU’l'l 

S\ - 1 **')}, 

tl 


3.01 Special V'iniu; Series. 


. nx . fi • I’ t „ 
sin 

3 

;r 


Jl»"i 


It 

'V I 

coa Itx 

A«a 


«.V « "i* t 

co» sin — » 
a a 


Bin 


X 


a. 
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irA'l'H i-’M A'I’I ( 'A I. I'' >K M r I .I'. A N 1 1 1 . 1 . 1 . 11 ' 1 U ' I I ’ N r 1 1 1 1 ; 


^ sill- kx 

k~-i 


), co;; (ft I r).r’:4ii nr 
2 .! sill 


^ cos'- kx • • 

k'-o 

ji-i 

2 ‘‘ 


II -I- ;> ('n;; (» | D.V sin » V 

<) ' sill .r 


Sin nx 




k-n 


. .V 

,\ sni" • 

' 1 


•III 


6 . 


tt 

S sin { 2 k - \)x 


. /,'« i\ 

n sin I ^ j.v 


. .V 
,! SHI 


Mf U t 
■I sin' ’ 


siir w.v 
sin .V 


k-‘i 


8. 2) 'I' 

k-^o 


(> 7 . cos (a- I- ky) 

A-’O 

«| t 

10 . 

h:n 


COS 



. /« 1 





sin 


/ , H \ 

ft: 


SIH ( 


SIM 


rt ri 

‘sin {ik • i).v • ( »)■■ 


III f m k V 

* iH'. % 


II. 


(■"’ ■') 




12 , 




14 . 


IS- 


2J(”"j)^ nirt ■ 1 ( i)' 

A..- 1 

M t ,0' io'i > ! r' 

k>>i 

y I'* COS kx - ‘ ^ 

I .?! « If . V 'i f ■ 

«M0 * 

H 

sin” « ^ 2 « sill M ... y. 


Olj 


-iill r.%' 


S ' »M Hi- 



TUK'rONOMK’mY 


M 



/.'-.I 


I .V 

; I-,, I . 


2 ail i.w 


17. 


iM. 


11 ). 


II 1 

2L/ ’ n 

k->> 

' v(' 

nir 
\ cos - ^ 

I- sin 

t)- 

n t 

2 /^'"" «■ 
A- 1 

,v«(. 

nir 

[• cos ^ • 

sin 

v) 

r» 1 

X'' . /‘ tt* 

2 / MM . 

»‘ol ■ 

Ml 





k « 


•I 



k ti 



J.v 



.V 




3.02 



k I 


Wiiliiiiu (IMiil Mit)^ .u. P- >>’• J'PfO (iltl!»iur<l m usymplolic I'xpau: 
for Ibis Moin, iniil bus |.5lvt‘n ibo followiuj): iippnjximalinii: 

.S'n ’ lo)(;n,{.^«) - o.jSo(»4S.i^7' I 


o.oSyjOr) o.oio.vs o.oo.j 0.005 

n «'* /«'■ n'^ 

Vabus of .S‘„ an* labulaloi! l»y ioU'Krrs from /; - 2 to « 30, uad from n 

to ;/ too at itilfi vals of 5. 


'rbo fxpaiisioit of 



A - 1 


whora . 

la also oblnirtml. 
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3.70 Finite I^roducts. 


2 . 


sin vx = n sin ;v con JJ jf i 

A' < I 


COS nx 


Hi 


Hill" .V 

. .. A’tt 
siii-* 

n 


SIH" X 


. . :»/.• 1 
k'<i.\ sur- ?r 
2« / 


fi own. 


H ovtii. 


H - > 


Sin «;v - sin 




SHI" X 
‘ u ^'TT 

Sin-' — 


n nth), 


cos nx « cos ;v Sr 


sin® T ' 

. ik -- i 
sin-' ■ ■ vj’ 

211 > 


II nth). 


n ■ I 

S« cos nx - cos ny J | i-tis .v cos I | • 

k'^(» 

I 

6 . a?» - cos «;v *h J J I - 2ti/< i tis ^ .v | | | • 


noon OP transci:ni)i;ntai. kijuationh 

3.800 Ian x « ;v, 

Tlic first 17 roots, nml the corrcspondinK nuiNinm iind ininiinn of 

X 

arc given in the following table (Lommcl, Abh, Mum;h. Akiul. {2) 1 1 24, i.SM(i) : 


2 

4.49.M 

3 

7 - 72 S.i 

4 

I0.()04 1 

5 

14.0602 

6 

17.3308 

7 

20.3713 

8 

33 '.SI 9 S 

9 

26.6661 

lo 

29.8116 

IX 

32.954 

12 

36.1006 

13 

39.2444 

14 

42.3879 

IS 

45.5;!! n 

16 

48.6741 

17 

.iji. 8 i 7 o 


M tix w'n .V 
Min .r 

I 

■“'O.aiya 
I'O. I a.S,} 
“■"O.OIJI.I 
d“0.070<) 
0.0580 
-ho.04<>o 
»-O.Oi| 35 
»ho.o,i75 
-0,03,45 
+0.0303 

- 0.0377 

+0.0355 

““0.0336 

+ 0.0330 

““ 0.0305 


TUKfONOMK'mY 


8 S 


3.801 

'riii^ liiHl, lliii'o rooU* an:: 


H .V is laiffo 


tan ;e - — 

2 •• • 


A'l 0, 


;Va‘' ny.20 

TT 

180' 


TT 

;v.i - 340,3s 

I, So 


Xn ' mr 


i6 


IITT .v/'' 7 r'' 

(Kayl(;i|i[h, 'I'hooiy of Soimd, It, p. 265.) 


3,802 

The, lirst. lw«» roots are; 


Ian X «*' 


.v’’ -- ()a: 


y 


.%*! O, 

;va -- .p.vtaa. 


(KayleiKh, I. c. p. 266.) 


3.803 

The (irst two n>o!H are; 


tan X ^>1 


I ™ .V" 


.Vj o, 

.va 2.7.14. 

(J. J. 'riioinson, Recent Researches, t). ,^73.) 


3.804 

The first seven roots are: 


mil I 

3 - 


,V’l Of 

.Va -«» i.H^ 467 r, 

Xi «a 2 , 3 () 5 o 7 r, 
a'l 3.03357r, 

A's « 4.<M857r, 

A-fl - 5-9480^1 
a-'T O.OSO^TT. 

(Laml), London Math. Soc. Proc. 13, 1882,) 


8.806 


tan X 


4 A’ 


A — 1-ir 
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MATItEMATIf'AT. FOttMUl-/T' ANP E I ^ 


'J'hc first seven roots are: 

;Vi ^ ‘ Oi 

;v.j ^ o,.Si 6 o 7 r, 
;V.1 

.r.i = 

A'fi ■ ' * 

.Vo - -i.‘)7-!M/r, 
.V; - S-o'/V ■!'''■* 


1. <■.) 


3.806 

The roots are: 


3.807 

Tlie roots are: 


eos .V I'usl) .V I . 


;vi ■ 

X'i ' 

;V;i lo.oo.Sf'f*'/'^ 

;V.i ' ■ 

.To !'/..* 

;V„ <j(a 1/ I l)f a: *:v 

( Kiiyh-iiKli. 'rliritiy “( Siain>l. 1. |'. j;*'.) 


ens .V cosli .V ’ ■ I. 


;Vi i.H'/.'jio.i, 

;Vu 

;V I ■ ' ’/•8.S'iyHVt 


Xi< lO.oojiS'l'i 

;V|, - l.|.l.tyifA 
;V(c- ly.AySv.'io, 

;v’„ - *)'/f 

3.808 

I - (i I- .v'O run v o. 

The roots are: 

:V| I.IO-IJJOO, 
aa ■ f|.7,vi7<«i. 

A’li y.H.tvofMi 

sV\ V- Ti.oo.tytiti, 

.Vr, 

;Vfl ry.a.S 101 ) 7 . 

(.Si'liliiiviih li: niMinjtfilnn li. 1,|». j-m ) 

3.809 The smallest root of 

0 - (dl. 0 > o, 

is 

0 * 10 '’ 17 ' .t6".5. 



•I'Rir.DNOMKTRY 

3.810 'riu! tiinallcsl, root, of 

0 - • cos 0 ■ 0, 

hi 


(Um>.353.) 

3.811 'The jMnullriil rnni of 

.re-'' • 

■ < . o, 

is 

.V 

(1. p. .iS3-) 

3.812 ’I’hr siniiih'sl rool. of 

lo^r (l 1 

.v) ■ • ‘[.V • o, 

is 

.V ■ = 

(1. n. p. 

3.813 

till) .v ■ 

• .e 1 o. 

'{'\w liisl roofs me: 

.Vi 

4-1 •'^o, 


.Vv; 



.V.l 

- lO.UO, 


.v, ^ i.i.oy. 

((’olht, Annaleii <ier IMiysik, OSi !>• >‘)2r.) 

3.814 

e«»l .V ! 

r 

|. .r ■ - o. 

X 

'The liisl niols me: 

.V| 

•V-J 

0, 


.V;| 

iMI’/i 


.V| 



.Vft 

i.j.4«, 


.vn 

■ 


.V7 

s-i 1 8.30. V 

(( «tlh), 1. e.) 

3.00 Speeisil ‘I'aliles. 
sill 0, t’os ()’• *l“lu* Hrilish 

Associulkm R<'P«rl for un(> conlains tlie foll“v 

•rnl.U; 1, 1>. fio. sin 0, cos 9, 9 espressi..! in rii.lmns from 9 - o In 9 - i. 

iiUcrvftl 0 . 00 ! , 10 ileciniiil plates. , 

Tublc n, p. HR. 9 -• sin 9, i - w 9, 9 - o.ooooi u, 9 - o.ooioo, mlf 
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T«b,cni.>M0. 

'’Tpotc. (Abh. a. K. r, Ak...l. .K:r Wi*-.. I'-" 

• c for overv scxaKO!^il»^l^ www\ ll» -H P*“' ’ , , 

Z o loB.. i-»vO: l<o.v.libb, Nav„-,.„.,, bv ,,b.... 

tobl«,o«’-<8o“,r«r.s"i.a«™H 

A— f- 

gtailic Office l'«l.lfa.lu.n, N... loo, "<>• • 


iry,,erlK,lic Fundi<...». I ,,,,. ........ii. .!«■ 

The Smilbsoiiimi l..bb - IlM"""" 

most complete f.vc-pl«<e b.bfc "t I1 .v|«-.1h.I., I-.,,. 

Table I. The common loKUrilbins lie.'.' <01 ■m'b »■ 

• I ... 


M «i o.ncioi III U 


tiMKi iiiln v»il I* 


u o.ooi to If ioloi Viil ‘M«>i , 


Table n. siob .(,c..sb K, Imib »,<.-lb «■ ba.m- ...otT • o-l io'" vol 

Table IM. Kin », nw u, lo«i(i m u, Io^k. i»‘'« 

» 0 .OOOJ U> M ^ o.umi iuH I val , 

K«o.lCK> inli rval M i- 'i 


Tabic IV. loKuK"" (7 ^ ?o>poto aui nhoh ■»: 

u » 0.001 to « J.gs« 

H 3.00 lo « 0.00 imt rval 

i.o loMa-100 inlcrval I fi la Hfjiiii .b 


Tabic V. fivc-i)lai;c lablc «if imlitral li.|*itrillnOH, 1% i* 

■u >*• i.o to H «• io<>o mii'rvrtl 1 fb 
u «*> 1000 to W !0,w> v«iryioK iii»« ivrtla, 


Tabic VI. fifl u (7 places); 11 cxpre^iwl tii h 

interval 0.001, anti Ibc corrcsiKintliiiK wtiMtibu iiira^iur. m - i*-*' 
interval o.oi. 

Table VII. /[</'■'», to o'.oi, in terms of ^^4 u In nmi loioMir’i from 

«0 ,/ l« 0«0 fnf 







TJaoONOMKTllY 


8 g. 


KiMineHy: 'rabies of (Complex Hyperbolic and Circular Functions. 
Cambridge, Ilurvanl Unlvorsil.y Fress, p)i4‘ 

'I'lu* complex aiKumenl, .v I- a/ - pc'*. In the tables this is denoted pZ5. 

p i.; x/.v’-* Inn 6 ■ ■ (//.V. 

'rubles 1, 1.1, H I Itive the hyperbolic, sine, cosine and lauj^cnt of (p^o) 

expressed as r/. 7' ^ ,, i, „ . , , o 

6 <15 to 5 <)o nittirval i 

p " I 0.0 1 to p ,Po interval o.r. 

Tables IV ami V Kive — |p,— as rAy ,0 p/5, 

p 0.1 to p ‘ ' .^.o interval o.r, 

h .. 4s'’ In ^ ' Oo*" interval 

'ruble VI j-dves sinh (p/4.s'’), ‘‘nsh (p/^.s’’), hmli coth {p/.t\S )> 

scch (p/45'’), esch (pZ-is") t'xpi’‘'!^«n<l uhj Zt: 

p . < o lop '“' 6.0 interval o.T, 

p 1 b.os to p 20.50 interval 0.05. 

'rabies Vll, VHl and IK ^ive sinh (x »V/), nosb (.v /V/), lanh (:v -b i<i), 

exiiressed as H T It'.' . 1 

;v o to A' ,^.05 interval 0.05, 

(f o to 1/ 2.0 interval 0.05. 

'rubles X, XI, Xll Kive sinh (.v T »/), cosh (.v /</), lanh (,v 4- a/) expressed 

^ ;v o to X ,v<)5 interval 0.05, 

1/ o to (f a.o interval 0.05. 

'ruble Kill Fives sinh (4 T »/). tnsh (4 I* «/)» lanh (4 I' a/) expressed both 

us u 1 /valid rZ 7! ,, 

(f o to 1/ »*“' 2.0 interval 0.05* 

Tulile XIV Fives ^ and logs) j- 

;v 4.00 to X I®' 10.00 interval o.ot. 

Tabic XV gives tho real hypcrliolie functions! sinh Q, cosh 0, lanh 0, coth 0, 

sech 0, each 0, ^ ^ ^ 0 ^2.$ iiUcrval o.oi, 

0 3.5 to 0 «■ 7-5 interval 0 . 1 . 



^ MWmmCM. AM. I M.M'.l. ...N, 

Pc, -not iu..l Woods: l,o,!arillmo. o( Hypo. l■.o.'H..o , 

Figures. Ilwk*y. Uiiiwrsil.v of Culifoni,:. I'.. lo.:.. 

Tablu I. log." uii'l' ' 

X * ■ .0000 U» .V .! <'l«' llU’I V.ll '1, 

Tal)lo II. n>sh .V. 

X 0.000 to .V .'.O.J - ' 

Tiililcin;. IcH'Ki lanh .V. 

.V = 0.000 lo X '■ .;.oiM iitifiv.il 
‘iiiili X 


Table IV. lo[?,n 


Table V. Ioj^ki 


;V : - 0.00 lo .V ■ ' lUlflVitl 

laitli .v^ 

.V ! 0.000 lo .V '"It I\ .|1 


Vail Orslraiid, Memoirs of lit.* Naiiotial .\i.olf 0 .v ..l 'uin...-,, \'ol MV. 
fifth mt'moir, WasliInKloii, i<).n. 


Tables of ^ «• ^ 1'' “ ' 


»ti’ 


sigiillicaiit liffures. 



IV. Vl'XVl'OR ANAI-YSIS 

4.000 A vn lnr A U\\y^ rompniu'niji ul<mn llm llirw iTcUmi'ulJU' iixc.s, ;v, y, 2 .' 

* .1 ‘>1’ Vt'CtlH'. 

A l >l,r 

.... . 

hin'cluiM ol A, - - , - j-, |-. 

4.001 Atlililioii of viu ttiirt. 

A I M ' C. 

C is ii vctior \vill» t oinpoiu'iils, 

C. .1. I /^r. 

( „ .1 „ 1 /> (/. 

.1. I 

4.002 0 tmi'li' lirlwiM'n A uu«l H. 


<'<ts 0 


( ’ \/-l" I I -A ii ‘OS 0> 

A ./{,.■ i .1 uHu i A ,/V^ 

A Ii 


4.003 If «, h> c an* any linn* iii>n«(oi>luiiav vtclms of imil iu»y virlni, 

U, may la* J-xiai ssiMl: , , 1 . , ~ 

R iin I I fC, 

wlu'K* a, A. • an* Aw langll's Aw projn liotis ui R upon n, 1), c iTspn hVTly. 

4.004 St alar pnahu 1 of Iwo vn tors: 

.S'AB ' (AB) AB 

iin* fpuivali'nl mtlalums. 

AB A B n)S A li, 

4.000 Via lor iinuhni nf Iw** vt*rtin.s: 

TAB A X B - CAB] C. 

C is IV vfulor whose is ^ 

( ‘ A li sin .1 B. 

Tlvc (lircdion of C is iierpendiciilivr «« A and B sudi that a ngliUiandcd 
r iltmiirrh ihl! niKflo /I B tui'iis A ilUo B. 
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ri I ii'Ti*' 


, l,u.c unit V2d,.,. ...•.,u'n.lin,hn I. 


^lonLoit nxos .V, ,y, r; of u m syMno mI 


lions 

4.007 

4.008 

4.009 

4.010 


A A A I •' vj I A .U. 

11 .. i«.. jj r )(k U' I. 
ij M jl ‘ jk kj ki iU n. 

I’lj I ji 

rjk Tkj I, 

I’ki ' ' l ik j- 

AB - BA " .1 B <0^ Ali ■ A, lU^ A JK t A JK> 


TAB 


I^BA 


.1 .1 1/ -f 

IK IK I' 


4.10 If A, B, C, arc any liircc vri tors: 

Al’BC ' BI CA CrAH 

Volunu! of immlli’lcpipnlMn iiuviiip, A, B, (’ o ^ r»4't , 

pj 

IK IK 

( « f V f * 

4.11 

1. FA(B -k C) - FAB -!• KAC. 

2. F(A -I- B) (C '!' D) ^ FA{C I D) h TIHC \ D). 

3. FAFBC “ B.S’AC - CA'AB. 

4 . FAFBC 'h FB V'CA 4* FCI'AB o. 

5. FAB-FCB AC-BD - BC-AD. 

6. F(FAB. FCD) - C.V(DFAB) •» mCCFAB) 

« C.V(AFBD) '• D.VfAFIlC) 

- BaV(AI’CI)) A.S‘(BFCD) 

™ BaS’(CFDA) A.V(CF DB). 



VECTOR ANALYSIS 


4.20 

, //AB - A</ B I- B</A. 

2 * (/TAB - Wn !• mB 

VMB - VBll^. 


4.21 


i) 


0 

I. V ■ ■ 

1 

.ri' 

. . . 

1 .-ly '■ '' 

0^' 




I’K l jf 

0A„ . 

< 

> 

rJ 

iliv A ^ 

' ().v' ' 

,-|y ' .-fc- 

.i. V0 - 

! f'l iUl 0 

1 

tix 

1 .'■''/-I, It 

' ^'Jv ' Oii 

.i. rvA - 

- curl A 

n l ol A 


9-- 

i 

1 

J k 




ti 

<■) <■) 




iix 

t’lv 




A. 

.1. .1. 



s. 



vv 



,')'4 

jl v'-* 





4.22 

I. {-ml gnul 0 ^ curJ V0 «"> I^W0 ** o* 

,,... (V<() tVcf) 

3. iliv Kiftil 0 VV0 V 0 *’’■ •' jfyu *,')£»■ 

^4, (Hv tnu'l A »« o. 

<;. curl curl A curl* A «« V *llv A •“ V*A.. 

5 , ^*A «« rv*A* I- J V*/l V ”1* 4- 


6 . 
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4.23 


mA'I’IIKMAtu-ai. Hitnin » 


I nr J !• i t % > i H !•; . 


I. 


2, 


3* 

4. 

5- 

6 . 

?■ 


8. 


VAB. linulAll (AV)!'. i m/i' ^ t A.u.Il'. 1 It 

VlAB.'livlAB Il'mlA A.mlll 

FVrAB..(ItV)A (AV))llA.I,i/i H A, 

(liv(/>A (/uliv A I AVf/». 

aulM r-V.;.A I 0nn1A I im.-I .,'..A , • mi A. 

VA='<^ .;{AV)A I I A mil A. 

C(AV)B A(CV)11 t Al l* ‘HI I U. 

BVA” ^ 2A(BV)A. 


Mil A. 


4.24 

R, is a mtlliis vri iov of h tK*jli 

1 .n(*l J- ‘Mol 


U ■ 

»r, 


I ■ 


I. 

1 

■h ' . 

r' t ' 

2. 

f 

t'i* 

3- 

Vr - 

■ * U «' ■■ f-l-Ml 1 

1 

4. 

V'» - 

1 

s* 

rvH ■ 

• no) U t iK 

0. 

vu 

iliv U 5. 

7- 

ih 

- 

8. 

(HV)A ■ 

»fA 

... , . 

(U 

9' 

(rV)A 

.M 

lit 

10. 

(AV)R 

- A. 


4.30 (IB «» nn cUnnenl nf urea of a ^surfin e re^urtil^l ii tt a vr» *('0 mit » ^ 
is IhaL of l,hc iiosilivt* itormnl lo Uie r, 


!«fM {3*«!1 


VKC’I'OR ANALYSIS 


<XS 

</b ^ mi t'lotm'nl <>f m-r of !i ('iirvc* iTKanl(Hl as a vector whoso directum is 
that of the positive laiiKcnl U) the curve. 


4.31 (lauss’s 'I'lu’orem: 

fff div AdV = fJ'AdS, 


4.32 Orcen’!* 'riieorem: 

\pV'<h)dy ■■ ./\/‘(‘/»Vi/' lAV^VvS. 


4.33 Sloki's’s 'riuHueiit; 

J\/' l url A(/S ■ J'A(h, 


4.40 A polar veelnr is one wliose cnnipoueiits, referred to a rectiinttular system 
of axes, all ehan^'e in stKii when tlie three axes are reverse.!. 

4,401 An axial v.rt.tr is .me wlu.se conip.meuls ar.‘ uiuliaiifted when the ax..'S 


tire reverse.l, 

4.402 M hev.*. 


•lor proiha I of two p.diir or ..f two axiiil vectors is tm axitd vector. 


4.403 

4.404 


The viH l.ir pro.lucl ..f a polar and an axial ve. tor is a. p.»lar vecti.r. 

M'he curl of a p.ilar vn tor is ait axial ve. tor aiul the curl .»f an axial vector 


is a pttlar vect.tr. 

4.40G The scalar pmducl of two polar or of tw.i axial vecl.trs is a true scalar, 
i.'e., it keeps its sign if the axi*s l.t which ihe vecl.trs are referre.l are lever.sed. 

4,400 'l‘he scalar pr.tduci of an axial vector aiitl a itolar vecl.tr is a pseudo scalar, 
i.e., it changes iu sign when the axes .»f ref.T.'iue are r.-verse.l. 


4,407 The proilucl or finotienl of a polar vector ami a true scalar is a p.ilar 
vector; of an nxitil vector and a true .scalar an axial vect.tr; of a polar ve.lov 
ami a pscmlo-sciilar on axial vector; of an sixtul vetUtr ami a pseud.) -scalar a 
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4,408 The griuliciit of « Hue si'iilar ia ii imlar \ < i l.u , 
scalar is an axial vector. 


l ltM 

IIm' I'I.mIu-III af U pNCOtlo. 


4,409 The ilivcrgcnce ot a polar v.rC.r i-i a Ino- r.alar; ..I o.i a^i..l vr. i„r a 
psciulo-scalar. 


4.0 Linear Vector FunctuniH. 

4.610 A vector Q is a linear vector foin li«u» o( ,i veriot U it il * ciupuio uh. 
(> 3 , along any three non toplitnai iisc:> me liui.u Ituo tiHU . ut ilir lom. 

ponenta A’l, Aa, A’a of R along tin* saioe nxe -. 

4.611 Linear Vector OperaUm If w i* the hoem vt . t-o 

(,) - wit 

This is equivalent to the three scalar eipmiioiis. 

(i, v^‘ Wi,A'i I w, ;;A*i If ie»jAL. 

(ij « (0«(A| 1 w.?jAS i w,->A*», 

(1* W.1I A’l ! WaijA'j f WnA'i, 


4.012 If a, b, c are Ihe three lum coplanai unit s. 


(Oil A'.n^on, 

Wsi "" .V.hWM, 

iOji) - X,cw«, 

(Oia .S'.iiwh, 

w« .V.liwb, 

Wi, “ A.tuoh, 

(Oia A.ftwe, 

Wm - .V.bwc 

w,»} -- .V t:t*k, 


4.613 The conjugate linear vector ojieralor (ii* in oLiniio *1 frpno w ty »ephiciiig 

o)hh by Wkh] //, « 1 , 3, t 


4.614 In the syinmeirical, or aeir not jugate linear vector M|ie»al«*r; tlenotcil 
by ( 0 , 

w J(oj I w’L 

Hence by 4.612 

.V.Rwb ,V,bw«, etc. 


4,616 The general linear vtfelor ftnn thm nmy always Le tr^olve*! into the 
sum of a aclf-conjiigftlc linear vector fniution d R nM«i the vector iiroilHci of 
R by a vector C! 

fvR wR i I ,cR, 

where 

w - 1 M% 
and 

c «» Kwas -» Wsj)l I' Jfwis Wji)J i Wi jHt, 

if i| j, k arc three inutually pcrijcndiculnr unit vectors, 

4.816 The general linear vector ojicraUiir « may Ih? flciermlite*l liy ihrei? rum- 
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A K’ ftWii - 1 ' bcoia 'h cwia, 

B ft^ai 'b bWaa "I* CtOaa, 

C ™ AW31 “I* bwaa "I' CCOasj 

& .. n.V.A -| b.S’.BH-c.V.C. 

d.0i7 If w is tlu‘ MWHJnil linwir viictor opcralor and w' its anijugale, 

toR - Rw', 
wll ' > Rw 


1.020 'I'll.' syn.nu:lii<'al ..r adf-oinj.iKUl.i lin.'ur v<.cl.n' (.iicra(<.i' Ims Uirce 
uuU.uully pia'lHintli.'.'lai' H lli.'a.. Iia tuk.!u (il.iiiK li ji kj 
W > ' i.S'.wd 1' J.S’.Waj I' iLV.Wjik) 

wlirin w,, coa. Wa aiv snilar (luaiilillcs, Iho pnnnpal valiios nf w. 

4 021 Kt'fi'nnl I.) any syslain nf ibm' midnully porpendiriiiar unit vectors, 
ft, 1), c, llu! sclf-ctmjuKJit" operator, w, is <lcterinin(M! by tlu; lluee vectors (4.010): 

A Wft ftCOii 'I- bwia '1' cWia, 

B « wb ftWai I- bwaa I- ccoaa, 

C i»» coc acOai I- bcoaa M* CWaa, 

wiu‘ro 

(0/, fe '»a (O/L-A, 

CO ft.S'.A I' b.S’.B I- C.V.C. 

4.022 ir « w . 11 ... .if ii>-' p•■i"<'i|»' 

of Ihoculm-, ^ . 

„> .. H’(.V.An I .S'.ni) I- .S'.Co) 1 - (((.S'.al'DC I .V.bl'CA I- S.cl A/t) ^ ^ ^ 

4.023 111 lraii»f..iuiii.K tfOiO ‘“'‘“''K"’'''' 

the followiiiK are invariant: 

.V.Aft h .V.Bb l‘ .V.Cc =»« Wi 4' Wa b CO 3 . 

.Vfti'BC i' .S'.hFCA 'i .V.cKAB tOato.! b WaCOi 4* COjCOa- 
.S'.AI'BC WiWaWa. 

4.024 

CO| b Wa I" W* Wn 4* COaa 4 COaai ^ 

<0lUg -I- WaW. I- W.W. " UmWm + *>»«<».. + W..<.>ia ~ W U - W 1. I W 
■■ 0>»Waa» -I- aco«w.iWn - w.iw’s. - Wg.w’ai ..• 

4.028 The prindtml Axes of the selt-conjuRale ..peraUir, w, are Ui.ise ..f Ihe 

quatlnc! ^ ^ ^ ^ 
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■M, I.niairi V 


I 1 1 n‘H‘ i r;.< i !»»’ 


4.628 UcfcrmI u> 

WiV' I 




Ol'.t 


4,02T AlvlyinR >''>■ 

uwU «n 

oio'K w'K uo. /n • >«■■■ '' ■ 




A";' 


4.028 Applyini! 
same iisi's liui wiili 

(lU - A’t ? ‘ 





i.; 


/AlU - 


n. 


It » 1 ; ■; A 'V ; 


,V.QwU \ 


h li. 




,'-s A A 


f fji : 


tH V. j3lt IIh 


4.629 



V. (UJRVlLlNliAR C0(')RD1NATKS 


6.00 

I. 

(‘liven llnee snrfacj 

'Si 

u ■ ■■ /i(.v,y,r;), 
ji /a(.v, y, s), 

. 7<’ ^ • Mx; y , '"). 



2. 



.V (/)|(//,7', 7C'), • 

y </»;•,(//, 7', «'), 




1 

(/»;l(», 7', w). 

:'sj ' m • c: 

<h\ 

In / ’ 



3‘ 


hf ^ 

^ iV/ ' \ di'/ \ i 

fiji 7 ’ 





\iliv) ■ \dw/ \i 

l/ c/ ■ 




' tlifii (J(/)> «)</)',! t)<lh . 

Oi/). 

ddh 
1 



Ill - ■ ' 

Ov tho dv dw 

(Ill 

tlW' 

4- 


t 

)<ih ddh , d<lh dijii 

d</h 

»'l</»a 



' Vlie tin OiC (I/I 

' (lj(' 

dn ‘ 



. 

hft, ddh ddh d<lh 1 


d(h 



1 ^ 

dn di> du tli’ 

' dtf 

<)v 

6,01 

'I'lu* linear element of are, ds, is given by: 




t/.v''* i «/v* I 




j/'a r/7£' till ■!' dn <lv. 


6.02 


‘I'hR jiurfiiit* arcus of piirallflo^'raitis tai 


dv dw 




llie Ihrcc surfaces, arc; 





CURVI MNKAk COOUDINATIOK 

y.! ,, (/>” I- «) (h" •(• v) (//! •!.«») 

' (/»" ■ » 

ill:}' <'■" I' 5’) C'" t- 7c>) 

(</" v, 

(// ■ j') (i/-- vc»j » 

^ //.,!! , : (/'" I 74 ((■■•• I- v) 

I ‘ (7* Vi') (?• ■ - V/j ’» 

' //('■ 4 viO (/)" ■)- V(:») (', '■! j. q^i) 

S ( 71 '' ■ u) ( 7(1 ■ J') 

fliv A I (<" 4 r) ti / - \ 

{u v){u so) ,V/,V'^ 

^ \/(i/'’ ( ?•) (//■ I ?•)(»'■ I ?) 0 f 

(V VC) (R .4.) ^j;(^V(7^’“'7-)(/f~M-).4 

^ \/(<r I VC) (/>•' I vc) ((" (. 7 C)' () ( ,. . \ 

(/V -70 (7. VC) ' ■,j,(^V'(/r-vc)(.--..vc)4,^^^^ 

\/(ir I //) (//’ I u) (f” I m) (') 

[ I ll) (ft" I «) )»." -I. u\ 


xos 


S/'-' ■ 


!■ 'I 


{ll cl ill VC) (■)// 

\/(»r I v) (•' I c) (ft ■” !■ jr) ,•) 


;;|,(v4r I «) (A= I «)('= I 


(« ■ v) (f vc) 


4 4 


\/(</' I vc) (ft' I vc) (<" j vc) (J 


(</ vc) If VC) 

wl„A ■ j l/'”'' I '■> 

•c vc [ V 


I V.) (ft^ I C) 

I V(') {ft" I vc) (,-! |:vc)4y. 


*’4 'J / y .. 

vi N^("" 
five \ 


ui'l„ A 


iirl„. A 


f J>'t 

u vc ( ' 

2 /./('/- 
1 ( - I' 1 > 




1 V) (♦■’ I 

f. 

V 

{h< V ' 

vc) (ft" 1 

vc) ( < " 1 

ll ‘ 

ll* 

1 - vc) (<:" 

I vc) f) 

• VC 

(liv 

I //) (ft" 

i n) (f" i 

, {' ■ 

ll 

«) {.■" 1 - 

^ ft / 

ll 

Oil \ 

■f c) (ft 8 

■\ v) (c= . 

vc ■ 





flit 
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6.23 Conical Coiirdimilcs. 

The Ihrce orlhoKOiml Mirfan-s lur: lln- .. 

.r I V' i 


1. 

the two cones: 

2 , 


? I . ' p : • ' 

V' (< ‘ ‘ 

.t-J v' 

/r ' ■ 

mV";;'' 

■ f,\ ' ' 

/rii' AA (;: ■ AM 

AtA^ .M 
u'<:' ,M 

I ■ i t ' f - ' I 


, I .. O' ^ ‘ f " 

,rV . . ■ ■ 

I <f / . V . vMt ' Am i.= ( M 

ir'l .<■ 


s. 


6. (liv A • > ■— (r.lt.) I 

jA (h< 


.t." 


\ 


U ' 


■ V, I /» / .. d \ . 


vAlt'- AM) It • i ■( .» 

»'(! '■ ii M .(■ 




curl,, A M 


\'MA' :i M i. ' ir't .1 y 
ir'it ' u ' f **:. I 

«* 


r f . 

- VMi’ AM 


> ■ u-'^) 


*F; 


\ F 


VMA' 


curlu A B 

'? tAI,, 

' ■' A- 1 i 


«VM'’ - if' 

fi >hi 1 7 

curl,,, A * 

* *' / 1 \ \ ? AM , 

(h/'r' 7 ' 

' . 5 M S,. 

U' *>'- 


6,80 Klhptic Cylinder (!t>ti)rdiiiiitr», 
Ihc three orlhoftonal snrhurH jue: 
I. The elliptic cylimler(>: 


Si I M »N 


S. 









( 1 KVtT.INMA k {'■( )(■ )RDINATES 
a. 'Du! liyp(‘il)(ill(* cylindi'is: 


.V“ y' 

frlfi .... jji!) 

ac h ihr .tislimci' Ik;Iwci-ii llic Um of Uks ot)nfoail ellipse ami hyperbolas: 
t\. X tltv. 


5 . y ^ . I Vi"-'- 




7. <liv A 1 = 

' - / 

< (n’-* ■ ?)') ( 




, A/I. 

’ ' dz 


I . 

f tV iV \ fp 




8. V"* ' 

t - tr) ' 

v'i//’’' ^ t>i?7 ^ 0 z~ 





< nrl« A ' 

i (hi a (hi,, 


< \/((« ti2 He (h 

< III l„ A • < 

iU„ 1 <•>.(« 


ds (' \/ Ip - ■ 7’*^ d// 

curl 4 A 

I it)/ 


t ill" • ’ \ i)ll \ 



5 .S 1 (’urubolh' (-ylinder ('oih'ilinales, 

’rim Ihreo orlbo)^oiml surfaefs are llie lw<» paraliolle cyllmlers: 

J. <}< «.v I' <1 

2. y’’* -•p't'.v I 4(:V. 

And Ihe planes: 


d- 

4 < 

5 - 


a m 7 ( 1 , 

X ^ <:(e "" w), 
y w iC'^uVt 


6 . 


J,. !LiL? JL k d • t) 

/m® ** It * Aa® t' ' 


7. divA 


a/hp 

« ’p V 


JL 

d« 





8 . ^ 


\/h 7 

nmwi 3njfB.<r»» 

M V 


I ai/.U flu) ' abIk /)«/ f 


d /t 

MM f «P 

Ab V/i 


+ 


il 
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loO 


. ./ V V <1/1,. 

curltt A ■■= V/ — — ; > 


curly A 


curl, A 


u "I" V ihs 

Vjiv I ^ 
n -I- V \ (hi 


V tt ■ I • v 


// I'J/I, 
I ■ V i'lU- 



’ -1 ] .... 
n-\v‘'i (I 



6.40 ITclicJil (.'(HirdinaU’S, (Nicludson, I'liil. t<(, yy, 

A cylinder of any cross-scciinn is wound on a cIk iilai i yliinlt'i iit tlnr I'onu of 
a helix of anfi;lt! (r. u - ra<iius of circular t vliiulci on wliii h iln- i <-iiiial line of 
llu! normal cross-sections of llic lu’lical cvliiuhT lies. Tlu' *; asi . i . ahuuf ilic 
axis of the cylinder of radius n. 

u " p and (j) arc the |iolar coiirdiiialcs in the plane *t| any noimal ?,»•< itoii 
of the helical <'ylinder. if) is tneasured from a line pripcmlhnlai (n and io the 
tangent Id the cylinder. 

w >■" 0 '-■■■- the twist in a plane jierpeiulii'ular lo ;; <i|' the ladiu-. in ihat plane 
measured from a line ])arallel to the .v a.sis: 


I. 


2. 


;v - (</ I p c<(s </») I ((;i I) I /( ;.in Of r>in fl .in </(, 
y - (<i I- p cos <()) sin 0 /i sin <»• < oa (I sin i/i, 
s « ' (I 0 tan (r /» i ks <v 'un </>, 


Jfl ■ ■ l, //;! . » 

/> 


//;r 


(/” .see- a -1 .uif) cos «/( | »/< j i.in' it '.in'</»t 


6,60 , Surfaces of Revolution, 
a-axis ra axis <([ revolution. 

PtO<^ polar a)(h(Iinate.s in any plime perpemlii tdar to 
tis^ I tl/)'' \ /iW“ 


f/ze' i/(f* ilui^ 

' I . .»>• ,1 I 

/;i« h:^ 

In any meridian plane, s, p, < lei ermine iz, v, from; 


2 . 

3 - 


/(s ip) - « I h. 

ii> 0. 


< ■! JR V n . I N I'! A li ( ;( )( iiu ) I NA'I'K.S 
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O.Cl. S|j|ifn»i(lnl ( '(liiniiiiiilcs (Pndalr Splinoids): 

*• - I if) f' rosli (// I h), 

<- cnsli // (HIS V, 

/> f siiili u sin j'. 

’llHMlinv(>rlh(.K<malsuifiMTSiir(‘lli(! I'llipsciMsan.l hyiuTlK)l(.i(ls ()f ravcilulkm, 

uiui iIk* plain s, t): 

' .... 

( ” coslr u ‘ sinh“ « ' ' ' * 


, (;■' (HIM ’’ij sin- V 


VVilh »■«»!* ;/ • ' /\, (‘(IS /.t ; 


/ (• /\ Ai, 

I n < o 

hi' . \.c> hi' \v h:C - - 

< M') (.V ■ /4“) ■ (."(A“ •••• t) (r fX-) 


6.02 Splicrtiida] ( Niciriliiialcs (Oliiali* Spln'rokls); 

• ■ l> 1 h ( ('(»sh(w I iv), 

s I- sinli u sin i'. 

/) ■ t' ( (ish u rns i*. 

C'ohIi u A, cns V fx, 

, a • . a (V I , „ 


a. 

3- 


(-“(A" - ij (1 -- fX^i 


6.03 ParMhoilc Cnilnlimucs: 
r, 2 '!■ /p p(k "!• ji'P. 


3. 


f S w 4)^! 

\ p 2CUV, 

iP m X, tJ* P< 


3. 


MATIIRAfATrCAn VOKMUI./K AND ill.I.ri'TH ' t-DNC I'll »NS 


io8 


4* 



5.64 Toroidul CoordiniUc.s; 


n 4* h • ■ lojf 


z I a t //) 


2 . 


tl I //) 

a .sinh u 
cosh u ■ cos j» 

</ sill t' 

cosh n • • cos |i 


^ , , cosh H • • I'o.s V , cosh i< < os i' 

(I (/ SMih /{ 

The three orihoK<miil surfaces are: 

(a) Anchor rings, whose a.xini circles have railii, 

(/ coth H, 

and whose cross-sections are circles of radii, 

</ cscl) It; 

(h) Spheres, wliosc centers are on the a.\is of revolution at diHlunces, 

:l (t col, J', 

from the origin, whose ratlii are, 


</ CSC t', 

and which accordingly have a coinnion ciri'le, 

fl u, z o; 

(c) Planes through the a.vis, 

W »■ j? wi (’{Hist, 


VI. lN'I''IiSriTK KKRIMS 

0.00 An inlinili* .scrit-s: 

(It 

^ «« in «;1 I* 

H - I 

Is iiliiu.luK'ly l onvcrKiMH. if (lui stsics fniims! of (he moduli of Its terms: 

1 ((i ! I’ I ih ! -I' I ih I -I- .... 

IM coMvrrj'eiil. 

A series wim li is eonveiKeid, Iml whose moduli do not form a eonveijrenl: 
series, is eondiliomdly <'onver}'enl. 


■rKST.S |•(^U I’ONVKKOKNCK 

0.011 ( om|)i(rison lest. 1 lie series w»/„ is absolutely eonvergenl If | vz„ | is 

less (ban ( ' j ji.. | where (' is a number independent of u, and v,, is the Z/th term 
of unollua' series which is knttwn lo be absolutelv eonverjjicnt. 

0.012 t’auihy’s test. If 

I 

Limit , , n 

(he series Xuu is absolutely eoiiveri^eiit. 

0.013 I I'.'Vleinberr.H tesl. If for idl values of // greater than some )i.ved value, r, 

((•III 
«« 


(he ratio 


is less than p, where p is a positive number less than unity 

and independent of z/, the .series is absolutely eonvergenl, 

0.014 ( aui'hy s integral (esl. Lel/(.v) be u steadily decreasing jiosilive function 
.HUeli that, 

/(»'?</«. 

Then the posit I ve term series is convergent if, 

1/ m 


IS converf{i*nU 

0.016 Utuibe'a lest, 'rite positive term .series is convergent if, 

ii( — where /> i. 

/ «« 

Wi »“ t / ^ I ■ 


It is divergent if, 


no 


MATIIKMATICAI, ,\M> If rii\friM\:: 

6.020 Allerniitini? A M'litvi of ical Iftm.-, allrniuh ly |t.> iiivi* uimI 

live, is convuri^cnt if (»uii 

limit 

In sudi Ji series (he sum nf Ihr lirsi \ h'liin liilin . iu»iu Hm' .tmi *>l ilir - t'l ir . l,v; 
a (|iianlily loss timn the miim'iieal value «il llm ( * i f / i> mm. 

0.026 If ■'’'*’ 1. Ih'* HU'i". v.ill lu .il.,.,l,it*lv ..mvirr.iii if' 

M- X" //., 

there is a positive iminlirr r, imli’jirmlrm tU -iiu h ili n. 
liinil 

// 

« MH 


6.030 'I'he sum of im ali.ulutrly nmvriiu ut < li* . i . u.u an. , i. ,| (,v » hauniip* 
the onler in whieh (he terms omu, 

6.031 Two atisnlnlely eoiivn|i;efii M iie., 

S - - m f f »i ! 

’ / ft i s'j i ;■> i . , , . . 

may he muhiplied lo|'ellier, an.l ilir aim m| ihr ( ••( (to it i. wiiHen 

in any order, is ST, 

ST ;/|f| j 0.;'i 3 »,p. j , , . , , 

6.032 An alisoliitely timveiy'rUl p.nvi t . li. = mav l>r .IiHi triilt all d tit iith' 
fifiated t.ei in hy leint .ind tin* itvadlitiy ‘..'lit' r lu at* .’lui* It . i.m. tj'. ii( and 
eiiiial to (lu* dilfei'enl iiil or mier'ini t.( ilii* -aiin ><| iltr j*tv. n m tn’ 


0.040 Uniform (amver^em e, An jnlinife . li* * *.J hot. M,.n . »d v, 

.V(.r) fe" I J jid ti 

is uniformly converKenl within a teriain (h. vati.dd.' % ii a sots?. nmMl.tr. 

» jV, can he found sueli limt ft»r all value . nf o A (to .d- .-dn?. v.dm ..j st,. i. tMatn 
dcr, I Ab| after n terms is lf»iS titan an avdynid ai('i?»aifv -inj.ilt tpsanJiiv al 
all points within (he j-iven ran«e. 

Example, The series, 
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0.041 A uniformly (Hniwrjfunl S{‘fio.s is not nccossarily ubsoluloly convcrKOiil 
nor Is lui Jihsolul(‘ly iu.nvi-ri^rnt s(‘ri.«s n.s'ossurily uniformly ronvei^um. ’ ’’ 

G.042 A sulluM'iit, llmii/'h not m‘(‘rssiiry, Lost for uniform convoryence is us 
ft)llii\vs: -> • ■ 

If for all valuos of .r wiHiin ii (vrlaiii ri'/'ion ihu moduli of tlu* terms of tlie 
series, 

«i(-v) I ihU') [■ 

are less Hum ihe eorrespondiuK lenns of a eonverMent series of positive terms, 

'/' Ml I M-i I I- , . . . 

wlieie 4/,. ir« indepeni|<*til of .v, (hen the stamps .S' is uniformly eonv'erf^ciit in the 
j'iven rejrion. 


G.043 A powrr series is uniformly <«»nverKent at all poinis within its eirele of 
eimvi'iju'ine. 

0.044 .'\ uniformly eiiuverf'c-nt staies, 

.V 1 //a(.r) 

may he iule^'ialed lerm hy term, ami, 

f (lx. 

0.040 A uniformly »onv<*i>'<’nl series, 

.V ■' «i(.v) I aa(.v) I- . , . . 

may he tlillerentialed li.rni hy lerm, and if tin; resullint^ series is uniformly 
nmveryaiif , 

« - I 


0.100 ‘Tavlor’s theorem. 


( h) I- I |. I- + K. 


0.101 l.utjranKe’s form for the reimiinder: 


/,nil 


I o<0<i. 

6.102 Cuut:hy’« form for Ihe remainder; 

»1 .... fi\n 

o<0<j. 


R. m /<-*•' (x+ Oh) 
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6.103 


/(.V) =/(*) I- 1 /"(/'>■ " 

/;|- 


A'„ 1 «(A 

, , t 1 /!> ■ 

t r; 1 1 1 . 

(f 

0.104 Maclaiiriii's llieorein; 




1 f ■’ “>> ‘ , - 

>i - 

h\ 

A',. fAvi 

y>; ) 

.(1 hi- 

ll! 

■: 1 - (1 X 


6.106 I. .'ll' ran) ((*';> (licunin. (Jivni: 

y '■ ! k/M v ). 

'I'lu! expansion of /(y) in poun -. <.f v j .; 

.!! t!:; 


.SVMHOI.IC III l•|!l :.l NJ \Um% ..t ,MI 

0.160 ’(’lie inliiiile serifM: 

fix) ■ ’ I I IJl.r i r/. v- i ,!,i5 J 

nmy ho writleii: 


U i . I }i ( ! 


/'*» - * ■% 

where is interprete.! jis n|niv,ih-ni i.. o, 

0.161 'I'lie inlinile series wiji(»’ji sviiluni ml., 

J(X) ■’ r ■) </).»• I .{;V^ i i ,i. 5, 

may lie wrillen: 


i 

where a* is iiiler|)reieii ai eipiivali-ni in 


I >1 4 


Syinhulie form of 'laylor;, 

tliei ijrhi,' 


/(v 1 h 

■J -■ r \i 

'%lor'K theorem for fnm iio„ . nf 

/(xi'lliux, 

i \ fh i A 

*1.'* i. 

■■■ r VI «, '■ 

•*’ f(xu .Vj, . 

^ 2l 


Mv, ' ■ 

, a; 

j 1 J* 




0.163 
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TRANHH>KMATU»N ()!■’ INI-'INITK HKIUKH 

Si'iiiirt wliit h i oiivtii'ffi? whiwly niuy ofUm he Imiisfoiined to more rapidly 
fonveiffiiiK serieM hy (ho fotlowinff molhojls. 

6.20 ICuIoi’h inmsfornuUioii huimilii: 

•V </« </i.v h ihx' -h 


wlioro: 


0> 

A</|| i-! (f| > (Jll, 

A"(J(i - Ai/i ’ • A</() > > da - 2</| -I- U|,, 

A’'«/ii A’’'</i -• A"«/u (/;) -h — rtoi 




’I'lu) Morimd series may eoiiveiKo more rapidly (him the lirst. 

K\amplo I. 


;V R 15 J -..I la, - , 

3A* !■ I 
to 

.. I'VI 

A ••* 7 .... * 

3 .^ 1 . .PS. . .( 3 A«.| i) 

1*1 

A* n 


I’Ixumple, a. 


JV *«» I , 


K) 

r. V ^ 


0.21 Markoff's ( raiisformallon formula. (Differenzcnrccliiuing, p, i8o.) 

S '“** “ (rr,) '2 " 2 - 2 
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6.22 Kumincr’s tninsforniiUiim. 

/Jo, /ii, /Ja, .... is ti seqiUiiici; of posilivo uiiinlii’i:i jhhIi 


\ I p * * 

Aw • ' .'I w ■ ■ - I ,ti 1 1 1 

<fm 


and 


Lnnil 


in M.l 


A. 


ai)pi(){ichcH a (lolinile positive value. Usually this litnil « an l»i’ laKru 
If not, it is only necessiuy lo divide .I,,, by (his liiPiil ; 

Liniil 


Then: 

K.\'ain|)le i, 


tv ‘ * **l ,t, (I fUf 

m ‘(.1 


i»r 

'■ {•'Ir.Uri ’ ■ fv) I' ( I A.iiJUf 




HI l.lllUt 




CV M 0 


w Ml 

Si.- ■'■2 


(m I I )»;■■* 


Applying the transhprmalion to the stales tin the right; 


A ''' \ 

/iw ", A, I 


HI 


m \ A* 


(V o, 


Si. 


Applying tlic tran.sforinalion n litnes: 


Si-'S;. 

Example a, 


f«Mi 


T f)' («/ 1- i ) . . . .!«< h) ’ 


S sffl 

aw - I* 


PM«» I 


-t. « i. X 


w ;:p a,„ cv w 0. 

3 aw “I* I * 


irrr' 


as unity. 
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Applying? Ihu Ininsfonnulion with; 

I ' -iw I t . -I- I 

«“ 0 , 
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.V ' l • 3 


X(- 0 ’ 


(<iwt“ - - Ip 


Al)plyMif; ll»* Iraiisfnrnmlinti iij'aiii, wilh: 


I 3W/ I I 

3 jtni \ 


. K 


/|/;r' *••• <)' 


fV o, 


.V 2 (- ,) 

i4HMf 


(-1 I , . ' . 

‘ ■ i)'-* (,jm“ - ())' 


Mxiimplc .p 


•V - > ( t) 


»< I 


3IM I 




(aw ■ ■ i)'-*’ 

<p«“ ' .iw 'l I 


JUm - .!)■ (Jm .,,)(. ml ,)■ " “ 


^ - S I ..y, . ■, 

( 3 W ■ ■ i) (aw I .0 I- •)'•' 


0,23 Lfilrt'i's iiitMliUt'iUMin of Kumnu'r’s Irunsformulion. VVilli lliu sumo 
tioialinu UNI in 0.22 lual, 

Uiinil ^ 

A to I 




Iln ttfi I 


W ' w’ 

rv . V'/ I I 


X» w 


h 2 }(v* 'X Vu 

-•"■wXAmfl A«/ 


Exami»lc! i. 


I*?? 

•W 3« “» I 


■«< O, .'Im ««* I, (0 *» J, CX BM 0, Xm «« — 

aw *1’ r 


«7J 


w ( 3 w 'f- 1 ) ( w + r j 


Xl6 MATnKMATK^Ar, ANIt • fUNr i H),\s 

Applying llic tniii.sfonniUion lo llic jutu**; <mi (he righi, willi: 

tffl = 0 , A 


3W/-I-I V ( 3 ;// I l)" 


I. <( o, 




24 2. 


«/(w/ I .!) (jn/ I i)- {3 m; i il- 


6i26 .I'vCvorsioii of .scrios. Tlu* p<i\\'<*i' jici'ics; 

z • X ‘ • hix'^ ■ 
may he reversed, yielding: 


where: 


I- ri.r I j. <;,rp |, 


Cl ^ 

c-i M bz 4- 2 b{^, 


Ca “ />8 -I- 5/4//^ I- 

b.i 4^ ()b,b» 4. 3/,j 2 ,[, j, , 


fii ■=■ //» + 7(4, (■ /-A) I- I /,,W) .|. XVv'Aj I ,| j/,,''. 

- k + .U-iliA I- 2 l,,h, .|. /,/) .|, uUI,{‘h .( I VI ' 


. , , ,, I M-A-v.,, (.y,,5/v‘) i 

- b, + 9(4A .|. I, a -I A, A) |. ,|5(A.»A. .|. /„V , ,, 


I- >A5(A,’A, I, A" I aW.) I I ' 


Van Orslraml (l>hil, Mi,g 
series u|) to cn. 


I I ; 

• .ihh, rpio) gives I he euellh leius nf the reversed 


6.30 Binomial series. 

I ' j| .1 I- 

(w—iOiAi* 


n(n 1) (n 3) 

lA 




•h . 


« I 


I N I' ! N I 'I' I SlCUl I*',S j j- y 

0.31 ('unvoiy.cnn- of ihc biiunniul sorujs, 

‘I’ho 'M'vivu ahsoiiiU'ly ftn' | .v | <i und diverges for | :v | >i. 

WluMi . 1 - I, iho ai'rios nuivfrj'i's for /»>• -i and divorjro.s for n^~i. Il isalwo- 
luh'ly i’onvcij'nil iuily for «>o. 

' *■ iihsoluU'ly r»nu'i‘iKt'iil for n>o, and divoiKtaU for n<o. 


0.32 Spi’i ial < of Mu* Idtioinial .sorics. 

(a I /»)'* • a"^i I .. /,"^r .|. 


If 

0.33 


h . 


i i»ul A’ " iti 6.30; if " > I put .v - ^ in 6.30. 


I. 

(< 

n 

1 A)*’ II 

N 

V 

w 

fi{m 

jUii' 

>i) nini fi) (vu • //) , 

■ * ' 





1 ( I)* 

n(fn /;) („>»/ «) ( (/,■ ... i)w • 





A’ Iw* 

A. 

(t 

1 A') ' ■ I 

A- 1 

A '^ - a ’ 

d- . 

1 A-' 

,b 

t j 

I A*) ^ - t 

' J.V i 

1 Ax^ ■ d 

■v-' d- Sx* 

d. 


1 1 A- - 1 ; 

1 

r 

A 

1*1 

A-^ 1 

J'.| 



1 

' ... 1 

1 i A- 

1 

A- 1 

• 

<>-ii 

’ 2-4-6‘.S‘ 

ft. 

u 

{ v)» - 1 j 

1 

■■ X ■- 

A 

f • l! 

; A^ 1 

1 '■••S’ ’*,.1.1. 

.i'i.'M .v'*’M*>3 

7* 

il 

1 a) * ™ 1 

1 

A‘ 

A 

i 

,p(> 


K. 

(I 

1 A-)^ I I 


A-J .. 

■ A"^ 

A ' III 

A . 3;'vv:3 . 

3-4-d’ 2*4'0.*S-io‘ 


(i 

'I' >v) ® I 

^ 

, vi.,., 

3-4 

+ 

3 ■ 4 ■ 6 

lO. 

(r 

1 aM - I 1 

1 

^ .V 

A 

, -3 4-9 .p 

Ai 

,i. v3 + 

u8’ J 04 !t 

n. 

(I 

.|< «* 1 " 

i 

“ X 

A 

4. J a4 . 

uS ^ 2043 


13. (i A r)l t .p » ^ J 4^ ^ .p . 


« I 


ii8 
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13 . (H-A:)--i= I 

J ^ J 


il 


;v'' -1- 


44 


125 ■ fl25 

14 . + 03i? 


6 


72 


1296 


31104 


T' •!- . . . 


15. (,l+x)-i=l--^:X+J-X^ 


1296' 31104’ 


6.360 


I. 


a: . 2.1: 


I- 4 


4iv‘ . .S.r'* 


i - X 1 4 - ;v r -h I 4- .v‘ i I* .v'^ ' ♦ • • • 

.'K i; .^yl 


IV 


T T , 

-> 

:V - I 4- I 

1 - ;v ‘ ' I ™ .\r'* 

-^-.1 .H J ,. 

.1-2 4- 1 ^ .v‘ 4- r 

' . . . . 

6.361 



I. 1 1 4 - VF-T^ 1 




4 .. !li!Lz 



.41 




n may be any real number. 

2 . (* H- Vm:*=)" » I -I- »«»:;• 2^ 0.= ^ ^ 


6.362 If a is a positive integer: 


a ' a.(a- 4- 1 ) *''' (i(n 4- iJ Ot 4- 2 ) 


.T" "I* i ,1 , , , 


2 '*} 


6,363 If a and /j arc positive integers, and «</i; 

;v2 4- , , , , 

<*-•> e :;) I 


« I «(« + i) ,. , «( « -I- 1 ) (a -I- 2 ) . , 

i ' W + i) ■^4(j-l-i)(i + 2j 
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1 19 


0.360 


0.301 


I'OI.VNOMJAI, KKUIl'.S 

/i„ | M 1 I /cr' ! • . . . I 

. ; ' ■ ■ V II i' * 

({)) !• </i.V I t/y.V I ‘W I . . . (/(I 





fii • ' /'(I 

‘ 0 , 

fl 

fitifi 

In - 


(III 


fuM 

1 * . 


(/« 

</(i 

<i«<a 


/»■! ' 


On 



( 1)" 



<lii 

0 ... 

. . . 0 


i<hhn 


(ll 

(fii . . . 

... 0 


{a A) 

i/(Ai) 

th 

</i ... 

... 0 


(•>„ t/'ii 

Onh., i) 

0 N a 

(/.. a . . . 

. . . < 1(1 


(,*/ ii/iii 


»Jri 1 

</„ a . . . 

. . . </i 


(<f» I */| V 1 *h.r^ I . , . . ’ ■ I'll i «‘|-V I* *!■ . . . . 

( I, il.i", 


.• in !■ (a// ■ ■ !• 

Ilf. 0.87 


0.302 


y (f|.v 1 1 |- . . . . 

bty I Ihf I I .... - »VV I <i!V" I Cir‘ |- . . . 

r'l thb\t 

t'u — I- 

ra thbi I I ih\u 

U Uihi i fh% \ 3«i«3/*a i' ,V'i^«/aA» I- «iV'4. 


0.303 


I 1 rt»»* I > •<.«, 1 .|. c^x -I’ • ♦ . 

»"i *»* rti, 

fa «« at [■ - r/r, 
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(4 (h •!* '(' -jV tl(\ 

c.\ a.i -I- OiUa -I- * (If - (hiii^ I- * r/.*. 

^ .Lj 

6.364 ‘ ’ 

log (r H- (HX -I- |. . . . ) .. .| r,.r | r,.v« 1 

</| C|, 

2 (h a\C] I- aca, 

4«i im I' a</af:a ■!• (. 


Cl </), 

fa (/.j 


8.366 


CS f/3 ^ 

T * 2 .. 

C4-«., Car».j.. 'J ry,,. 


.i, ,/,.v'.|. (fa.i-'J - i. .| . , , 

S hiX I- lh,xr .|. I- . , , 

yz - <ra.va ..(. .|.. I - , . . 

Ca <■*' 

Cj «|/;a 4- (hhu 

C-i «*> (lihn >1* </a/»a . | . 


a- - aA...i .|* aA ., I- aA., h . . . a, , 

6.37. The MuIUiioniial Theorem . 

Ihc general term in the expansion of 

(fffl 4- rti.v -h ihiX^ T a;ix^ .f ....)« 

where n Is posilive or negative, integral or fraetionnl. is, 

( 2 ) . . (p + ,t) 

cAilCal. . , . . iVi+arwa-jrl* ^ 

where 

P *1* Cg “h C 3 *1“ . , . , , m fl, 

% cs , .... arc positive integers. 

If « U a positive integer, and hence g nl,o, the general term In Uio 


expansion 
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I2I 


(;i) ■ • • ..v'"""’'"". . • 

'I’lu' coi'IVii'icnl uf .v'- {h iin intcjfcr) in llu; »*xi)iinsi(ni of (i) is found by taking 
ihr sum *>1’ all liu- terms (,t) nr (.-j) for I ho tlilToronl coinliinalions of pt tijCs, 
ca, . . . . wliiiM satisfy 

f i I r!f ' I .U;t I • • • • •= /»'! 
p I <1 1 C-j !■ <;i I .... = ' tl. 

t:f. G.301. 


In llio following sorios the litolVuionts !i„ iiro liornoulli's numbers (6.902) 
tuul the i'lu'llit iont ICulor's luunljors (0.003). 


0. dOO 

1, sin v 


11 

in I i)i 


2. CiJS .V 


,u ' si yl ' • ■ • U, 

^ ■ ‘ -I .\\ t»l ‘ ‘ 2 j {in)' 


II Cl 

(ii 


3. Inn x - X I I V I b .v' | . . . . 

rt> 

^aa.i(y^i. .. ,) 


{-•«)1 


/b.x' 


,.aii-i 


t r I . 


i 


,v 




'M.S ‘tV-’S 


I ..a... 




( 3 «)! 


•Uii" I 


5. S.H-.V-. t 1 I ; I Zl ' 


y . » 1 . A* I . . . 


ft. I 'j-'- , ,-71 


6.41 


[/<««]. 

[a^<co]. 


X'‘<' 


4. 


[.v«<ir^]. 

■ ['•<?]■ 


pn 


I. »iir-' * « ,v + -]-■ .v» + .1’ H- . . . . 

• <11 

» S - cos-> .1- ” 2) j 


[«,]. 


(2«)l 


‘‘‘’•(wO® (a» + i) 


;v 4 «.K, 
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2. tan ’ .V = ;V “ -f “ A'® - ” .1:^ + . . . . (Gregory's Series) 

= - - coL-i (~i)« 

2 ^ ^ ^ 2?H- I 

«=0 

3 1 + .V" 3 -sVn-.W * ‘ 

I + .v^ w {2n + i)l -I- x^) 


3. A == I 

I + aM 


' 2 A 3 a’ 5 a® 7.1:^ 




(2U -]- 


z-i X i 1:1. L + ^• 3‘5 I 

2 A 2 • 3 A* 2 • 4 ■ 5 A^ ~ 2 • 4 • 6 • 7 A' 

= - - CSC-' .t- = ? - V ( 2 »)l 

2 • 2 '2^ 2*..(„|)* (2„ + ij •■' 


-2n-l 


;V^ CO , 


[*'*']■ 

[■>■)■ 


6.42 

I. (sm -‘*)2 = A'' + ? lVi :4 , 2:1:6 ^ 

32 3-53 ^ 3 - 5-7 4 ‘ 


W (2W+ i)! {n+ i) ^ i J ■ 

2. -*’ + ^j3’(i+j).v^+^3y(x+i + l).^2+,., ^ 

(Scliwatt, Pliil. Mag. 31, p. 4go, tgt6). 

4. Vl “ A® sin“* A = A - ~ A® ~ ^ ^ .J.7 ^ 

['<■]■ 


s. -^2^ = * + i.i.^ + lL4^3+2:4j , 

3 3'5 ^3-S-7 +••• 


22'*(#!)2 

' (2» + l) I 


^2n+I 
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0. d3 f I , 1 

1, 1(1,! sill .V . ■ lot! ■ I I I I ■ • • • } 




fl' I 

I « V{ 


,4 


. • -1 . 
loi' (‘<vi >v ’ >v ’ .X •> * .V •■■■ " A 


(V”« ..( 




d. IdK nis .1- ►' ' ' J I ■>' i J '‘i"' •'■ I ■’■ '■ • • • } 

I J ^ 

hCj n ‘ 


iXTV » . a„ / 

HUlf’" iV. 


[' 


<7r“ 




1 ..K mil .>• - 1 ..,, A' I |. ^ x< I- ™ ,t« -I- ; A- I- 


n 


:\V'< 


4J 


Kl- 

['<?l 


0.44 


I, lufji; (1 j .v) X > \ 'I * v” -- * .v^ H- . . . 

<* .1 ‘I 

H- I 

I InK ( I i .1) I MT 7.3Q0, 

i. lOR (X.|' V/I I . 1 ’') « A - I - 1 ^ - ■'■ 


I<.V^1 




X f ^ (-I)" -^9., i,;i ^Z‘ V)i (*ir-f i) 


3 . log (I -I- Vr + AiS) - log 1 H- j'r' ^ •«’ + •'■* 

a9«-»rtl0r^ 1)1 


.3*1 

211 
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I. I'll t ■ I • i l 


4. log (i + Vi -h - Hx f ^ I ^ 




(„'» 1)! 


(« 1)! (-!f/ I 1} 


5. log = (.V - i) ~ {x ~ l)-' I' (x •* I . . . 

-2 

-2 



'/:>■ 'V' 

1 

1 -v 1- I ,) \,V I- 1/ 

S\>' 1 1/ 

' ■ / 


I i" ;V 


8 , a ‘.v^ I 

I - ;V { 3 5 

* 

Vt 1 

2 7 , •• X‘ 

JmJ 2U i t 

9. ...) 


1 1 






10. Vf-F^X^ log (;V 4 * Vl h .V \ ’ .V^ . ‘ ^ J ‘ v' 


mmm 


(m iIIj"" ’i>! 
j ij! 


-tn « % 


Vm-*” ,1 '.(-s' ' 






( 3 « t iH 


, Sf<i 1 1 


12. iog(A!+A/i'T:i«) 


® A*® 3 A'* 3.4 

* a -I'S 1 

w 


S «-'' 


««'-i 6# -• ills 

(31/ iH #j ' 
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13 . -I I l‘'K (1 I >'■) I .vi.v ' 
wlunt) Am 


I I , 

AaV' I- .V;|A’’ 

.i 'I 


' ’ ' ^ 1 ‘ « 
I -! 3 « 


1*1 


if. II t / 1 , I \ 

■ 1 . I ■>■1 ( '.lU'’ .r'r' 


‘o’ (, I .v)" \n /I I 1 / 2 ! 

■' ' •’>(» ' « i ' « U)'S 

0.1« (S«- 0.700.1 


1 (I .1 


Iv ' 2v‘ I .V * 3 '4’ 5 * 


2 . ■- j ' [ ' l“K ’ * ^ I - >‘4^1 ■ •') ' ■ 

-t A' 1 a/.v • Vi A' 


1 


;v 


i'A-3 ,V4'5; 

.V" 




;,. l»K(- I ^)- '^1 "V-l.; '/fh 


S' <>'7 


0.465 


x^<i 

(See 1.876). 


' (‘ ■' 

) l ^V 2 - s, 


L.<rl 

sV'j 

3 4 

/ 

L J 


A^-<I 


.r®< I 


o<.v<ij* 


[o<..^.]. 


r. (t ! a )*Imk (1 v) - .v^ 1 (1 ■ ^ I J , 

. ^inn '..-Iok; |-.vi I (1 -]♦ 5)j + ('~;^'-ri + 0s 




< I. 


3 . ” Iftn "• .vlog U I- . 

2 


;\:®<T ■ 


0.466 

X. C(B 


I h log (.t 4« Vi f .V*) 


>“» I 


. iW + a') 




a! ■■ ' 4 I 


S(EJj!}M±£>x* + 







INIINITK SKUIKS 

127 

2 , awli X ' ■ I 

<0 

y.! ^.i yi X'' ;V-'' r 

.»! * 4! (li * ’ ‘ * aiW (.!«)! 1 

M- (1 

V-< OD j. 

tiuih A’ A’ 

‘a'^' i ‘'^-A'/ |.. . . . 

4 ' S .i ' S 



Z/' ' (j«)i ” 

1 

v-<, • 

4 . 

,|. X I’olh A' - ‘ 1 

1 ' ' 1 •' .V» . , . 

4 S ‘MS 



"•"Z< i 

tt - 1 

,.4 

5, Hl'ch X ‘ ■ 1 

■,r. '" 

,t A.j 7 Af) ziiot 

M - 1 

1, 

4 ..r 

6. X A' *" 1 

. ' a'^ 1 A» ■ ■'’ - a" 1 . . 

U l.HlAtA 



xn ar*"’* ' ■ ■ M 

n- 1 

A-”< 7 r‘‘ 

0 . d 7 S 

1, cosh A' t OA A 

,*4 ,i tn 

.Vr’'’-'-"- 


a. jiiiilj A’ nin A' 

"rV"’ • ^!.v" { ", .v‘" ■ 

al f»! t<)! 


0 .d 70 



u f'* 

>1 / . n 'V'A"i*ISH(i 

■•> n\ 

ll-il 

I A:^ < 1 j 

8. r"’ 

'•"-m (> >.»■«) -2/ „1 


(AM iW 

. , . « X’^ 

(.tMlI (/) • 2 j (j„,| ■ 

W-u 

[-<■] 

, . « .v’’”** n»H 1' 1)^ 

4. Hiiih {.v xm 0 )'XiH r.i' sir» 0 ) ^ 1 ^ j. 

['<■] 

S, cohIi' (v fos 

„ . , . ,i, X^.v’'*'" sin ( 3 « 1 t)fl 

W-‘tt 

[■•<■] 


6. alnh (xcm 0)'Siin Cv»in 0) » ^ 


.v’’" win 3 h/? 




r 

***<1 

_ 
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I. sinir* X X — -I- 

2*3 2 SI-.S 




a’''" (« !)'•' (-'M I i) 


2 . sinlr' X loK 3.\: -I- ^ ■ • ' ' ■ ■ ' ; I . . . 

2 ix“ .i*,i tj.v^ 


^ Z*/ ' 2 '" 


3. COhIi"* X loy a.V - - ^ ' 

2 2.V' Jn) .|.V* 


o ( •?» ) ! 


I"t! »■'■■' 2 / r" 


.r'M 


4. lunlr‘ ••1 ;v •(• " .v^’ 1- ^ .v« I ' x' I . . . . . V ' 

3 S V } I 

5, . . . 

* ;V a ;|.r' ■J..| s.i" 


M ( 21 / i i l 


6 . c()»lr* -• « lojjf ^ * '3 ;V‘ 

*'■ X 2 2 a-il 4 


'« KC(’h’ ‘ .V hi|* 

7. sinlr ' - lo^ ~ I- ^ ... j 

A' a 2 2 ‘4 4 


4 "VA 

,V jLj 


csrlr ' .r loK ■ I V ( i)** ,, 

,l M J* («Il‘’2M 


8 . 1 , 4 . 

'X a; ' 3 .V* ' • ' • ■ 


r> * « 'y t:'. 

M il/ I - 1 
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0.490 

I 

HI 

I. 

2 sinh ;e 

2 . 

1 

Hi'O 

HI 

a (■t)sh X 

I 

3 * 

(lunh A- > 1) ' 

fi— ti 

/|. - 

\o\{ lanli ‘ 

J ,, 

ZJ VI i 1 

H -.0 


6.491 






X^TT f I 

,V 


2 


(l«\s 


My ivicanti nf \\m ftnniulii a slowly <onviT|'ing series may Im transformed 
into a rai)i<lly rouverf?.ii»K i'eries. 

0.495 ^ ^ ^ 


“2 

n M I 


K.V 


(VI - 4^v* 


3 , col ;V 


I -vv 


TT 


/«-v ,, 


ar 


a.v 

2.Y I 

‘ '(, 


Mr 

STT 


, ■ 


1 "'1 - - » --- # 

' (2M i)’7r^ - ‘i v'-* 

2 a' 

. .... „ 

i (iiry ' 

' a'* (37rj* 


I 

By rc|>ladTi(( * l.y ix llic crrcspoiKling scries for llic hyperbolic tunclions 
may be wriUciii 
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may ho imnsfonucd inlo tlio InliniU; product 

(i Vi) (i d* (x -i- I'a) 

" H 

» I ■ I 

where 

•’Jl , 

' ' 1 p Ui -h '/h -h '»«-i 


0.600 


Tlu*. (Iinuiuii [’'unclion*. 

I 

n ^ 

aI 

rtf, I 





a may have any real or complex" value, except o, -i, 2, “.3, . 


0.001 


0.602 


0.003 





'H (■■'■=>■:■ 




0.5773157- • * 


r(a 1 r) 

r(a}r(t”-c) 


- slXs), 
7r 

^ ^ .... , ...» « 

sm TTZ 


0.004 j''iit n rail anil pnsiiivc *• :v; 

I’Cv)- f'" c • I-- ' ill. 

I/O 

loR r(i + .t) - (* -I- “) i'« »• - * + '3 '"R X { 
O.OOB It * ~ II, a poailive iiilcucr: 

r («) »> (« - i ) l . 
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6.606 The Beta Tunetion. .'If .r ami v luv rral and pushivo: 

y.y)- IK.v,.v) 

I (V I W 


/'I 

B(.V, ;V) ' (| - t)v » 


It(.T, I - *) 


TT 

.sin TIM’ 


6.610 .For x real and positive: 


6.611 


6.612 






H* ►fl 


I 

« r L 


^{x d- l) - ;; d> V^f v), 

\^'(l “ .v) «» ^f.v) I TT < Ot TT.V, 

\p(ll) im ^ 2 hl|.{ a, 

lA(l) 

^(3) I -y^ 

lACO I I ; 7 , 

^Cl) «« X I' ;* I - y, 

• • » • < 


6.613 


* i . . , 
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6.620 


6.621 


6.622 




;v “!• n 



/3(*-l- l) -I. /3(:v) = i 

Mx) -I- |8(i - aO “ 

' Kin TT.V 


/ 3 (l) loR 2 , 



6.030 (Juusk’h It Funclion: 


I 

s. n (*,« + 1 ) » II «',«) 


3 - II II («•.«). 


I H- z 



4. It (2) - r(g ^1- 1). 

5 . It (-c) It (s ~ i) TT CSC Tra, 

6. II 0 .. -I Vi. 


0.631 If 8 is an integer, «, 

II (•«) - wl 


6.700 


DEnNITE INTEOUAT.a EXVKESSRl) AS INEINITE SER: 



eo 



Al( 3 /i + 1) ‘ 


w C 


TO 

A«»o 


i-3*S 


2 fe;vgfe-|-l 

. . . (a/j -I- 1 ) 
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to Ihb integrah'“'"'^ 

v/tT 3 . f • . ) • = .e 


Fresnel's Inlegnils: 


6.701 

^ (-1^' 1 
fi ■ ,0 

v'^li 

0 


■. V 

' “COS (.f») y (. 

^ Jkmm 

A'jM 0 

-l)V. 

^.u 1 1 

10 


•l•ain(;v*)2 (- 

k ' > 0 

l)*'— 

i’3’5. 

■I’.'A 1 1 1 !| 

. . . uk 

1 3)‘ 

8.702 

k >11 0 

(.„,)* 
■i- <)i (. 1 / 

...II. 1 

l^) 

;i 


“Sin (:«»)!;(- 

^*1 •' 1) 

jy~ 

. . {,\h 1 



01 

- cos (.v=) 1; (- 

kTu 

jU. ir' 

>. 1 1 ^.-l« t ;i 

. . . (.|I* 1 

T 

6.703 

/.I - 

1 . 1 : 7 '"“S'--) 

H K. 0 

« L... 

(1 -1- nb 



6.704 

I p/" -'fT ‘■^ly 

<U 



*- ijijo 1 ;V/'> 




A-»' 


«BI*0 


(« + Ilk) (,, -I- „b .|. ,) („ ,|. »//■ i'7)Trr(:/TH/r7 
(Special casca, 0.440 iiiul 0.825), ( 

J f*X 



M-io I ^ .v(v I ij . , . (i 

•■•.4 . IlMfl ’• 


6.706 If the sum of the scries, 


is known, then 

CO 

y 

(a > 1 - 


A'^) 2 c„;v" 


no* Q 


(.V I- w) 

Co< .V <! *) 




•J Bt 0 


(« + lib) (a H- „i, + r) (tf + „A 71)77777(77rtTI^ [;0>o] 

I /'» 


.11 


INFINrtMC Sl-UIIKS 


135 


6,707 Jy tv) 2 1 " ;■ Jo ~ S ■'■ ^ ^ 


■JCxaniplc I. /Ov) “■= c"‘^® 

m , - 

^.iir .j, ^ 1 — An* 


C^>o]. 


I. 


/; 


•t- 2 /. 




TT 






Roplaciii|i5 /<! by ■;;) subtnicUng, 

10 

, Fi- ^* 2 ) (-')''/?Ti,r%‘ 

M'J I 

ICxiUiipUi 2 . With /(;v) = > fi ^um/^x ai\<l <r^’^sin fix. 


27 r 

„iir yi - A’ IT 


TTsiah 2 X 7 r 


■'• Fl- M 


r‘‘2^ 1 T a'^^' 2 Kir~-coii 2/i7r 


I X« •!■ (/« -■' '■ X^ --l-'(« J tosii 2X7r - cos 2 fiir 

0.700 If the sum of the series, 


ui 


I 


/l - fX 


n -I - M 


TTsin 2 jii'?r 


II I '■• o 

is known, then 

(fo I' (uy 4' «3y(:v -b 0 -I- <hy(y 'i* 0 (>’ ■!• 2 ) 

6.710 The complete elliptic integral c^f the lirsl kind: 


“|•' . • • • * ri_ -* 

“ r(:v) 


If 


/‘« f/.v 

‘ ' Jo'vil • ■ ^) (I -"ivy ■' 4> s 

tC:;!)'*-*'-- -I 

' «»■*! 

/./ T - V l - ^ 

I "I • \/ 1 

X . H:i'±£l 1 1 + + (—fj'k'* -I — I 

i — r ■'■ M 2'4’0 • • ■ • 3» / ) 
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6.711 The complelc elliptic inlcf'ial t»f llic 'icroiiii kind: 


TT 


\/r. ■ • /r’ siii“ 0 JO. 


r 

f.- 

.Ay*’, 

a 

1 

l.>y . 

"fl 

f 

I - 

411 

Sf: 

1 

If 1)' „ 

\/I • 


I •)■ 



,, 7r(r ^') ( 

/(, 0 • — — f 1 

■!• .s| 

^1 V-* 

]/*"•’ 1 

3 1 


w(l - /■') 1 
1' 

1 

TT f 


k'i 

TT [ 

"TOoi'-' 

!• 1*'»| 

[r^'2 


?■•!/ 3 


louKiKu's si «n.r; 

6.800 If/(;v) is uniformly {onvorKcnl in the inicivni; 

{ c 
ir . Y . 


{irx 


J(x) ^ "io d* III cm -I- Aa cos — |- cs I . . . . 

/"/W. 

-vt f ' 

6,801 If J{x) is uniformly converRent in llm inlei vid; 

o<.v<c 


/(a?) « “ /;o 'k i!>i cos .p /^a cos 'Ai- d' h cos ~ 4. . . » , 


(t\ sm f/j jiiii -5!™ 

<■ c 


. Ott-c 


th Mn “ 

c 


Jj(x) COS — 


a„ w « I J(x) a|ii 


3WJ7r.t: , 
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6.802 Special DcvclopineiUs in Fouriei’s Series. 

/(;v) (/ frnin x kc In x « {h H- ~)i') 


/(.v) ”(/• from X » (A -i- lo ;v « (A -h i)cj 


where A 

is any inle)jjer, including o. 

(U 

y(,) 4» V si„ - 

' ir uJ 2)1 - I c 

H I 




6.803 

fix) mx, -< -j ^ .T 

^ -I'T 

4 



^ ~- 

4 


V/ 

1 

i 

trt; “ 

V/ 



.7.!: 

4 


0.804. 


6.806 




l . 2(2« " l)7r 

^ l{m ^ 

(2w - c 


fix) <■« 

inx, 

c 

~ 2 




mix - c)t 


< .. < K, 

2 


/'(.v) «« 

cm^ 1' 

TT 

n 1 

„j)n 1 ^ 

Bin 

// 

2;;7r.v 

c 


fix) 

«l fll 


- 5A < .V ^ 

- 3/'. 


^ (.V 

4’ 2 h)f 

- Sb ^ X ^ 

-bf 


m Of 


- b ^ X ^ 

^^bf 


m — - (a; 
U 

- 2 b) f 

h ^ X ^ 

Zbi 


*» — a, 


36 a; < 

Sb, 


» « « • • 


/(*) 


RV 2a 

7r» 


7 r,r I RTT.v 

COS-^-"* ...... C 03 i? -... 

4* 3^ 4^ 


cos 




4* ■ f 


4b 
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6.806 


fix) - jjv -I- b, -hix'^o, 


o^x^L 


6.807 


i-/ \ V 1 / . X Tr.v 

oC.x'-’ib, 




« . al 


ff V 2<//“ T . /»7r/» . //TT 

/(^) - 2j ‘ "i 


bt^x0, 

I . >nrh . //Tr.r 


sin ux- 


6,810 

iW n 

nvAi 

6.811 cos (IX - “ sin (iw ( ~ -|- ./ cos ux | 

TT I a (/ jLtf //•' - //•» / 


6.812 sin ax — sin (Itt 

TT 


« sin 

;i M i 
m 

6.813 

2.. .w n 


6.814 iloK 


2 2(l-COS.v) 


juJ n 


m 

6.816 

624 /j* 


6.816 


7r®aJ TT.v^ .V® 


4 12 


tx> 

'V 5“^ 

/r' 


6.817 

90 12 12 48 


Of) 

2 ' cos m 
u'^ 


Me. I 


6.818 


7r'*.'i; 7r%:® tt.t'* a:® 


90 36 48 240 


19) 




‘7r<.v<7r 


■7r<.v<7r 


o<.v<a7r 


o<.v<a7r 


o < X < 37r 


j^a < .V < 27rj- 


o < .V < 37r 


To < .r < 37rl 
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.. f-' (-r)" ‘ ;/ 7 r.u f . ^ 1 

0.820 .V= .. - «.» - - p- 

H . I 

0.821 ■,■.•' 'r--V--.cos’^^ 

if t; ■' O/; Zj ^ ' {niry I- o' C 

H » -1 I 

, 'v'/ \u I ^ r - - ~\ 

■'• -T- [- <■: '.'I 

II* i - ,<^ ' - ■ 

- ' 

0.822 =•■ (<;'"■ r) | ^ (“0"' ‘ »•'■ | | 

« > ■ I 

o> 

«'823 '■"« “ - ■'}"' “ I- •'■ '"K ■'•) 2 ’’‘’I,(i''M)^''' 


0.822 


•0.823 ( (IS '^x 


^ c()i=,?. {ny \)x 
mj ll{n - I- 1) 

’ > I 

[o 5: .V rj. 


6 . 824 : sin a.i* (tt - a.v)siji“ .v •™ sin :V cos .v lo^ (4sin" x) 


sin 2 O/ H- iV ' ^ ' 

' ^ nin T T) ° * 


« 1 TT . 'ST' < <*« 

0.820 » - ~ MU .V - 2y (i7rr ,)■ (;, r-T 1) 

M I’f I 




6.830 -- ^ ^ ^r r7> ^ 2 

I 2r cus X 1* / ■* -*<>«" 

II »" I 
fO 

0.831 Uuv ‘ ' T) I y‘' Hin iix 

I - * r < t>H *v w 

M M I 
<»( 

6.832 ^ Uui - 2 «in( 2 » - i)a: 

a i. -- Mmf 211 ^ 1 


6.833 ^ ^ ^ 2 

I - 2r cos .V H' y “ 

II IW O 

(W 

0.834 'oc; “y--™ 5 .== 2 ^ cos m 

V I - a/* C09 X + r w 


[-]■ 

[.<,]. 

[-]■ 

["<■]■ 
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/» oor I . .1 COS .1; 

6.836 - tan ‘ - v 

2 1 - f •* 


r “I 


NUMEHICAfj HEJlIMrt 


I .|. .1 ,|. ^ i. 

r N ' on ' o» .1 N 


1" 2" 3" 4 

Sl * “ 

>0' : 7r=* 


^ I 


.V(i ‘ ‘ ■ ■ ' i .ot734 ^0620, 

<M5 ' ’ 


./Si ^ = 1.6449340668 


‘’''z ' ‘ ' « Ki/ ‘ ' t.oo834()2774 

2995. 2.S0 ... I w / 1 


\ - 1.2020569033 .Vh 


25.79436 . . . 


1.0040773563, 


' '()Z " ^•0^2^232337 


•Vii ^ - > i 1,00300.8 0)3.8, 

-•67-I6.3.S - ■ ■ 


", .v.= -I.--.. r,o,f.<, 277 «, 

•■■ 295.1215 ‘Ml ' ■ 1 .000494 1.S.S6. 


Xi-fi 

^ ""3" 5" ”* 7‘ 


TT 

■Hi <--■ 

4 

lli w 

o«9JS</>S6 . . . 

11.1 «a 

0.98894455 . . . 

Wfl “ 

0.99868522 . . . 

A ta!)lc of Un 

from n -»> 1 to n 


(j/- I- ip 


Messenger of Mathematics, 4a, p. 49, 1913. 
6.902 liernoulli’s Numlicrs. 


2®''”'‘7r2’‘ „ If . I I I 
(2«) ! "* 2^ J" '** Jal + • • 


^ I 

iw ¥• 


2 ( 2 ^" - 1) ^2" X J , ..T , I , 

2(2)/)] ” ” I^n yin yin 'I' y3» *i" 




(a* i ij“'‘ 


(2«)l " r«;r + ^ 


i L. X J 5,. 

jan ^an ^ 


I3rr 

■ ■ • ““2)^”*^' 'F"' 


TJj fta ^1 
‘ 6' 


iij Ba -*") 

42 


J3a » 
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7r 


lintl 


Ih ■■■’ il. 


Ih 

510 ’ 



ih 

43867 
798 ’ 

Jh ■■■■• 1; 


E\[i 

174611 
" ^830 

Nuinl>ors 

y . 1 

‘ "■■ ^2N i i 

I 

1 i 

yUiiM ' 

<0 

k M 1 

/-:, - 

I, 

E..\ 

1385 . 

E-i ■ ■= 

5. 

E, - 

50521 , 

E\\ 

61 , 

E, - 

2702765 . 


‘ 5 ^" " 7 '"'‘ ‘ * ■ " ^ W~ 


0.004 

2ui2n ■ • 1) .. , ‘^nUn - \) (an • 2) (2» :^) 

'•■■• al 41 'V-a-.... 

" "I- (-t)" = O, 

6.006 

22» (22.. ... ,) (2/J t) hn - 2) (2U - .i) >, 

2« 

I "" Ah-s ~ -i- (-i)"-*. 

sf 


6.910 


6.911 


n> 



H «« t 


m (?, 

.Vb 52^, 

•"s 2 C) 

.Sfl 203(?, 

SC, 

.Vv -^4 Hm 

»* i' 5 r, 

.S'b **> 4140^' 

m 



H « I 


fi *• 


O .^2 - .^TT* 

03 » "™~ T-— — > 

64 


„ 7r»~8 

08 «> '’T—f 


TT^ H- .^OTT® - .■i 84 

04 ■ ■■■ 
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6.912 

a> 

I. log 2 = 2 

n =» I 

•»r.. 1 

6.913 

CO 

1, 2iog 2 - 1 = 2 


n I 


r/> 

2. f (i«g 3 -i) = 24 <ii-ir 

« i 

a) 

3. -3 + 1 log 3 + 2 log 2 =• 2 -■ i)' 

I g 

^ ' .. V * V* ^ ^ , 

6.914 ‘^r -= 2 j y 2.4.6 ill / ill 1 - 1' 

M 1 


5 0 “ 2 lofi 2 - “«2, 

51 ■= •^^^2 ~ Ij 

TT 

c ^ ^ 

5 , »~( 2 H 5 +i)-|. 

■ (;• I. 

0.1 “ — ;» 

i)Tr 4 

^S'b =■ (i 3//.2 -h 13) ” 

327 r 


' U'i « 0.6150656 .... (}^w^ 0 . 901 ) 

O r ^ 

.S-i « I - 

.. I I" 

0,-3 ■» 


,V, ..i < loK 2 I 1* i;(), 

‘ 32 123 327 r 

o. .r, ■; -* 

5 2257r 

.SV.». log 2.1. ^( 5 o». M 


178 I 
2257 r 6 

I 

i 287 r 


When ^ is a negative even integer the value n ■“ is U‘ he 'exclude* I in the 
‘'.ummation. 
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3 - f 

('It 

4 . 1 <)|; (i 1 ' '/“) "• ^ (■■ ■ 2 » i ' I 


. i » r I 


s- ^ ' ■ 1 ) (aw I a) 


6 . 


2 r 




111 ! l . 

• ‘ II / 


,\n I I 


^ 2 (j« • 0 ('!^f I' ~) 

Wt - I 
(It 

r - ^(' 0. 

ir ^ 

!•) 

, 4 V I . ■'" '■ ' ,• 

■ a " j-a ■' Ld ' (3H 1 ) (a« I- a) 

I 

If m is till inlfi'cr, tuul n - »» is uxrluilcil from the summation: 

IM 

3 ’^1 

11 /’'^ jCJ 


H 

a.910 


4 »»’‘ 




47 »» ■ «■* 


0.017 


n I 

X . X - 7 , ,,, 

ti 


(»l 

r ^ ^ 

2. /v . ,, 2 f 

2 it/r "■ X 

n«i 

, ' V ' « ^ 

3 . al..Ka-. 2 ;„( 4 „a 

MK^J 

y . 2 * 4 * I « • * * ^ 

6.918 7 •'*« /: " ^ ^ ;V5'7 • ^ i) ^ 


V3 " Vj 


0.019 

0.020 


(I -. I..K a) - 2 ( « '»K(“;-ri) " ' ) ' 
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MATIIEMATIOAT, FORMUE/Ii: ANJ) 7 STJ,II’T 1 C FUNCTIONS 
I . I I 


2 « I i I I 

e i! 2 1 3! 


■ 'K-a 


X I 

■”‘ + 71 + 41 

,1,1 

“' + 3 I + 5 I 


I , I 

^ 2I 4I 

. I I 

6 , sin I = I ~ 4 - • -* • 

3 I 5 I 

6.921 

4 III 


«■-■= 0.367 H8. 

i,543oH. 
t“-« 1.175201. 
0.54030. 

o,S4i47. 


10 


X ^ _ X 

? " * 3"* ? 


16 I . I X . 

3 . — « I 5 - - "Ti “ 

•^17 4'* 4‘ 4 " 

2 .'; I , I I , 

4 . « I — s 4- — ii 4* . . . . 

26 s S 5 

0.922 c- 4 . ,r O>r 4 . ,r anir 4 , 

2 • TT* 

6.923 (Special eases of 6.700) : 


l'(l) ' * 3 '62 56 . 


1 , 1,1 
I. 4 — f’ -"'v 

i-2'3 .4'4'S .S‘6'7 

i-2‘3 ~ 3‘4-s ”^ 5’0‘7 


I , I 
r 


2'3*4 4‘S‘6 6>7*8 

r _ I ^ 

2 ‘ 3*4 *" 4 * 5‘6 6 - 7-8 ~* * * * 

I I 1 

• I 'I' jT^c; + ^Th’.^ *'*••• 

r I X 

2 ’3’4*'6-7-8''“io-n-i2'''* ‘ ‘ 

I I T 

4- ;j7^7^ + “rg". yTio + ■ 


!or 3 - . 

3 

^ (i - lo|^ a). 

1 

- - loK 
4 

- “(xr - 3 )- 
4 

“ . 4 )' 

ir i , 

8 a 

" s(’ + •■ ?'"«•+ 



VII. SlM'-.dM. AP1M,1('.ATK)NS OF 
ANAI-YSIS. 


7.10 Imhuui. 

7.101 If {■'(') f'''' I 

„t ilu' >''“>• 

in sprit'H, if vuliii f<»' -v ' <»• 

r Min'" v T 
I ( ' ' FdS .vJjmO* 


KxiimpUi : 


1 cos X X 


I .V 

ai 4i 


2 . 


I I . . trtis vJxmo 

7.102 l/ir.iHpiuirs UtiUs If/Oi l *) “"'l 'A" + w ''i;<lCTct<.|rc<l by Ittyl™ a 

/*( ^0 

ThwiMi. (0.100) llu-n llii' inii- value t->f -v “ " 

/’(«) 

/■"(■I) 

^ :It t m.i« of .be Ibu. oue u( .1.0 hlKl.or .loriv,Uivoa .bat .a cloCu.c 

7.103 The true value i.l ("r »' " " “ “'C luu.t, for h » o, of 

f\'' /■•■*>(«) 

where/.-. («) an,l P >«> OO mo the Ural of Ihe higher .lerivativea of /(.) a.r<l F(x) 
that do not vanish tor a- - «. The true value of gfor a- =■« iso if ^>7, « 

/><7, and equal W -4u;r^l if /> - «■ 


H^y MATirEAfATrCAL KOKMIJL/K AND K1J.1I»TI(! I•'UN(TT<)NS 

Jixaniplo: 

"sinh ;v ;v .i* 


fsinh ;v ;v . 
I, sin ;v •• • ivcos.t; 


si till ;v 
sin .V 


•.vsiiih.i 

I,. .I’sin X J«,.o 

i cnsli .V I 

(HIS .i; .L-.ii 


I. 


7.104 luiilurc of l/llospital’s Rule. In cei liiin liises lliis rule fjiils k, dru-nnini' 
Uie line vahm (if an expression for ihe reason llm( all llu- higher (i(‘riviUive.H 
vuiHsh at Lhe limit. In siicli cases (lie Irne vtUin^ mtiy nfien In* |,y fudoniur 
the given expression, or r(.‘solvin« into pari ial fracllons (1.01). ^ 

Example: 

rv*=--.in ,, 

Y .106 Inapplyi,,,; Kul.., if ,u,v.,f 

lactoi which (.an hoevaliiaUsl at once its (lelerniiniUe value imiy lie sulislitnled 
Example; 


r(r -- x)e^ - - T' 

.17 

♦ if 

L t‘Dl ,1. _ 

Ian .V 



.CM (I 


Hence the given function is, 


r - : 

Llan .V 


jMii 


I. 


esec-.v 


7.100 It ilu. kIvoh tunclum can lie wpaial.'.! iiilo ta.Kua cadi .if wliidi k 
mdclcvmmalc, (he faelere may he cvaluaic.l scpaialcly. 

Example: 

1) (!in'-*.v' ] 

'1 I r'- :.- ■ I- ) H.. T, 

.1 *♦-(» 


1) hHV-*.v Vian.vVc'* ■ i 

I V""..'"" PSI {.■■ ■■ ..-. ). 

L J*Mi) \ X } X 


7.110 ", 

00 

written: 


If, for .u ira take.H the form 

/' (.‘tj ai ’ 


Iliis quoiienl may be 


I 



m 


which takc .4 the form ? for ^ « and tlie iircccding Hcciions will npply to it. 

Wll I. Hospital s Rule (7.102) may he applicil ilircclly to mdclcrminale forms 
It the expansion by Taylor’s Theorem is valid. 
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If^xanipic: 




7.112 If fix) lojjjollior, aiul if fix ^ 1 * i) -/Ov) approaches a 


(Ichnilc limit, tlicn, _ ^ 

Uinnt ./(.v) ' 

.V ><» 1 ,V ^ ;V >i« I. J 


Y.I 20 o X . K, f'"' * ■ ’ "• /(•'■> X ° ^ 

may he written, 


o 

which takes the form ^ (7.101) • 


lamit w V I'hmt ury\ ... ^ 3 , 

7.130 Aw > 0 ) ^ ’ 




l.iniil IHx ) ._. uiiilv lire mre value »( /(>•) - H-y) I"'- * “■ 

■'Sv )«» fix) ' 

Limit Fix) ^ ^.^pression has llie iiulclerminale form m x o whicli 

X > o» fix) 


may ))e treated l)y 7,120. 


7 140 I «> o" «o". H ( is imletcrminalc in any of these forms for .a' - fl, 
L uuc X'may be t'u.nul l.y r.n.miK Ure mre value ut live luKarUhm uf .he 

given expression. 

Ivxumplc. r/tV"” 

t Ln. 


/i'j EM y; log y “■ •^tan .v*log a!, 
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— 


[ 


- 

tan a* dog ;v 

=a 

„col a:_ 

.!!■ >11 

X 

,,csi;" x^ 

X..II 

sin .V . 

■ 'sm .r 

, .V 


Hcncc, 


7.141 If /(;\:) and a: approach 
limit, then, 



iDf'cllier, and 


/(.V I i) 

/U-) 


Limit 

;V-“ ) o. 



Limit J'(x I 1 ) 

a: >o> /(.V) ’ 


apiirom-lms a 


<lclinitc 


7.160 DilTcrciUittl CocffidciKs „f il„. f,,,-,,, ", j,, ,|h.., |||,. ,liir,!remi,,| 

(ly 

cocflicicnt from an c(|ua(ion/(.v, v) "t o, liy means of ilui foi jiiula, 

dv (lx 

dx'^ TTf (i) 

dv 

it may Im,,,™ (l,«i to a pair „f valuoa, ,r ™ ,, /, 

^ lakes the form 
ax o 

WrilioK * » y, ami applyiuK 7.102 lo (1„. ,,„,.iiem ( 1 ), » ,|„„.l.«ii.- ...piaiio,. 
is obtainc.! for .Icternmiiag /, „ivioK, io «,.„eral, Uvo .lim.iTiit ,l,.|..rnMnol.. values 

Aining :) . ,I.lna process may l»c coniinue.l uiui) delerminnie value.s result 
Example; 

/(;V’, y) m (.v-a .).. yj)ti .... 

y' 

For A- » 0 , y « o, / lakes the value 2. 

Applying 7.102, ^ 

A/ix^ A’ 

values, y » o. y „ 
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7.17 iSiH|CKil Indctcriiuiuilo I'oniis und Liiiiitiiig Vsilucs. In the following the 
notation C/COUx means the hmit approached by /(;v) as a: approaches </• as a limit. 


7.171 


■ [("S' 


C’ (c a constant). 


}. [ViV I - c -- >:■.> o. 


3. [Vxu (0 -- 

4- 

5‘ 


V '!■ (-i) (.V - I* I'a) ;v](o ■=> a'(ci -|- a ). 

(;v d* (>v "I* t'a) .... (;V d' 6*„) “ :vj d- . . . c„). 


6. 


I’log Od d" o^ r-O'l 


“ I. 


7* I- <’2 1<»K ™ ^ 

»■ [(‘'I*)'! 


« I. 


9 


\ .V ■ 


I. 


IS. CO , 


ro. 


ir, 


la. 


TCI o 


((/>.i). 

(.V a positive integer). 


KO I, 


X 


03 O. 


1.3 ■ 

U J' 

14. (a d“ ^ c 

J<M 


(<^>l). 


m 


■=-[(rfe>i 

17. [ (a d* 
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7.170 


1. 


2. [(tt -••• 2.v)(.an .vjr 2. 


"<■ . i> TT 


5‘ 


cos' '^ •-« tan 


27:J„ 


6. [(rt -1- ^ 

>■[{- 3 ' 


.Inn x' 




K. [(laii .v)''"’ “U'!: 
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7.18 lanilliiii^ Valuos of Sums. 

n ><y\ /;/'* ' . . ...j ,f /^.> 

tnif /•< ~ I. 

2. ''iii'ilY >. ,|. » I _1,_ ■■ . 

«. . >i,o\w^,. nil -!■ h na 4 - 2/; ' • • • • ' ,,,, .j. („ 

log (a -I- h) “Jog ^ 

" r ■ 




(a, b>o). 


Limit/ w -• t" ■//“'■ 2*’ .V“ 

// ' > «' \i " 2 • (« ij 2 <,v (« i-lj ^4r(« r 0 * • • • 

, (n - 11" \ 

•'■ ;7.TiHVTr6H3r)7 ‘ 

-'■(■•'I- ‘31 

if a is a positive projicr fracliou. 

if b>o and a is a posilivc proper fraction. 


L 

1 - a" ’ * 2 ’ 


a4^ 


if b>o and a is a posilivc proper fraction. 

Limit r ,1,1, , I 

. -I +....+- 


I - y/d 


4- 2Vb, 


7* 


log//, j 


Ea 'y cw 0.5772157 
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ar/miliMATlCAL I/OKMUL/K and KJJ.H'TK; functions 


7.19 Limiting Values uf Producls. 


Limit [ 


ft 1 1 *' \ / 

f 

U~ > 00 [ 

( u d- ij(' • ' ■ ■ ( 

i |. 

> -*« • I 



if Oo. 


Limit ' 

/ ^ \ 

( «</• d- 1) { ^ /n/ d^ ' 


11— >00 


. 1 

\ nn 




.)] 


if </, (if c are all posliivo, 
3. 2) (W I H l)l 


(,„5, 


d' Hn - 0 

if w>o. 


(' '■ :;=^l 


7.20 Maxima and Minima. 


7.201 lAmctions of One Vai hlili* n • 

<»»Mmum or luiniimiin Ln* the 


values of a; satisfying the c((ualion, f{x.) m 
provided that fix) is continuous fm* these values of .v. 

7.202 If, for .V fi^f;^ ^ ^ 


E.xamplc: 


■y^/Oi) is a maximum if f'(,/)<:o 
y^/((i) is a minimum if/'^(a)>o, 


•y am 




.V® I' <xx -I' (i* 


fi>o, 


fix) ^ ~Z:!i.±A._ 

(;v® d- cv.v -1“ ^)8' 


fix) «® 0 when x. «« th\/0l 
f'ix) ^ 


Or® *h ax. H” S* 


For .u w 4.\/9 ^ 1 

_ Ma\dmum 
iWQ^ha)^ Maximum, 
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IS3 


For .V « • /"(iv) ' " — “:-r — "r,; Minimum, 

I 

yMI<I.V *■' „ "I — 

a 2V// 

i 

ymin • ' 

a - 3 

7.203 If f<»r 3- ' ' n, f{n) • • o ami f”{a) > • o, in order to determine whether 
y ‘ fill) is ii muxiimiin or mininuim it is necessary to form the higher diitereiUial 
coelVicienls, unlil onij of even juder is found which does not vanish for x « a. 
y > ' fill) is 11 maximum or miniimim according as the first of the diiTcrciitial 

coelVa'ients, /"(a), /‘^(u), /'H'Oi of oven order which docs not vaniali 

is negative or positive. 


V]i 


7.210 Ftinclions of 'I'wo Variables, F(.v, ;v) is a maximum or minimum for the 
jiair of values of .v and y Unit satisfy (he eijuations, 

d/*' (}/•' 

d.v ’ ()y ' 

and for which 

/ d V'* Y djT' 

\d.v dy/ d.r’'* dy'^^^’ 

If bolh ,, .j and are lu'galive for (his pair of values of .v and y, FC'*, y) is 
d.v’ V* 

a maximum. If Ihey are both |)osillve /'*(.v, y) is a minimum. 


7.220 Functions of ;/ Variables. For the maximum or minimum of a function 
of n variables, /■‘{.vi, .vj a'„), it is necessary that the lirst derivatives, 

T^, . .... ,v’ all vanish; and that the lowest order of the higher dcriv- 

d.Vi d.Va dr,. 

at ives which do not nil vanish be an even number. If this number be 2 the 
necessary condition for a minimum is that all of the determinants, 


Ih 


/n /»3 

/91 /w 


u 


L I, 2, . , . , M, 


M M 


fkh 


where 
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MA'niKMATIOAL AND Kr.MPTK’ I-'UNCTIONS 

shall be positive, l-’oi- a ma.\imuin the deterniinanls nuist be altenialely iie|»utivo 
and positive, hcRiiiniiig with />i ‘.J ■ iieinUivc. 

d.Vi” 


7.230 Maxima and Minima with Condilions. If /‘’(.Vi, 

be made a maximum or minimum .subjtjct to the condilums, 

.... .v„) ^ . o 
.... A'„) ■■ o 


• • * , ;v„) is to 


oa-i. ;n.. 


;r;!, , ;V„) ^ > O, 

where /.;<«, the neee.ssary eomlilitms are, 


2 . 


OF •yi 

(h'i ’ tixi ■ ■ ^ 

j- ' I 


/ - r, 2, 


. w, 


where the X’.s are k undetermined nuiUipHers. 'I'lie n e<|ualions {„•) lo^reiber wilh 
the k equations of condition (i) furnish k ]■ n ecpiations lo delermiiu' the k !■ n 
quantities, .vi, .v-,, .v„, X,, Xy. , X^. 

Example: 

To find the a.xes of the ellipsoid, referred to its center us ori/'in, 

Wii.r'-* ■(■• T i 2<q;i.vy I •(■ autuv-': > ^ r. 

Denoting the radius vector to the surface by r, and its diret:| ion-cosines by 

/, »/, «, so that .V /r, y mr, z nr, it is necessary to liinl the nmxinni and 
minima of 


r'i 

^nf- -I- ■ 2 ai.,hn p =|. miJuiF 

sulijcct to the condition 

0 (/, m, n) F I- w- -I- - i o. 

This is the same as finding the minima and maxima of 

F(l, m, ■/() - (/u/2 q. (/g.v/H.2 q.. q,. 2 ,,,^/,,;. q, ..j,. 

.Equation (a) gives: 

Can 'h X)/ q- fliaM/ q. «, 0, 

<h 4 'I- (uita -I- X);a q- (/«;,«. m, o, 

« 13 / -b (izm q- {an H- \)n ^ o. 

Multiplying these 3 equations by I, m, n respectively and adding, 
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TluiU by ( 1 . 1.303) I hr vubn-si uf r 11 n; ^ivcii by llu; root s of 


(/,1 

? 

flVi 

<h:i 



1 

ihi ' • -n 

(h\ 




fh:\ 


7.30 Di’riviilivfs. 


7.31 Kirsl IbTiviitivcs. 

ilx“ 




.*1 i 


(hi '' 
tlx 


a ^ bij.^ (i. 


4, : T ;\''^(r I loK ;v). 

ax 

tl .V T ^ 
ilx .V lojr a .V 


tlr-^ 



i 


■*• -.Lv ■ 


,/..■ 

;V 


7 - 

‘ lo^; .V. 
dx 




H. 

(lofr .v)’^ * (1 
dx 

I- loK .vlo« log 

a:}. 


-e)' 

’ ,/.v ’ ^ 

- (■;;)' '">! 

d csi'. X 

— CSC*’ .V* cos 

r. 

tl sin .V 
"llx 

ms .T. 

, d sin ’ X 
'*• • ,ix 

d cos* ‘ A 

■“ dr'’" 

^ I 

V 1 -- .V* 

tl {'<»s .V 

»-'sin X. 

d UuV ‘ 

! (/ cot ‘ 

' " tir 

.V r 

i -i- .V* 

(1 tan X 

B* SUC^ Xt 

dx 

d CSC* "’ a 
tix 

• I 

;V V'.V* - I 

d ttol .V 

, 3 . 

-C 8 C®;V. 

d sinh ;v 

cosh .r. 


d see .V 

sec* A* ■sin .v. 

d cosh X 

20 . 

>» sinh X. 
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MATiiMArA-ru’Ar. i^oiunfr..- 

K ANi> T’r.i.ipTn- riiN'i rru.Vf; 

(1 taiili i) 
21. - 

■-sechSA’. 

I'tllll ' X (/ ( III || 1 

dx (Av ' 

d coth ;l* 



22. : 

dx 

csch®;!;. 

d^'^rU 'x , 

'••A . ,r 

1 1 I* 

d sot’ll .V 

« - soch .V' (uTih X. 

^3. ~£- 

d cscli X 


' N * 1 a 

d i;d 

3'>- 1, 


" CHoh .i;'(:olli.v. 

^/sinlr‘.i 

as. 


, d i;i/ ’ .» 

•\/'v“ -|. v 

■"• ' ,/r 

a6, iS^£!j 

■ „ ' r 


dx 

\/a:-» > . 1 



7.32 


T • . . . V,.) 

- .« 

_lv/ ^ Vv ^ " ,Av 

dx ™ ’ * — 

3' * ""“si'W'. 


v,/'. '('•■ I ■ ih, , ,/, V 

Vv. rf,v ,/v ,/ J 


‘I. 


dr'‘ 

dx 


dii 

i/.i 


5. f/w 

'/'■ du dx 


7.33 Dcrivnlivc of a DcfiaUc TnioKriil. 

“■ * / /(*)*«/(»). , I r.,., 

fii, J Mdi 


J{x)dx m 


O^/v. 


7.36 Higher Derivatives. 



Sl'KClAf, Al‘i»l.r(’ATl()NS OF ANALYSIS 


7.3C1 beibnil/.’H 'riieorem. 

If u and VI are functions of ;v, 

</'‘a a //« </" 'a 

H(n • 

1 ) (Pit (/“ 'V 

' (/x" " 1 i f/.t ^/.v” • 

2\' 

(/.v® <ix" '^ 


t}0i: 





v ! (/av' <ix"'" 

7.362 Symbolically, 


iriiw) 

<lx" 

(a 

where 


U« - 

»/, Ji'* ‘ t'. 


r/ 

J <IY 

7.363 

«/aV‘ 


7.361 If '•* ** l)olynomial in 

(/ 

tlx* 


7.3B6 Iviih'r’rt 'rhi'on'tn. If u is a lu)inoK<in«ous function of the alh degree of r 
variuliles, .vi, . . . .Vn 

a’, 

where m may be any integer, including o. 


7.30 Derivatives of Fuiu liouH of Functions. 

7.801 If /(.v) - /'(y), and y - </>(.v), 

ny) I- ’’f + § r'(y) + .... + ^ p-'W, 

wliere 

>■ “tt* 

7.362 



. A' , d ^ 

fix'* ^ 

‘ ^ 1 y 


./i\ I , 


1 1 iwi f 

vv-y .v®" 


'’’‘.Vi®”* 1 1 \xj 

- 0 (» /.'(n-a) .L 

2 1 \.v/ 


//« « r S. ( /(lY / v« /a 

“■ 
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'■ “ ( 2 .i:)"/''l"l(a:=) -I- 


fiO':: r) {n ■ .1) (// ■ .0 


■* /-'(« •■!) (y.!) 


n{n ~ i) (// ~ 3) (,/ :^) („ („ . . ^ , 

-I J j I 


d" 


2. C 
f/.V’* 




1 -I. ■ -'K// a) 


d'* 


3 . ;/™ (i -I* 


n(4«.V'-) 2 !(.!(/, V")" 

: ■ 3)(// ■ - <;) 




(in - p 


1 I 


i) (t I (/.v«) 


‘•(M // I l) 


. . .<) /, I „,v-v I 

1)(// « I 2) \ y I . . . .j 


V ) k 1 ^ iilll cos * .v). 


/// 
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I, .'?! /.Yva _ /''“’('''•n "(« - 0 " (\/a) 

*" “ >1 “(as/.,-)"" 


I 0 / I I )//(// ■ ()(« 3) /•'<" -'HvA') 

-’I 

2. ;5^(i4-rt\/;v)2« 'i..I:a:SA..;.v /. iV \ 

s/a\ .V/ 

7.386 


d" 




/i 


where 

2 . 


.31 






dx» 1 n- 


Hill (3 Ian ‘c ') 


1/(1 j . ,>.!■')■< 




~ (4 lair 

VTi -i- e'^*V^ ’ ' ' ■ 
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V 
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< ’l ' 

() 
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-1 
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( ’J ' 


(a ' 
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-4 
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“ ^'n~2p{p - i)(log 


-I- Cn-3p(p - l){p ~ 2 ) (log ~ , . . |, 


wlierc ^ is a positive integer. If n<p there are u terms in the series. If 

n>p, 

£;{l<>g ®) ” = — ' ( C,-l/Klog x) - Cn-,l,il> - l) (log ;v) ’ 


+ (- i)-i' - l)(/,.- 2) . , , . 2.r j 


7,360 I log (. + .) } '■ = <!vv- - S' -I- c: ~ . . 

I I f + i (p + i)(p + ii) 

- I < iV < H' I. 


7.37 Derivatives of Powers of Functions, If y ^ </)(;v). 

^ 3,,, „ . /» - M _ M dy («) _i__ d"f _ 

dx" ^ n )\ \i)p-i^ dx" Ki) p-i^ dx" ' ’ ' 

/'A I d-f 


(lx» \l}l^ydx'' \,2/ 2</ \3/3-y tix» 


{V*{a 'I' 

j, - 2 ) (/R - [;/. r]) -I- /w)"'-". 


(P*{a H- 


(~ i)" 


, ^ , t-.vK (2 »- 1 ). „ 

^ ^ ^ (ft .|. 6.v)» 


?• " cos + a). 



SPECJAL APPLICATION OP ANALYSIS 


i6x 


9 


(PiW 


t • 2 • , + -f-- 

^ 2 3 




sin-'a: = il3 : S («< - x ) 

2"(l - ,i:)“ Vl -!?■ ’ ' 

+ (")(—) -(^^737 


T I - ;V 


2«-I Vr/ I -I- ;V 

J’.V5 


(3) (h^) 

• kt;; ( ~ t)"”‘ .in / < i 

dx<' ^ ’ '> '•/ (i -|.. v!^K 


7.39 f)LMivji(ivos of linpiicii. Functions. 

7.391 .If ;v is a function of ;v, md f(x, v) - o 
0 

'(ix 

II' 

(ly 


I 

(lx 


2. 




(^OfHV _ , <v <1/ ,TV /a/» ,r.f 

i'-’j'Z-.!’-':! ."J-'- '7v (ftrj ;, Ji 

IT 


7.392 If , k ft tftftctiftn ..f ft,„| ,,, 

91 df 

9a __ . dz . ()\t 


I. 


2. 


ilx 


<Va 


!ir <'^ y 
<h 


0 / 

Oz 


(Ta 


(Vz 
^ OxOy 


W 

2 9( if. aLL , AW <V 

S iA/ (i z fiv 0 \><h \0\i) j>2 

~'W 
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VIII. DIFFERENTIAL EQUATIONS. 


8.000 Ordiimry (liffercntiul cquiUions of the first order. General form: 

| = /Gv,,), 

8.001 Varialiles arc seiiaralile. /(;v, y) is of, or ean lx; reiluced to, llu; form: 

wV 






where X is a function of x alone and V is a function of y alone. 
The solution is: 


JXiAvd- Jvdy^-C, 


8.002 Linear equations of the form: 
Solution: 


(lx ' 


y (. fWv I I .|. ( ; 


8.003 Equations of the form: 

(lx 

Solution: 


.v);v yHKy). 




8.010 Homogeneous cijiiations of the form: 

fly P{x, v) 
tlx ■” ■- yj’ 

wiiyrc P(x, y) and ()(d:, y) are homogeneous functions of ;v and y of the same 
degree. The change of variable : 

. . y sw. 

gives the solution: 


tlv 



DIl-'li'.EKENTIAL ' EQUATIONS 
8,011 Equations of tlic form: 

N 

(i^y _ a'x + Vy -|- c' 

(ix (IX by *|- c 

If al/ — a'b 4^ o, the suljstitutiou 


where 


;v-;v'4/;, y^y^q, 

a}) -I- hq -I- c = o, 

(I’l) -I- b'q H' c' = o, 
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renders the equation homogeneous, and it may he solved by 8.010, 

If ah' - ii'b o and // z\z o, the cliange of variables to either x and 
and a by means of 

s -■ rt.v -I- by, 


s or y 


will make the variables separable (8.001). 


8.020 Exact dilTcrential equations. The equation, 


is exact u, 


The solution is: 


r(x, y)(lx H- (>(;v, y)(ly ^ o, 


0() (TP 
(Kv Oy 


J P{:x, y)(lx V Y I {){x, y) ~ f p(x, y),lx | dy - C, 

or ^ 

J {K^■, My I- f I />(.r, rf - My ) * - c'. 


8.030 

if 


Integrating ^factors. v(x, y) is an integrating factor of 
P{x, y) dx • (J(.T, y) dy o, 


<1 

Ox 


(?.'()) 



8.031 If one only, of the functions Px + Qy and Px ~ Qy is equal to o, the 
reciprocal of the other is an integrating factor of the (lIlTcrciUial equation, 

8.032 Homogeneous equations. If neither Px -|- ()y nor Px - ()y is equal to r 

Px d- Qy integrating factor of the equation if it is homogeneous. 
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8.033 An equation of the form, 

Fix, )'))' (ly -I- OOv, yl'v dy o,' 
has an integrating factor: 


xP - y{) 


8.034 If 


dP _ OQ 
llv Ox 


Q 




is a function of x only, an integrating factor is 

8.036 If 

^ _ dP 

Ox Ov j./ V 

■ — jr~- I' iy) 

is a function of y only, an integrating factor is 

8.036 If 

(IP ^ OQ 
Oy Ox j'/ \ 

()y - Px ^ ’ ^ 

is a function of the product .^y only, an integrating factor is 

(./F(xy)<Hxy)^ 

8.037 If 


<v ,, 


is a function of the quotient only, an integrating factor is 




8,040 Ordinary differential equations of the first order and of degree higher 
than the first. 

Write: 

dy . 

General form of equation: 


f{x, y, 0 . 



DIFFKRISNTIAL EQUATIONS 16$ 

8.041 The equation can be solved as an algebraic equation in p. It can be 
written 

{p-Ri)(p-R2) {p-Rn)^o, 

The dilTercntial equations: 

p - Ri{x, y), 
p - R«Xx, y), 


may be solved by the previous methods. Write the solutions: 

/i(;v, y, c) - o; Mxy y, c) - o; 

where c is the same arl)itrary constant in each, '.rhc solution of the given 
dilTercntial equation is: 

y, e)/a(.v, y, tO /«(.v, y, c) - o. 


8.042 The equation can lie solved for y.' 

I. y---^f{xyp). 


Differentiate with respect to x: 

2. P 



It may be i>ossiblc to integrate (2) regarded as an equation in the two varial)Ics 
at, p, giving a solution 

3. 0O'’> /b = o- 

If p is eliminated between (i) and (3) the result will be the solution of the given 
equation. v 


8.043 The c(juation can be solved for x: 

I. x^f{y,p). 

Differentiate with respect to y.‘ 


2 . 




dp\ 

dy) 


If a solution of (2) can be found: 


3- 


0 (y> P> <’) O' 


Kliminate p iietwccn (i) and (3) and the result will be the solution of the giv 
equation'. 


8.044 The equation doe.s not contain x: 

/(y, p) ^o. 

It may be solved for /», giving, 



which can be integrated. 
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8,045 The equation does not contain ;v; 

Jih P) ■ • o- 

It may be solved for />, givinff, 



which can be inlcf-'rated. 

It may be solved for .r, fJ!'vin|j![, 

;v ' /-’(/»), 

wliich may !)e solved by 8.043, 


8,060 Kqnalions homof'cinujus in .r and y. 
General form: 



(a) Solve for jt and proeecil as in 8.001 
(1)) Solve for 


Din’erenliaie with resjuict to .v: , 

tlx 

/(/<)’ 

which may be inlei^rated. 


8.060 Clairaut’.s dilTerential eijiuititm: 


1. ' l /(/d, 

the solution is; 

‘ y »■'> cv 

The singular solulhin is obtained l>y eliininuliiig Jt between (i) and 

2. .V I /(A) o. 


8,001 The equation 

I* y - xf{p) I i(>(p). 

The .solution is that of the linear equal am of the lir.sl tuder: 


2 , 


(lx f(p) 


which may be solved by 8.002, KliminnUng p between (i) atnl the solution of 
( 2 ) gives the solution of The given enualion. 


DIFFERENTIAL EQUATIONS 
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8.062 The equation: 

x4(p) -I- y\l/(p) ‘=x{p), 

may be reduced to 8.061 by dividing by 4'(P)‘ 


DIFFEKENTIAL EQUATIONS OF AN ORDER IIIOlIF.R TirAN THE FIRST 

8.100 Linear efiuatlons with constant coonicicnts. General form; 


d'y , , d"~ 

dx’‘ dx*^~^ (ix"~^ 


a„y = KCa:). 


The complete solution consists of the sum t)f 

(a) The complementary function, obtained by solving the equation with 
K(;v) “ o, and containing n arbitrary constants, and 

(b) The particular integral, with no arbitrary constants. 


8.101 The conn)lementary function. Assume y The e(iuation for 

<leter mining X is: 

X" H- fpX"-* -l- rtaX''‘ ’“ d- -1- Ou o. 


8.102 If the roots of 8,101 are all real and distinct the comjilementary function 
is: 

y ^ d' d- . . . . d' 

8.103 For a pair of complex roots: 

jU rt; iVt 

the corresponding terms in the complementary function are: 

(d‘ *'(.'! cos Px d- B cos F.v) GcF* cos (F.r - 0) -■= sin (f.v d- 0), 
where 

lan(?-^p 

8.104 If there are r e(nuil real roots the terms in the complementary function 
corresponding to them are: 

d' AiX d- da.Y® d- .... d' ylr.Y’'""')* 

where X is the repeated root, and Ai, /la, . ... /L arc the r arbitrary consuuus. 

.8.106 If there arc m equal pairs of complex roots the terms in the complementary 
function corresponding to them arc: 

(/I I d* /laY 'h / 1 3 . 1 :® d- . . . . d- /I cos vx 

d" Oh d- Jhx d- d- . . . . d' sin Rv} 

» cos (F.¥ - f?i) d* CoX- cos {vx - f? 2 ) d- 'h COS {vx ~ 0,„)} 

sui {vx d* d" C 2 X sin {vx d* O 2 ) d- -h CmY'””* sin (7^;v d* 
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where A rfc ijj, is the repealed j'oot and 

a - VMTM 

tan Oh » 


The particular integral. 

8.110 TIic oi)eralor D stands for -j”, D’ for 

The (liflerontial equation 8.100 may lai writlen: 

(;>• d- ffi d- “ T d- (t„)y -f(n)y - V{x) 


m .. (» - x,)(o - (/) - x„), 

where Xi, Xa, , X„ arc determined ns in 8.101. The particular Integral is: 

I* J j t' ^r.u) l '(.v)//.v. 

8.111 may be resolved into j)artiul fractions: 

f{})) I) Xi ' I) - • Xj • • • • j) 

The particular integral is: 

y « J c~^'^V{x)(tx d* ^ e d- 




.vj- 




THE I’AUTTCUr.Alt INTJJGKAI. IN iilMa.’IAI. CASKH 

8.120 F(;v) « const. «• c, 

c 

y Rg *M/.M • 

(In 

8.121 F(;v) is a rational integral function of x of the with degree. Xixpand 

in ascending powers of D, ending witli Apply ilic operators D, D\ 

...... D”' to each term of FOv) separately and the particular integral will be 

the sum of the results of these operations, 







8.122 


DIFFERENTIAL EQUATIONS 

F(aO = 
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unless k is a I’uot of f(D) ~ o. If k is a mulLiple root of order r of J{D) = o 


where 


y ~ 

/(O) = (I) - kYiO)). 

8.123 F(.t) “ c cos (/I'.v -|- a). 

If ik is not a root of J{1)) = o the particular integral is the real part of 

• # \ V 


If ik is a nuilliple root of order r of /{!)) - o the particAilar integral is the real 
part of 

j: ) Of) 


whore J^''\ik) is obtained by taking the rtli derivative of /{D) with respect to D, 
and sul)stituling ik for i). 

8.124 F(;r) « c sin {kx -I- a). 

If ik is not a root of J(l)) o tlie jrarlicular integral is the real ]>art of 


If ik is a multiple root of order r of /{!)) ~ o the particular integral is the real 
part of 

„ xi Of) 

'""Tm 

8.126 F(;r) “ cc^^‘X, 

where X is any function of .v. 

If X is a rational integral function of .v this may be evaluated l)y the method 
of 8.121, 

8.126 F(.v) “ c cos {kx H- a) -A', 

where X is any function of a*. The particular integral is the real part of 







f{D + ik) 

8.127 F(.v) =» c sin (kx H- a)•A^ 

The particular integral is tlic real part of 


.lf.giikx\U) 


f{D H- ik) 


Y 
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8.128 (/>■•'■ !• <0. 

If (jS + ik) is not a root of /(/>) o tin; iKirlioiilar iiUi-jrnil is du; roal pari of 

,yi(A,r H() ' f/t '' 

/W I «■) • 

If is a multiple root of order r t'f /{P) ■ ■ o the parlienlar iiileip-al is 

the real i)art of 

.1' I *1' 

/'"(/i I «•) ' 

wlicic ((3 -I- ilt) is fiirnioil iis in 8.123. 


8.129 K -rt^i-'-siii {tv \ <v). 

If (/3 -I- ik) is not a root of/(/^) = o the parlinilar inte)pal Is lli<< real pari of 

, . 7^;, A.t t («'),. /t.i 

/(/^l //.•) 

If (j(3 d- '//r) is a multiple root of onler r of /(/)) - o ilu’ partieiilar iiite/pal is tlu^ 
real part of 



\ ifP ■ 


8.130 l'(.v) - .v'-.V, 

where X is any funetion of ;r. 


y ~ v^• 


J{P) 


X -\- w/.v'"’ •’ 


>ipm I 


I 1 V . I ) 


-V I 


■ Iv 

ll/’’ /(/II I •' 


The series must he exlemkal to llu; (>» 1 i)lli term. 


8,200 Homogeneous linear e(|im.tions. (Jeneral form: 


„(/"v , „ , 'v 

dx" dx" ' 


• ! f»« i J t/„y - l'(.r). 


Denote the opcnitor; 


d . 
\/x ■ "• 


/r" 

^ 3 ) 0 


The clifTcrential ec|iiation may he written: 

t{0)-y - !T:v). 

The complete solution is the sum of the eomplemenlnry funetion, nhtaineil Iiy 
solving the ec|uation with F(.v) » 0 , niu) the partltuiar integral. 
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8.201 The complcniciUary funclion. 

y - -I- + - 1 - CnX\ 

where Xi, X-., X„ are the n roots of 

/'’(X) ~ o 

if the roots arc all distinet. 

If Xa' is a multiple root of order r, the corresponding terms in the comple- 
mentary function are: 

-p Ih log ;v -I- h (log a-)*’ -I- . . . . d- (log a')' ' '}- 

If X — fj. :h iv is a pair of com[)lex roots, of order r, the corresponding terms 
in the complementary function are: 


•(■ /la h>g .V I- A-a (log a:)*' d- . . . . d- Ar (log a-)'-"’] cos {v log a:) 
d - \Ji[ 1- Ih log ;v d- fh (log .t)“ d" .... -I- ./:l,-(Iog a’)*" '] sin (r log a:)|. 


8.202 The particular integral. 

If 

m- ((/-x.)(^i™x.) (o^K), 

y x^' j a:^' j ■^*' '//a: j 


8.203 The o])erator may be resolved into partial fractions: 

I , A'a , , Af,, 

¥(&) X, 

y - A^,.v^' I r -^‘“ 'F(a')f/.v-bA^2.v^’ JV-J^’“‘F(a:)^/.v 

d- d-A^«.'V^''/V^'‘“‘F(:vy.v. 


';rhe particular integrtd in si)eci{U cases. 

8.210 • V(x) - 

y " 7^ 

unle.ss k is a root of F{0) o. 

n k is a niultiidc root; of order r of F(0) o. 

^ '-(log :!')'• 

where F^^k) is olitaincd by taking the / th derivative of F{0) with respect to 0 
and after differentiation substituting k for 0, 
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8.211 V{a') ■■ ■■ rxKX, 

where is any funclion of x. , i' 


8.220 Tlic (lilTcrenUal e(|iiaUon: 


(a -h hx)» -h C<J + /av)"- 


'</i 


(lx‘' ■' 


. . 0/ I - hx),i„ , [. </„;v , 


jimy 1)0 reduced lo the homogeneous linear e(|utilioii (8.200) by ihe chan^'e of 
varial)le ’ 

z ■ ■■ a • [ ■ l)X. 


It may be reduced to a linear e<|unlion wilh conslanl i'oenicieiils by tlm 
change of varialjle: 

c " ' ' a l ox. 


8.230 The general linear equation, (ieneral form: 

wlieic Pfl, Y m.(, functions of .v only, 

Ihc complete solution is the sum of; 

(a) the complementary funclh)n, whicli is the general solution of (lu* e<(ualion 
with V - o, and conltiining n arbitrary constiints, and 

(b) The particular integral. 

^ f HoiH- 

tions of 8.230 wdh V ^ o, the complementary funclioit is 

3' f’lVi (ay-j -I- |. (-..y,,. 

llie conditions lltat yi, Va, . . . . , y„ be n independent sidutions is that the 
determinant A ::|= o. 



d''“'''ya 

//" ’y, 

f/.j-H-i 


f/.V*' ' 

(tii 


(h 


* ’ * 


&■ 


dy» 

(lx 

(h ’ • ■ • 

(lx 

yi 

J’a .... 

• • • . 




When A oj 
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8.232 I'ho parlicular integral. If A* is the minor of in A, Uie par- 

ticular integral is: 

/•KA, , /’KAo , /’KA,, . 

j, j,, j j . , . . j __ 

8.233 If y\ is one integral of tlu; c<(uation 8.230 with y ~ o, the .subslilutiou 


y == u yi, V 


(In 


will result in a linear ef|U!iti()u of order n — i. 

8.234: If yi, arc n - t iiulependent iiitegrals of 8.230 with 

K » o the complete solulum is: 

- ; C / « (lx 




where A is the determinant: 
A 


(!■'•■ -yi 

d»-?yi 


dx" - 

■ • • 



</"■ 'Vj 

(l’‘~'^yn~ 

(/.V" =» 


dx""'' 

dvi 

(lyi 

dyu^i 

dx 

dx 

‘ ‘ ’ dx 

yi 

■yi .... 

. . . J’ti— i 


and A)b is the minor of - 'I- in A. 


KYMIIOUC MK’mt)l).S 


8.240 Denote the operators; 


(lx 


1 ) 


d f. 

;V -r- 0, 

(lx 


8.241 If X is a function of ;v: 


I. 

W-m)- 

•lA'-c'"* f 

2. 

(0 - «»)• 


. 3 . 

(0 - m)- 

j 

4. 

(0 - m)' 

“• 0 >» 
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8.242 n F{D) is u polynomial in D, 

1. - <-"' '7'’(w). 

2. /'’(/->)<:"' •' a: ■ ■■■/'’( /; • I m) X , 

3- A’ F{n - w)»--A‘. 


8.243 If F{0) is a polynomial iti 0, 

1. /'■(fl).v"' - x'''F{m). 

2. I<{0)x^‘*X ■■■■■ x"'h\0 I m)X. 

3* ;v"'/''(l?)A’ ^ . /•'(/; m)x'''X, 

... 7"' 


8.244 




(/; w I ,). 


INTIKIKATION IN SKKII'.S 

8.260 If a linoar diircmilial o<|ualit)n can he expressed in the syniludic fiinn: 

b'”n0) \ m\y 

where b'{0) undfiO) are polynomials in //, Hie suletliiniion, 


leads lo the cfiiialions, 







ttJ'if)) \ in f(i) I ni) 
tiiFift I m) I I vn) 
<hF(p I 2m) !■ I ^pw) 


o, 

o, 


0 . 


8.261 The erjualion 

is the “indicial cqual ion.” 
Ollier coediaenls are then 


/(/>) > ■ o, 

If il is satisfied t/o may he clm.sen arhilrariiy, and fhe 
jlelermineil. 


8.262 An cqualion: 


y *-< 0 , 


\m + m 

may he rcduccrl lo the form 8.260, where, 

f{0) m) i) {0 . a) (0 ... m | i). 

It thc.lcRrecot Ihcimlynomial/isKraitoMlmn (Iml (.f /■• ilw sfrirs alwiiv.H era 
vergea; it the degree ot/ is lesa than timt ot /•' the scries always diverges.' 
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ORDINARY DIFFERENTIAL EQUATIONS OF SPECIAL TYPES 

8.300 

f7;V" 

where A' is a function of x only. 

(•^' -0"“^ Tdl 4- -I- (;2.v»-2 . , . + a; h- Cn, 

where T is Llie same function of t that X is of x. 


8.301 


where Y is a funclicjn of y only. 


dh 

di^ 


-y, 


If 


the solution is: 


8.302 


Put 


\(/(y) ^ 2 I' Ydy 


> 


r dx 

J {?(iv)T'^F 



dx>'~^ - ^ ’ yg 


HVh 


P-</>Cv-h cO, 

and this equation may be solved l)y 8.300. 

Or the equation can l)e solved: 

r dv rjy_ ' rYdv 

^‘V '''('V ^'‘O’) J W)’ 

where the inLcRration is to be carried out from ri{?ht to left ami an arbitrary 
constant added after each intCKration. lidiminatinK Y between this result and 

F o (l)(x -|. Cl) 


Kivcs the solution. 
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Put 

vvliicli may be solved by 8.301. If the solulion <’tin lx; (^xpreHsed: 

I' ■ ’ </>Cv). 

' n ~ 2 integrations will solve the given dilVen'iilial wnialMni. 

Or putting 

f O') ' ■ a j I' fly, 

r (lY r dv r v,iY 

’WTi'(vy\[j J i.. 

where the integration Is to be carried onl from right to hdl and an arbitrary 
constant added after each integration. The snluthm tif I In* given dilferential 
equation is obtained by elimination between this result and 

1' (/>0’). 

8.304 Differential equations <tf tin* second order in which the imlependent 
variable doe.s not appear, (leneral type: 

dv d'v\ 

Put 

. dy , f//j iPv 

"./.V 

A differential ctiualion of the lirst order results: 

n the floliition of this equation is: 
the solulion of the given equation i.s, 

8.305 Differential equations of llic .sccoiul orilcr in wliit li ilic ,le|K,.n,lc„t varinlilc 
does not appear. General type: 


dv 
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A differential equation of the first order results: 



If the solution of this equation is: 

the solution of tlic given equation is: 

-I- ff{x)(!x, 

8.306 Equations of an order higher than the second in which citlicr the inde- 
pendent or the dependent variable does not ajipear. Tlic sul)stitution: 



as in 8.804 and 8.306 will result in an equation of an order less liy unity tlian the 
given cciualion. 


8.307 Homogeneous differential equations. If y is assumed to be of dimensions 
1 /., .V of dimensions i, of dimensions (//. - i), of dimensions («. - 2 ), 


then if every term has the same dimensions the equation is homogeneous. 

If the independent variable is changed to 0 and the dependent variable changed 
to z ))y the relations, 

X ~ (P, y ~ 


the resulting equation will ))e one in wliich the independent variable docs not 
appear and its order can be lowered Ijy unity by 8.306. 


If 3'> 


dy d~y 
dP d:^' ‘ 


. arc. assumed all to be of the same dimensions, and the 


cquatioit is homogeneous, the substitution: 

will result in an equation in u and x of an order less by unity than the given 
equation. 


8.310 Exact dilTercntial equations. A linear differential equation: 

where P, Po) Pn Pn arc functions of x is exact if: 


dx + 


+ „ 0. 

^ ' dx" 



lyS 


MATIIKMATMAI. ItHnil'l i: A Nil i: I 1.11' ill lUM IJUNS 


Tlie first iiilcgnil is: 


wiiore, 


0 

' 1 

()„ i i 

/V. 

(V 1 ” 

1 

(V a- 



i/" *v 
«/.v 


’ l/.V ’ 


il'r.. 









iir, ii'i\ 

I/V ‘ */v' 


. . . M O’ 


./'• */• 
i/V' ■ 


If the first inlff'inl is tin I ililliiriili.il »‘|ii;ili.«u ifi. ni;jv },(. 

limiwl JiH loiij' iisllui nicllirii'iil'iof r.uli in .i .ivr iiih fUiil v ui .ty ll»r r««iiili(io)i 
of inlogriiliilily. 


8.311 Non-liiifur iHilfcirnlial ri(iiiiliipii>., 
the /;lh order; 


\hy ,h Vv 

p/,V’ ■ 


A Mt*u (ill* n plilirii iilul r,|niUini| of 

■ 


to lie exact must cimiaiu 


»/‘'v 


in ilic fir 4 I'ulvN 


fill 


♦/" ‘v t/ 'v 

IiUc/triUc the ci|imlioii on iln* a .iiiojiMpoi iIkiI /• i ^ ih* mmIv vari.ilili- ami 
® its dllTeretilial im'lVuieiU, l.ei dm m .»,li U- I V In T i.^v .(Vt k 

(I.V I I 

the highest dilTereiUiiil coctlii leiU tiiid ii m* im-s hi do* f<i lte|ient 

this process as often as limy I m mn-vais 4 Mi>I do* iir<ii ioN yii »l fin* rsari dif- 
ferential equation will In* 

r» MV i- , , . _ . . .... 

If this pioccsa breaks down owing Im do* iit‘|i<Miaoir of do* htglir-4 ilifferenlial 
cocfTitlent in a higher degree flian the timii dm given ilidriffiiiiiil rqtuition was 
not exact. 



= -vA"). 
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8.312 General condition for an exact difierential equation. Write; 

dx ^ dx^ ^ dx'^ 

In order that the dift'erential equation: 

V{x, y, y', y”, , = o, 

be exact it is necessary and suflicient that 


_ JL /'•^Z _ 

dj d;v \hy} d.v- Idy'V 


+ a?‘fewj = °' 


i7( 


8.400 Linear dilTcrential equations of the second order. 

General form: 

-I- ' 7/J -I- to “ 

where F, (1, R arc, in general, functions of a\ 

8.401 If a solution of tire equation with R ~ o: 

y r.i 

can l)c found, tlic complete solution of the given dilTcrential equation is: 

y « c-iW d- Ciw j -|- w dx\ 

8.402 The general linear differential equation of the secoiul order may b 
reduced to the form: 

~~ -I- Iv = 

where: y 

/=.()-! ^/Z _ I i>3. 

2 (/.V 4 

8.403 The differential equation: 

d-y , „ dy , .. 

by the change of independent variable to 

c = y’c dx, 

becomes; d-v , 

-I- o. 

By the change of independent varialilc. 

dz « dx, 


Qc 


a Pdx, 


it becomes: 


I j £ dy \ 

z\uTzj 


ulzY 


»j- y sa O. 
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8.404 RosoluUou of the openilor. 'I'lu! dilTcreiUiul 

(Pv , (h , 

may sometimes be solved by resolviiij' the {)|)(!nitor, 


into the product, 


<P , il , 

-I- -I’-', 

The solution of the difl'erenlial e((ua(ion reduces (o the soliilhm of 

JJ'"’ 

TJie equations for determining' p, r, //, ,v are: 

pr n, 

(//■•I- - V, 

(Is 

8.410 Variation of imrameters, 'riie complete solution of the dilTerential 
equation: 

IS 

where /,(.r) and yi(;v) are two particular solutions of the .iilTerenlial etjuiilion 
with 7\’«o, and are therefore connected by the relation 

C is an absolute constant dcpendiiiK the forms ot /, and /a and may be 
taken as unity. 


8.500 Tlic dilTerciitial equation: 

(«a + kx) .p (a, q- bix) q. («« q. bt,x)y ^ o. 

D ^ (a A - <hh){aik - a A) ~ (tfoia - aA)\ 


8.501 Let 
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Special eases. 

8.602 h = b\ ~ Ih « o. 
The solution is: 

o * 

where; 

8.603 D - o, h = o, 
where: 


yh = + C2C^’*, 

^ ^ - (l\ dz Vtfi'^ - 4ffi| ff2 ^ 

2lh 

y - I t'l + Ci j I , 


, «i b^ . 

« - — m ~ — A = 


lit 


2</u 


b, 

'In' 


8.604 J) - o, b‘i o: 

y = I C\ -\- Cl I “^)*(rt2 ~\~ bi^^*''<lx | , 


where 


. In (hh\ - (iiln 

* " ^ li? ’ 


and A is the common root of: 

flaX'^ -h rtiX -I- On - o, 

biX'^ -1- />iX ■•[■• ^>0 “ o. 

8,606 J) =1- Of b‘i «« In « o. If r) = /(0 is tlic complete solution of: 


+ i-l) ” O, 


where 




Ot «•• 


/l<7u“ 


(3.-. 


*« X 
«a 


S' I, 

2<h 


8.610 I'hc dilTerciUial equation 8.600 under the condition D -J:: o can alway.s 
be reduced to the form: 

^ -I- (p 'h q -h k) “'I -I- p(l> - o. 

8.611 Denote tlic complete solution of 8.610: 

8.012 &2 aa 6l E" o: 

y ^ P'[2(fX *h wOn, 

where: 


A 

2(H 


M 


a-i^ ~ 4g(ifla 
4«2‘‘ 


/WV 
WaoV ’ 


\9fl2 

I * 
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8.613 h = O, bi =1= oj 


where J 




V bn (hbi - 2a»bn Jh 

A = " 7- «! ™ 7 , Pi -> 

bi ihbi ^ az 

.1 _ - ( ^\b A '\- ( hbt^ 


8.514 /i2^o, Ao = 


IJ^ - ~ y ;. 

' 2 ' 

hi\ 


where; 


y ^ /«’( 2 Vp V W'} I 


X= 


bx /lYfl/jU-* -■ 2 </i//|A. •[■ 

-r, IX 


p ~ 


P-<I 


AiiJh ^ ~ 2 (hbxbz -I- (izbi^ 

'W ' ’’ 

- !!:}h " ^ 

/■»2“ 2 


8.616 /;a=l=o,/^o=l=-r: 

4*a 




where az ~ azt ^z « hz, ^ 2 bz\ -I- iind X is one of Ihe rools of 

bz'K^ -h f^iX 4- /^i o. 

(ixb-i ■'■• (hbi 

" “ -~w~- 


, ffaX* 4- </|X rtrt 

/'“-ISX.f.T-- 




8.520 


1. 

2, 

3« 

4. 

5. 

6. 


The solution of 8.610 will be (lenotcd: 

<}> - Hp, < 1 , 

^''(/h ?. /'XV. Py ““ $)• 

^X/h !/, - /X(/, y>, 0 

^X<7, p, /X/h <J, “• ^). 

^X/'i <7» '=> F(i - I - p, it). 

^X " Px " " /Xi 'h <7. t *1' P, ^). 
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8.621 Tlic function F{p, q, can always l.)e found if it is known for positive 
proper fractional values of p and q. 

8.622 p and q positive improper fractions: 

p ^ m -l- r, q = 11 -h s 

where m and n are positive integers and r and s iwsitivc proper fractions. 
F{m -I- r, n -I- -v, 40 == ( -i)" J^n, ^''0') ^‘) } ] ‘ 

8.623 p and q both negative: 

p = - («/. ~ I -I- r) 17 = - (//• - I -I- .v), 

If (_ ,,, + I - _ ,, + t - J, © „ ( - i)». ©.H ..I ' I-I it [c-« it I <,£ if(s, r, © I 

8.624 p positive, q negative: 

p ^ VI -b r, q^ ~ 11 H- s, 

F{m -I- r, ~ n -I- .v, 4 ) - | i /.'(i ^ . 

8.626 p negative, q positive: 

p « - m - 1 - r, q == n -I- s, 

F( ~ m- -I- r, n -b .v, 4 ) - ( - i)'" ''" Jp |^ 4 "' ' ^''(i - -S ~ 4 ) } 


8.630 If either p or q is zero the relation D o is satisfied and the complete 
solution of the differential e(|ualion is given in 8.502, 3. 


8.631 If p w, a positive integer: 

flm-A 

8.632 If p w, a positive integer and both q and 4 *tre positive: 

((> ^ /''0w> </) 4) I (i ”• ' c 'l:" illt -IC’icr^ f (i -b «•)"' ' 


flm l 

<() - F{viy I/, 4) - Cl 





8.633 If <7 « n, a positive Integer: 

(f) F(py n, 4) ‘'c^ J 4"' ' ^^4^ -b f^sc’ ^ 


8.634 If q «=> «, a positive integer aiul both p and 4 arc positive: 

0 F(py «, 4) - Cl / 'b cac"^ Ki -i- dii, 

l/o 
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8.640 TJic general solution of equation 8.610 may he written: 


M - •«»’“*(! - //.) 

J (1 ‘h «) « '/ ■ ' (In 

u ^ liPJIM / T ~ ^ i -I. Pit±A S .. Q',:!i~) £ . 1 

TCv) \ .VI I A’(^-i-i) 2 1 .v(.v •)• i)(.v -I- 3) 3! '* ■ * */ 


M 

N 


P>o 
(/> o 

q > o 
^ > o 


5 - p -h <h 


N 


m£i 


1 -h 


(P - i)v , (P " i)(/^ “■ 2)1/0/ “I ■ i) 


III' 


'll- 


1 (/> - i)(p - 2 ) ■ . ^ . .J/; - « [)0/)0/ •!• i) 0/ .|- ... 2 ) 

■* 

.L p(^ " i)(/> " 2 ) . , . . ip -- n)q(q ’'I' i)0/ 1; 2 ) . 0/ I- w - 1 ) 

where o < p < i and the real ])art of ^ is positive. 




THE eOMl>T.KTE SOLUTION OE l-a/UATION 8.010 IN SI'ECHAL CASES 
8.000 p>o, q>o, real part of ^>o: 

^^ip} <?» 1) “ 1^1 f (i - -f ryf!' C f (i q. hr 

Jo Jit 

8.661 p>Oj (j>o, l-<o; 

/’> "/’w 

i/i 1 ) ” Cl / C 3 / q.. u)'l (I u, 

8.062 /><o, q<o, ^>o: 

^'’(pjffjl) “ |ci j' q» u)' V|;r 

.663 pKo, q<(j), ^<o: 

I q> 1 ) ■=■ I Cl (i - q^ ca (i q - ' j 

«/l /If ^ A 


A>0, (/<0 

- til q- r, where m is a positive integer anti r a priiper fraction. 

Jta t \ 


, T V' 9 tv [flirjJV/l 11 i 

Hm + r, q, 5) » I - r, I _ J) I 
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^> 0 : 


$<o: 


8.606 


F(i - r, 1 - <7, ^) = c 




^ -h CiC~^ J 

''00 

(i - 1 - 

F{i - r, I ~ </, 0 - f 

‘ 1 ir^ ( I - ;/.) " '* du 



'1- C2 

1 -I- u)~'’c^*^du. 

/^<o, (7>o, 




q ■= n H- A’, where n is a positive integer and s a proper fraction. 



/'’(/», n -h J, (0 c~^ 


“ 'f, I 

- 1;) 1 ) 

l^>o\ 

F(i — s, I - pt Cl ^ 

! «~*(i - 
0 

- u)"'’‘'c~<" du 

~V Cicr^ 

J 

^CO 

1 (i -1- ii)~'‘tr^'c~^'ulu, 

'0 

(*<o: 

/'•(i ~ i', I ~ />, “ Cij 

0 

"h C 2 1 

^co 

j ir*{j -I- u)~^*(^"du. 


Jo 


8.666 ^ pure imaginary: 

p ca r, (/ •=« 5 , where r and s ar6 positive proper fractions, 
rH'5 -I- i: 


r-\-s 1 : 


-h «“* (l - du. 

S, 0 « Cl I 
,/0 

H* <^3 ~ log I - u) j du,:: 


8,6(X) Tlic differential equation: 




(ly 

dx 


ocy « o 




is satisfied by the connuent liypergeometric function. The complete solf tion is?: 
5 ! « Ciilf (a,. Ti, ^). H: (« ~ T 'h 2 ~ .a;) « II? (p;,, 7 .;^)^, 
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where 

/ N :r 

M(a, 7, x) - I -I- - - 


«(« 4 - i) iV" a-(a' ;|' I; 2) r' 
7(7 -I- i) 2\ 7(7 I 0(7 -I- 0 M 


The series is absolutely and uniformly eonverirenl for all irul ami complex values 
of a, 7, a:, except when 7 is a negative inlcKer or /er»K 

When 7 is a positive iutci'er the complete solution of the dilYenaitial 
equation is: 

I T fa log a: j M{ty, 7, .r) -h fa | y ■ i) 

1 ) a:® / I __t,_ _ J. ^ j ... M 

’7(74-1) aixa « 4 - 1 7 7 "I I * 2 / 

a(a T i)(« T 2) a:" / i , t . , i . , , i , . t . , ' . ). _ }\ 

'i' Yt7Ti)(7 4 - 2) .^1 \a ' -I i I 2 7 7 I 1 7 I 2 2 .V 


8.601 For large values of a? the following asyntpitilic expansum may be tised: 
jl/(a, 7, a:) 

1^(7) / ^ «/ <v(tv- 7 l-i) i; rr((i'|i)(D’ 7 1 r)(<v 712) i ) 

x-'”'/ 

, ^-^(7) r «-.y/ , (i"-^ 0(7 ^v) i (i -aOC^ (i ;)(7 r 0(7 D'I t) t 1 

|i-| -j' yl 

8.61 

1. 7, x) c®vl/’( 7 »- (V, 7, “ .r). 

2. a 4 "''‘' 4 /(« ~ 7 -I- 1, a ~ 7, .v) ««• f'.v* ■> il/(i tv, a > 7, > .v). 

3. ^ M{a -I- 1, 7 "b I, x) Al {a 4 i, 7i -0 * ■ Al (rr, 7, a). 

4. aM{a -I- 1, 7 -I- 1, x) (a 7)il/((r, 7 1 h a*) 4 7*1/ (»v, 7, ;v). 

5. (a -haOi¥(« -h I, 7 4 - 1, a*) (« 7)4/ (rr, 7 I t, a) I 7.I/ (<r I 1, 7 i > 0 . 

6. ayM{a-\- 1, 7, x) ^ 7((r |- a') 4 /(fr, 7, .v) - a(7 tv) Alin, 7 4 i, x), 

7i> aMia 4 * 1, 7, ;v) (a: [• a« - 7 ) 4 /(«, 7, .v) 4 (7 * tx)Min t, 7, .v). 

xM {a, 7 4- I.a:) -»» (.v 4 7 *-• 04/(tv, 7 ,.v) (i -- 7 ) 4 / («, 7 - 1 , ;v). 


'm ' w -■ 

\ 7, 4/(a 4- r, 7 + 1, x), 

2,-^1 - c^l M{a, 7, a;) th « (i - 7)4/(a - i, 7 - y, x) -4 (7 - i). 
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S1’E(^IAL DIFFEUENTIAL EQUATIONS AND TIIEIU SOLUTIONS IN TERMS OFM(a, 7, ;v) 

8.630 

(ix^ H- 2(/; gx) -I- I 4m/ -t- 2qx{p -j- ijm) | y =* o, 

y ^ 1/ i ~-(j{x ~ w)2^. 


8.631 




i -I- (^/' -I- :^) 'If -I- { -I- f {rl> + yi - | y - o, 

y (r M (a, 7, 2/.\’). 


8.632 


^ -h 2 (p 4- qx) -h I q -h “ 4«) 'I- (Z' 'h qxY ~ c“(a: ~ ( j. = o, 


2 I' {^P -I • I- 1 -I- (^pq -1- 7 / - 2 «^ -h (7 - ^) (2 - -7 - 7 ) } - o, 


8.633 
(1:2 
<y 


y~q 


8.634 
(12 


ra J jjjr Y, 2/.\’). 


rT. J. 


1‘*;" 


4- 20: 4' 2 (A - r 


■>•12 


/y f 2 'V l4 

4- - “ — - 4‘ (o^ 4- 2 by - 4 «c) 4- 2 (i {b - c).v 4* 6(6 - 2 c).v- M' ^ o, 


8.635 

g + i(.Av'-l-r-»'-l-t)g 

•!• ~ + 7 < - saO*' + J <•'(7 - <;)(2 - ? - 7) | y = 0, 


y K3 J/fa, 7» 


'“”;V ^(7~9)t^/ 
y Ej c f a 


»(«> 7. ")• 
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lions of any of tlicse differential equations. The range in x is i to lo; in 
a, +0.5 to -h4.o and ^0.5 to -3.0; in 7, 1 to 7. For negative values of ;v the 
equations of 8.61 may be used. 


8.700 


SPECIAL differential EQUATIONS 


where X(:r) is any function of x. The complete solution is: 

y = cic"* -!- Cac""* 'h A"(^) sinh n{x - 40 

8.701 

The complete solution, satisfying the conditions: 

y ^ 3'iij 

dy 


X "=• o 

X ^ o 


dx 


3'(/, 


y = c~ 


iK® i yo' 


sin «'a: 


w 


-h yo 


where 

8.702 


' c sin n\x - ^)X (40 d^, 

id \/ id 

’ 4 

s««i 


8.703 






li(y) « 0, 

cf (ly 




C^t 


8.704 


DIFVKRTCNTIAI, EQUATIONS 


;||+/W| + «W(|T = 0, 


J'cf (J/Wi/ ily « Cyfirf (lx , .[, Cjj. 


'll (fx) ill .[- -O. 


y V. c -h r/.v} ' 


. / , 1 \ <h . I 

w.la -I" -I- -I' oi>y - o, 


;y ra 6 '-'*''|(;i '|“ C y\T"V''* dx] 


d“V , <r If 


I. («. - iy>^b\ X •" vift ™ i)'"' “ 


I 

y Ar'T'jciai-hfaA^"^}' 


2. {a “ i)®<4^; X »=> “ “ 0* *~ 1^)^ 

^ . 


y K. x~"r{cj cos (X loK a:) -|- Ca sin (X log ;v)}‘ 


3 . («• — i)3 Ba 4 /; 


y r.« rtr”“r (c, -I- Ca log;v). 


ill H' a/w ll^; "I' (</• '1' o* 


1 , a<,bf X sa \/i!i ~ rt| 

y va c'"T(CiCT “I* CiC’"^”). 

2. X “ V« - 

y f" 9 {ci C 03 X;v -H ca sm XaO* 


/(») 


/ a + /w y 

y »* Cl (<t + ^w) 4* Cs f — (ft + bx) f dx 



1 90 
8.711 


MATIIKMATJCAI. FOKMUl.-i: AND Kt.I.Il'Tir rUNM linNS 




y n (fl -(■ .v);( I ' I 'I j 


'(./ .v)" ' . . 1 

{a I .v)'* “ * ■* j 


8.712 


ihv , </y , .. n 

tlx- .V tlx X 


< OH fix I « - sin fix I 


8.713 


f/'y 

)/.v' 


</.v'' ' ‘ (/.v^ ^ ' ‘ ‘ - 


f/y 

tlx 


y « sill (wi.v (• n't) !• Wi <os (Wi.v | 

■I <•'/' ^''M/)jsin (w-r { D';,) I w.. re-. fw;0' I D'j)|, 

whcic: 

<|Wi^ ■ < S h f ’ ■ .J t(' !■ .( v':.^ .\<i .) tl\ * I tl\ 

- s I .! v';;^ .j./ | j , i 

■2f)i »/■!- v's * i' I 

Vs • . <: I (f-*, 

uiui a in a root, of 

5* - <S''' -■ i\{n ' I tuf^ ’ ft-) - o. 

(KitOtil/, Ann. * 1 . IMivsik, .9), |i. i.^S, 11)13) 



IX, DIFFliRliNTIAL IiQ_UATIONS 
(continued^ 

9.00 .Lep;cii(lRs’s Kquation: 

(t - “ 2 a: -I- n{n ~V i)y “ q. 

9.001 Tf 11 is ii i)()sil,ive in(.c/j;(!r <inc solution is llic Legendre polynomial, or 
Zonal llarinonie, /’,i(.v): 

p (,,\ ,, I y ,. „ . vm-2 .. - 0(» - 2)0/' - 3) _ 1 . 

a''(i/l)” \ ' 2 (aw i) ‘ 2 * 4 ' (aw - i)( 2 W - 3 ) “ . • . • j 

in in 
« 

(-1)3 


9.002 If w is even the last term in the finite scries in the lirackcts is: 

(2W)1 


'n 
.2 

9.003 If w is odd the lust term in tlie brackets is: 

(wl)«(/>- “ i)l 




9.010 If w is a positive integer a second solution of Legendre’s l'k|uation is the 
infinite series: 


(w -I- l) (« d- 2 ) (w. -h 3 ) (w ±J) .5) , 1 

9.011 

ft„(co» 0) » { ■sm'"' 0 - 0 cos* fl 

+ eos*» fl) . 


9.012 


Pu-H (cos 0) =» cos (? - sin®"*"^ 0 cos* 0 


3 ! 


+ d- cos*«H^ j . 


nirodfilskv: Mass, of Alath. A 2 . n. fic. loia'l 
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9.030 S|) 0 ci»l Viiiues. 

/'o(.v) I, 

/’l(.v) t« ;V, 

W - t), 

/*!lCv) M 5 ( 5 . 1 ’' - .iV), 

^^(.v) ki.Mix ' ' ■ I a), 

70 .V* J J 5 yl, 

i^n(.v) »' iV(2.U.J'" I i), 

Pi(x) « iV(43U.v’ ■ \ (4;v), 

P(t{x) «« t i ' UOI3,¥* I fMUW* - I jfov’’ \ J 5 ). 

9i031 

(Ma*) 

» »V I 

Qi(x) »s lx log - - - ».v I 

(JjU) w \Ptix) log’?^ ij «« 

3 ” ;r I 3 ' 


rs /.A 


I 


X 4* I 
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9.032 . / ^ 

2'^' 211 

- O, 

r»{i) - 1, 

{-lypM, 

9.033 If s - r (^OH 0: 

„ !!±1 1 ./>,((•,>» 0)1’,. {mu 0) - iVi iCcos 0) | 

9.034 Rodriguos’ Formula: 

(Ix^ ”* 

9.035 If 2 - r cos Oi ‘ 

0.030 It min: 

I’Mi’M » y. /«±J» rJftl);.,,,,,,,* (*), 

/. mV.W-' «V*W ^ ^1 ,|, 2m - 2A -I' 1/ 

h-^xo 

where: , . 

MIOHI.KR ’S INT]'.(5EAT.S 

0.040 For all values of u: 

, 2 r<J cos (« d- l)H<l> 

9.041 If is a posilivc mteger: ^ 

m(coh .^-'(cos d ~ cos^>) 

tAVT,ACE’3 INTEORAT.S, FOR AU. VAUIKS OF It 

9.042 

p„(;v) f \x H- Vi® ^ cos 0} ’• #. 

” ./o 

Q»(.^) “ J I ,,,.F 


9.043 
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MATHEMATICAL l^'ORMULAC AND l-ILLIPTIC I’UNC'ITONS 


9<(M4 


9.045 


£ 


INTKGItAI. 1‘ROl‘Kin'IKS 

' i’mOv)./’«(;v) (lx ■-= o if m 4’ n 

‘ > ■ " if m ■ ‘11. 

m 4 ■ I 


{m - «)('W -I" n -I- l) / i\n{x)P ni'V) <IX 

i/x 

y 'h 1.1 ■ " 0^ f«n "' ^ f'l O) ’ 

9.046 

(zn -I- 1) r./V(.v) (/X - I - xr,,^ 2.v(/’,-' I- yv •!•.... I r„ iV 

•1 2(y’,/vi yy., I . . . . i y’r..,yg 


KXl’ANSION.S IN LKIiRNDUH KUNITIONS 

9,050 Neumann’s expansion: 


.V) 


tlr^iO 

(Jn (n 4 ' j)^ J{x)Ph{x) (lx, 


9.051 Any polynomial in ;v may lie expressed as a series of Lej'eiulre's poly- 
nomials. If fn{x) is a polynomial of decree iti 


Mx) ^ <uy vc^Oi 

h>»o 

aikd-i r'« 


(th 


r'jMi\{x) lx. 


SPECUT. EXPAN.SIONS IN I.F.CKNDHU FUNCTIONS 

9,060 For all positive real values of n: 

I. cosnf? « - I ^'o(co8 0) -h - 

+ ») + ••••)" ^0^ { 0) 
+ P.(C 08 0 ) + Mco. 0 ) 


WIFl-'ERENTIAL EQUATIONS 


I9S 


2 , ^mnO 


1 SltlWTT 

2 '(«.2 -- l ) 


/‘.(cos fl) + 55 A(«>S 9) 




9,061 If n is a posilivo integer: 


I. cos »<? 


I 2‘4'6 . . , 2// 


{211 -h i) i^«(cos 0 ) 


2.v5'7 • ■ • ( 2 »-l- i) 

. / X •“ (»• -I- l)‘^] "• 0^' " l)“] n / . n\ , \ 


f V - f« 'I' l)-] „ / , /)\ 

'I' (2^/- — 3) -^"2 _ 1 n_2(C0S 0) 


2. sin nO 




9.082 


f 3*f ) « ■ « U" ~ 

4 2‘4*6 . . . (2/^ - 

I (o,, I ■■ ■■ [y - (» + ») •] n „ 0 ) , I . 

-I- ( 2 » + 7 )i-„,-r („ .|. 2)!] [„S _ („. + 4 ) 5 ] ^ 9 H • • • f 


+ («» -I- 3 ) btz7)hri|] 


CD / \\ n 

. I _ I V 9 ). 

2 2 ( 2 ;^“ l)'*\ 2 ‘ 4 * 6 . . . . 2 //. / 

(Ilf, I 

Hin 9 » H _ I V 0). 

4 2 Zy (2/?- r.) (2«. 4 - 2) V 2-4*6....2ii / 

«M I 
CX) 

cl 9 » S y -y^ (l:3:l..yyy,(^'trJ)y;v, .,(«.» 9). 

2 (2»- - l) \ 2 -4' 6. . . .211 } 

(IFII I 

4. CSC 9 . H l~±Uu . .) 9). 


9.063 

I 'I- sin " ^ 

I, log ---■ g - » I + 2 , 74.-1 
Sin- ««»i 

2 


uy. fcl) „ S _ U.g (, 4 - sin g - 2 ,7 «)• 

^ ‘ HMl 

9.064 A^(A) and IC(/i) denote the complete elliptic integrals of the fir 
second kinds, and /t sin 0: 

,. m . £ + ^ 2 '-«•’ + ■> ”>■ 



MATIIKMATICAT, l-’ORMin./K AND l‘:i.l,ll' TK’ RUNcrinNS 


ai • 

^ 8 4^ (:?« • i) (;!;i I j) \ •« / 

;j‘>i 

(llarj'ri'iivt's, Mowi. of Miilli, ;iD, p, i.s,)y) 


9.070 The (lin'cronliiil eqimlitin: 

|«(»i I) I y..o. 

If w is a positive inte|jj('r, aiui ■i>.v> !• i, two solutions of tliis (lillVi'eiilinl 
e<iiialu>ii are the associated l.i'i'eiHlre fniiclioiis 

y'„Cv) ^ . (, . .y), i . 

9.071 If •/;/, r are positive iulej<(a’s, and «>///, r>ni: 

• /’ "iC(A)K'Cv)(/.v^-.o if / rlwi, 

t/ ~ I 


3 (n I mil . 


I- 1 (« ' /wj! 


if r ^ ' fi, 


9.100 IlesRcrs DilYerenlial Kquation: 

tl^y , I //v , / if^\ 

I O' 

9.101 One aolulion is: 

fO 

>■«/,. (x) .. V (....i)* 

« h/. 10- 

9.102 A second independent solution when /' is not an inlei'er is: 

QIAO It . , 

y.X03 if R « ?f, an integer: 

/..»(;v) - ('-i)V„(.v). 

9.104 A second indcpcnrlcnt solution when v ^ v, an Integer, in: 




+ 0 d- T « T i) 


DIFFERENTIAL EQUATIONS 1 97 

105 For all values of p, whether integral or not: 

=* (cos F7r/;.(A:) ~ 

== cos virJvix) - sin F7rFj.0v), 

K-„(;r) = sill ;^7r/i.(;v) -h cos PTrYp{x), 

9.106 For V = an integer: 

F_„(;v) === (-i)''F„(.v). 

9.107 Cylinder Functions of the third kind, solutions of Bessel’s differential 
ccj[uation : 

1. Ill (*) «. /„(ao + /nov). 

2. n'l (;») » /„(*) - 

3. (*) - c"' ril(x). 

4 . llZ (x) ™ 

9.110 Recurrence formulae satisfied by the functions Ji>, F,,, //,*,, //”, CV 
represents any one of these functions. 

I. CV_.(*) - C,..|.|Cv) = 2 J<\{x). 

a. C-,(;V)-|-C„,..(.t) .-.ij'cvc*), 

3. ;|cV(aO»C',. 


^ I .v* Cii(*) j .v*'Ci<_i(.v)i 

" I { ‘'■-'iW -I- (-V-lW - 2C..(;v) I 




ASYMPTOTIC EXPANSIONS FOR LARGE VAT.U.ES OF X 

9.120 

I. Mx) “ \/^ I ^ COS (.r - - ()i/(.r) sin (:v ~ tt^ | , 

{ 2\(x) sin (as - q„(x) cos (.u - 


2. Yv(x) 
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31 ’ ll 


1 •/ 

__1 , . MX- 

3, //|<(.'V) •' 





,i, «"(*) » }. 


where 

i\{x ) " i-i-2(-i) 


l«) G}»/^ 3^) w|A- 1") 

.v- 


2(-)‘ 
/(Cl I 


Oil/' I'O (<!;/•' - 3") (31'" . 3') 

(3/; -- i)! ‘ 


9.130 


I. yo(.v) I 


T 


A'J 


SPECIAL VAI.DES 


t /.V\ 


I 


I . . . . 


r , X iIJ»(x) ;V , 

' .1 


(iiyHay ' {'iiyVV (30''V"* 

'aer- 

- h 7)-/(i(.v) I .| I \f i(.v) I *^./rt(.v) . . 

’.ii( 

" (i"Kf -I- y)Mx) - ~J«{x) ■[■ ~ ./.w 


■I 

■1 


7 «=• 0.5772157 (0.602). 

9.131 Limiting valuc.s for ;v **3 o: 

Jnix) I, 

J i(a?) ra o, 

l'o(*) “ ^(IoSJ + y) 

r,W „ _ -L. 


-I- /, ./r(.v) 
4 



Dllf’rKRENTIAL EQUATIONS 
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9.132 Limiting values for == 00 : 




O.ldO Bess<5rs Addition Formula: 

00 


k'^-o 


i/(6V.v) a 


9.141 Multiplication formula: 


9.142 


where 


" 2 ) 


(T _ /;vY’ 


/i\ V 2 




JIfIMO 


'.AMt-j'ia* 




CV"*' "*7 


9.143 


MxiMx) - 2 jj (' 

kfnQ 


fj^ -v V -V 2k\ " ’ 

k 


9.160 


DElflNl'IE INTKCRAT. EXPRESSIONS FOR HKSSEL’S FUNCTIONS 


/*!!! 

J^,{x) =» r / =* COS (;\: sill (j!>) COS®" </>•#. 

Vjrr(i'+-‘-) 


Mx) 


2 /•»r 

I COS (.T COS 0) sin®" (j> • d^. 


Vir(.+i) 


9.161 
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MATIIKMATK’AI. I'OKMIII.A'; AND KI.I.II'TK ' I I'NC lUiNS 


If n isi an intcgci'; 
9.163 


\/7i r^i^ I 




r 

/l!,i(.v) = ■• / COS (.I'iiill <{}) COS ■ '■ / V. 

’Vo 7r./. 

/iSnC'*) ~ • / lOS (.V C<tJi (/)) COS (.!Wt/l)(/</> ^ * 

TT ^0 '/f „ 

r 

J^aii i i(.v) f = sin (.vsin (/») sin (j« I i) </></«/» j ' • 

f)” . <( I V' 

.^aitnCv) ' / sin (.v cos (/ths»s (..'/i I Oi/s/t/* " / V. 

r /*'"■ 1 Z'^" 

•Z nCv) - - - / C > </• ,/</> . .. ■ . / ‘ ‘ ^ </«/,. 


iNTr.dHAi. ruoj'i.nTji.s 


; Ht. Hi. 


9.100 If Cv(hx) is any one of ihc pariiculiii' intc^pals; 

Vvifix), nlinx), 

of llic (lifforcnlial etjualion: 

d\Y T ily ( 

iw''';,:,/.,- 'A" ■■■■,5). 

r 

■ Hd'AHix)iV(Htv) I 

9.101 If Hk und Hi Iwo tlllTerenl rtiois of 

C »i 0 , 

tV(w*)C,(M.v <lx » I HKC,(ltiii)C,'M ~ | • 

9,162 If Hh ftiul Hi tire two different rools of 

(V(h(i) . i 

Cvinh ) « 0 , 

J Cp{HkA%^Hix)xdx w pC„(Hkn)Cit(Hiu). 

If Hh *=* Md 

fc,(,Hkv)C,{ii,x)xdx ~ ; f 4>C,'‘((/,6) ~ o'CV’tew) - ~ 1. 







DIlMi’ElllSNTlAI, EQUATIONvS 
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EXPANSIONS IN DESSIil.’S FUNCTIONS 

9.170 SchUiniilch's ^expansion. Any function J(x) which has a continuous 
differential coeflicient for all values of x in the closed range (o, ir) may be expanded 
in the series; 


wlicrc 


9.171 

where 


9.172 

where; 

and 


fix) ^ (Iq -I- (tkJliikx), 

pv /^TT 

«o « /(o) -1- ~ / 11 f ^ J' (ii- sin 0)(l0du, 

fc/o */o 

2 r-- 

(lb J ucoi^ku J 0)d0du, 

/(.t) (fQlV** -{-^jdkJnicikX) o<a‘<i, 

k « i 

.^nl lCcr/j) o, 

«()«2(//. -I- l) Jix)x’^'''^ dx, 

(Ilridgnmn, Phil. Mag, i6, p. 947, 1908) 

on 

fix) « a<x<b, 

k «a I 

Jn'ifXLo) q 

Jiiim) f^k 

JailJikb) « o, 

•C ~ Pfio)MiXk(i) 

(Stephenson, Phil. Mag. 14, p, 547, 1907) 


SPECIAL EXPANSIONS IN UESSEL’S FUNCTIONS 

9.180 

e» • 

1. sill X ^ 2 ^ (-"l)V8Jb.l.l(.l0i 

h 0 

CO 

2. C03 X ^ Jojx) -h 2^ (■-"i)*/aA(aO. 

h"*t 
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9.181 


i 

1. COS {x sin 0) " /(i(;v) -I- t-<>s 2 kOj 

k 1 

(O 

2 . sin {x sin 0) a^/uft-i iOv) sin (sA -I* [)0, 


k^o 


9.182 


CO 

— ^ 




9.183 


dv 


V \- 2i 


( -I- <-■>■■;; 


9.200 The dilTcrcntial cqiuiUon; 


d^y 

d:^ 


'xdx'v .t' / 


V 0 


with tlic substitution; 
becomes: 


c y \/xt 


ix x ^ p 



~p~ 


) 


iS tm o 


which is Bessel’s equation of order n H--* 
9.201 Two independent solutions arc: 


z ea if nV 


if.j Jv I '.‘fcCO 

(sen 0.01) 
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9,202 Special values. 


9.203 


9,204 


9.206 


Mv) - 

v/— - sin a*, 

V TT.V ’ 

<^/.. 

/ (;v) ta 

. / 2 /sin a: 

V Tra \ .V 

— cns a’^, 

/,(*) » 


\ • 3 1 

■ I sin X ~ - cos .a < 

/ iv J 

. . 

v'iie- 


/,(4 - 

\/£|(9 


.. 

- cosa, 
V 7r;V 


/. lOv) .. 

■ -Vs 

/-tOv) ■= 


^-.l(.v) » 


/-,(4 - 

t 


; toN . , /T 05 


I/l(x) ™ ~ 



//J(aO - " 



//JCv) " 

Y 7r;v 1 ,a V'V” 


//” Cv) - 

■/\/— c'"'*, 


V TX 


//"(.v) - - 

V4“"K^-2’ 
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MATIIKMATICAL FOKMUUs AND Kr.l.Il'I’K! rUNCTtONS 


9.210 The (lin'eiontial iKiuiilioii; 

. I tly 

(ix 

with the ttubstiUitioii, 


, I </v / , 


bcconiCH Bessel’s e{|uali()n. 


a: > ' n 


9.211 Two independent solutions of 9.210 me; 
(.v) ■ ■ /' *'/). (ix), 

K'' (x) ... ^ //’ (/a<). 


9.212 If jf « n, iin inlcKer; 


h “0 

K„ (.() » (“'> I ll'„ (x). 

'A 


9.213 

AV (;v) ... ( 3 )^/ 

9.214 n a: is large, to a first approximation; 

/„ (;v) ra (27ra;cosh /5/)''dc* 

Kn (aO 7r(27ra! cosli h 
n » ;v sinli /3. 

9.216 licr and Bci Functions, . 

Irer a: -1> i hci a* I 

her X “ i hci a: »» hiixV^t), 



UIiri'KIlENTrAL EQUATIONS 
9.216 Ker aiul Kci Functions: 


kci* :i' 'h i kci ;v - Iu{x\/i), 
kcr X — i kci x Kn{'ix-\/i), 



9.220 The Ik'sscFCnifford Differential lOriuation: 
With the sul)Stil,ulion: 

z u ^ 2 V.T, 

the (lilTerential e(|iiJition reduces to Hessers equation. 

9.221 'I'vvo independent solutions of 9,220 arc; 

/^j;(a’) X a I'jd 

9.222 


A »«• o 


CViiOv) 


<l .. 


(lx 


: C,{x), 


A'C riaCv) {p 'I” i)Ci.|i(.v) — eVOv). 

9.223 Tf V ^ //, nil integer: 

CM =. (-r)».^Co(*), 


w 

c.(*) 


A » o 


9,224 Changing the .sign of u, the coiTesponding solution of; 
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9,226 If V is half an odd integer: 

sin -I'J:) 

2 \/.V * 

d / x sin i'iVx •! «) _ <’(is (,v\/.r I c) 


dx 


,|.V' 


(A ^ ■ 'I''- 


sin ( 2 v'.r=l' e) ' • .,u » 


ros ( ,* \/.r 1 (i) 
i\x- 


C-.j(.v) =•> -ens (a v/.v e), 

... A.',(,V). 


6 is arhilrary so as to give a scamd nrl>iliarv eonslanl. 
9.226 For .r negative, tlu’. solution of the e<|ualion: 


f/"V , / . x'/v 

M l -' l l),,;,. .VO, 


when V is half an odd integer, is obtained from the values in 9.226 hy ihanging 
sin and cos U) sinh and cosh respectively. 


0.227 

{m -h n d - 


CmyiiA^Cunix) dx i"' .V( | i(.v) - ' ( *m(.r)( ‘„(,v) 

Oh. -h n -h 



,(.v)(.\,0') dx - .v"""*' 1 .vCm,,(.v)(’„,i(0 1 < Vil 

9.228 




I. 


J 

f C-’„i(.v cos® 0) d(f) »«- ttCuCaO. 

0 

2. 


J 

f C’i(;v COS® 0) f/0 7 rC'i(a'). 

0 

3. 


J 

1 Co(;v sin® 0 ) sin 0 d<l> ^ C'iCr). 

0 

4. 


J 

f Ci(x sin® 0) sin® 0 1/0 -» CgCv). 

0 


CiC-t? sill® 0) sin 0 rf0 » 


5- 


IHFI'ER'RNTIAL equations 

(lirforcntial iH|uatioiis can be solved in a simpler form by the i 
of the Cn functions than liy tlie use of flcssers functions. ' 

(Greenhill, Phil. Mag. 38, p. 501, 1919) 
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ij-y 2 (n -h i) dv 

dx' .T fix' ■*' y O) 


9.2d0 The diiyerential e(|uatit)n: 

d^y 

with the change of variable; 

y ~~ ■ 

becomes Pessel’s eijualion 9.200. 

9.241 Solutions of 9.240 are: 

3’ 

2* 3- “ a:* '*' 1 r.„ j(rv): 

3- 3- - -"'1 lOv). 

4- 

9.242 'l.'he change of variable: 

X 2-\/Zf 

Iransforms eiiuation 9.240 into the Bessel-Clinfoid dilTcrential equation 9.220. 
This leads to a general solution of 9.240: 

3'-CVt(-0 

Wiien n is an integer the eijualions of 9.226 may be employed. 
r sin(.v-|-e) 

C, _ ««( a ,- - i - 6 ) 

\4/ iV’’ a* 


9.243 The .solution of 


dh 3(n -I- i) dv 

■' S “ ^ " °' 


may be oliUiiiial from 9.242 liy wriliiiR siiih and cosh tor sin ani «t8 
respectively. ■ 

9.244 'Hie dilTcrential crpiation 9.240 is also satisfied by the two indVpcftdont 
functions (when n is an integer): - r 

f.cv) « (- '4)" ?ii* ^ 

\ xdv / M 



2o 8 MATiriCMATKJAT. FORMIIL/K AND I-ITJ.IP’I'W.’ FUNCTIONS 


T / X / I (l y 

'F,.0v) ="(■“ .V " 

• ’U’ 

. .(SR-OV/ : 

^ ^ V ... 2n) (;i ■ ■ 2>t) . . . . {'2k - mi - • i) 


9.245 The general solulion of 9.240 may be written: 

/i fl VAy^' •!• Ih‘ 

-r 


9.246 Another particular solution of 9.240 is: 


•/"c” '■* f , #(// -I- i) , (w 0 »(r ■! 0 (« 2) , 

— <*+' '■ ■ 


i-a.t -•« 1 

’ Jwj-t* .... .:«(/>)" J 


9.247 The functions ^„(.r), >l',.Cv),/„(.v) satisfy llu^ same rerun (nice formulae: 




9.260 Tlic differential er|ualion: 

(/■‘‘y //(nhi) 


...A,.™..-'.—.-, .y ,.|, y fa q. 

(ix^ a" y ' y ’ 


with the change of variable; 


y l( \/x 


is transformed into Vessel’s Cf|ualion of order n *!• p 


9.261 Solutions of 0.260 arc: 


of\ iRx r ntl/ I 

iJiit.'Vj I®' Y' w n| t vt* J ^ a?"*' I J • 

c.(*) . (-t). /s „ *... („ 1 

En(x) ">=■ CnCt) — ‘/•Sm(.iO it"'* 


~ 0^262; The functions ..Vn (a;), C, Is*„(.v) satisfy the same recurrence formulae; 

5, , (IMx) c 


ta — 6*114.1 (a?) • 


2 . 
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(!x~' "" ‘^”"1 ~ 


3* ‘-SVi lCv) “ “6’„_i(;v). 
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9.30 Tlic hytuT/reonujlric dilTcrential e(iuati()ii; 

■x(i ... a;) || H. I Y »• (« /3 i)^: 


(/;v 


a^y = o. 


9.31 1. ho o({iia(i()ii 9.30 ih .satisfiod by the hypcrgoomolric sories; 

F{(x, (i, y, x) I -I- - -I* 

i y i'2 7(7 -h r) 

.|, d- 1 ) (a d- 2 ) / 3(/3 -I- 1) W -I- 2) .3 
1.2.3 yl'y-b i) (7d'a)‘''' 


'Dio sorios coavoigos alwolnloly \vlic*n iv<i and diverges when ;v>i. When 
;v - I- 1 il; converges only when a (j - y<o, and then absolutely. When 
it converges only when a H- - 7 ~ i<o, and alxsolutcly if 
lY l- - 7 <o. 


9.82 


(/ 

llx 


y>x) 


«/? 


/•’(« -I- 1, i 3 -I- T, 7 H- 1, x). 


/'(«, 7. 0 


V(y) ny-a-^) 

r(7 «)r(7 - 


9.33 


Representation of various functions by hypergeometric series, 

(i 4. .v)’* F(“«, A A ”.^ 0 , 
log (i 4 a:) r, 2, ~aOi 


Limit 
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MATHEMATICAL FORMULA*: AND ET.LIl’‘i'r(’ FUNCTIONS 
(l + ,1-)" + (l - *)" = 2 /■' ( - J, - ” -I- *■'). 


r d- .r 
log 


cos m 


sin iix 

n sm XI' 1 — - 

cosh -X « 

IJmit 

O; (■) g:i nA 

sin"'* X t--’ 

■xl' ;r 

\2 2 2* 

tair^^ X 

1.3,- 

V2 2 


Vn(x) »= f(~ «, II -I- I, 1 , 




\^V(n ”!• t) I ,Jn I* I 11 I 2 




(' 


. « 1 




9,4 Heaviside’s Opcmlional Methods of Solvinj' I’ai tiiil Differentia) iMjuations. 

9.41 The paiTial differential equal i(m, 

fVll ilH 
(iv* m' 

where a is a constant, may 1)0 solveil I)y Heaviside’s operational method. 

(7 

/). aim 

a 


Writing p, and f; ^ (f, the equation hecoines, 


<Vu 


< 1 % 


whose coniidete solution is // d- « where A and B are inlegratlon 
constants to be determined by the lioundary conditions. In many aiqdieationf* 
the solution # only, is required; and the liouudary comlilionH will 

lead to n «« c'"'‘’^/{(/)u 9 , where Ua is a constant. If (' be expaiuled in an 
infinite power series in //, and the integral and fractional, positive and negative 
powers of p be interpreted ns in 0.42, the resulting series will la; a solution ol 
the dilTercnlial equation, satisfying the boundary conditions, and reducing to 
« « o at / 0 , The expansion of may lie carried out in two or more 

ways, leading to series suitable for numerical calculation umler different 
conditions, 
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9.42 Fraclional DilTcreiUialion and Inlcgration. 

In ihc followinji[ cxpicssions, i stands for a function of I which is zero up 
to I - o, and equal to i for />o. 

9.421 


(Ai 


pa 


T 

Vtt/ 


ph 


T 

2/\/7r/ 


/>*t 



Sill 1 




9.422 

p I «« o 

/>2l «*■> O p»l ^ o 

jPl cn O 


9.423 



VH'l-l 


22''”'/« /7 

I\V 5 . . .'( 2 « -V l)K TT 


9,424 

r /■' 
p'' r(i q* ;/) 

wlierc V may have any real value, except a negative integer, (ConjecU 
9.426 

P 

7-' '-™- r c"' 


0.420 With p “a 


X (^< _ i) 

p - a a 


gMx ^ _ i)ti 

{7a t)” Viral 

« («/)" 
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9.427 


9.428 If 3 




V Ttal 








i c~>i^ 

(I 


hf 

4 / 

/tT t/a 


2 

Vtt 




C™' 


jr 


9.43 Many examples of the use of this ineliuxl are f'iven i)y lle.iviside. j'.Ux ho- 
magnetic Theory, Vol. 11. UromwiclL/ProceedingH {;aml)ri<lge i’hilosophical 
Society, XX, p. 411 , 1921 , has justified its ui)i)licalion hy the inelliod of contour 
integration and applied it to the solution of a problem in the conduclhtn of heat. 

9.431 HerliU, Arkiv for Matematik, Astronomi oeh I'ysik, XIV, him), has 
shown that the same methods may be applied to the nuue geiu'ial partial 
differential equations of the lyjie, 






and the relations of 9.42 arc vali<i. ' 

9.44 Heaviside’s ICxpansion n'heorem. 

The operational solution of (he differential ecpuilion of 0.41, or the more 
general equation, 9.431, satisfying the given boundary nmdithms, may be 
written in the form, 

/'(/A 

where F(p) and A(/A are known funclitms of /» ^ q’hen lleavisifle's 


Expansion Theorem is; 

U 'a 'H« 


A(oj 




SSo'i' 


where ct is any root, except; o, of A(/>) 0 , A'(/>) tlenoles the hrsl derivative of 

A(/A with respect to p, and the summation is t(i be taken over all the roots of 
A(^) « 0 , This solution reduces to u •«< o at f «« o. 

Many applications of this expansion theorem are given Ity Heaviside, 
Electromagnetic Theory, II, and III; Kleclrkal I’aper.s, Vol. H. Hcrlilz, 0.431, 
has also applied this expansion llicorcm to the s«»luti(tn of the problem of the 
distribution of magnetic induction in cylinders and plates. 

9.46 Bromwich’s Expansion Theorem. Bromwich has exKfiidetl Heaviside’s 
Expansion Theorem as follow.s, If the operational solution of (he partial 
'«ff«rentlal equation of 9.41, obtained to satisfy the boundary conditions, is 
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whcic (r if' fi (-t)nstuiil.j (.lufii llic soIuUoii of llui dilTorcnliiil crjiuilioii is 
wliuru N{) and Af| arc difliiiad by tin; axpansioa, 


cx i.s any root of A(//) < = o, A'(/;) is tin; first derivative of A(/») with respect to />, 
and the siinimalion is over all the roots, «. This solution reduces to u o at 
I . ' o. Phil, Muk. 37 . P- doy, Proceedin/'s London Mathematical Society, 
15, p. <|or, m)i6. 


9.9 Keferences to Uessel hhinelions. 

Nielsen: Uandbuch der 'riieorie dor Cylinder Funktionen. 

Leipz% 1 004. 

'Phe notaliim and definitions fpven by Nielsen have been adopted in the pres- 
ent collection of formulae. 'Phe only dilYerence is that Nielson uses an upper 
index, /"(.r), to ilenote the order, where (he more usual custom of writing /„(;v) 
is here employed. In place of //," and used by Nielsen for the cylinder 
functions of (lie ihinl kind, //„' and //„'* are employed in this collection, 

dray and Mathews: 'Preatise on Bessel Functions. 

London, 1895.' 

The Bessel Function of the second kind, IT(.v), omidoyed ])y Gray and 
Mathews is the function 

Vn(x) 1* (log 2 -- y)Ju{x)y 

of Nielsen. 

Schafheillin: Die Tlieorie der Besselschen Funktionen. 

Leipzig, 1908. 

Schafheillin defines (he function iif the second kind, F»(aO, in the same way 
as Nielsen, e.xcept that its sign is changed. 


Noti:, a ‘t'ri'iilisi; tin die 'Clieery of Bessel Functions, by (5. N. Wiitson, Cninbrkige 
University Press, Kjja, luis been l.rnnalu out while (IiIh volume is In press. This 'JVciiliac gives 
by far the most eoinplete iiceoiiiiL of the theory uiiil properties of Bessel l''unclinns lltut exists, 
nnil slioiiid become the Htiindiinl work on llie subject with respect to nolntion. A particularly 
valuable feature is die Colteelinn of 'I'nliles of Bessel Functions at llic end of the volume and 
the Bililiography, giving references to all the important works on the subject. 

9.0X Ttilties of Lcgtmtlre, Bc«.sel and allied functions, 

Pn{x) (9.001), 

‘ A second edition of (Jray anil Matbews* Treatise, prepared by A. Gray and T. M. 
MacRoberl, has been published (igaa) while this volume is in press, Tlio notation of the firat 
edition tins bceit idlrred In some resneets. 
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B. A. Keport, 1H79, pp. 54 - 57 < InUiKrul values uf n fnuii i lo 7; from .v » = o.oi 
lo X == r.oo, interval o.or, 16 decimal jilaces. 

Jaimke and ]Cni{lo; Funktionentafeln, p. .\v» same lo 4 detiimal places. 

P„(cos 0 ) 

Phil. Trans. Roy. Soc. London, 203, p. 100, hkM* lnfe|»nd values of n from 
I lo 20, from 0 o Lo 0 - go, interval 5, 7 decimal [daces. 

Diil. Majj;. :^2, p. 512, i.Sgi. Intejpal values of n frtnn 1 to 7, 0 ^ o lo 
0 ~ 90, intervid i; 4 decimal places. Rein'oducetl in Jaimke tmd I'ande, p. Hj;. 

TalUjuist, Ada Soc. Sc. Fennicae, Ifelsiiij'for.s, PP- 1 <S. Inle/pal values 
of wfroui I to <S; 0 - o lo 0 « go, interval i, 10 iks imal places. 

Airey, Proc, Roy, Soc. London, <F*, p. j , igu). 'I’aliles liy means <»f wllicli 
xonal harmonics of high order may be calculated. 

Lodge, Phil. Trans, Roy. Soc. lauahm, 20,1, 1004, p. Hy. Integral values of 
n from i Lo 20; 0 o lo 0 ■ go, interval 5, 7 <lei inial places, Ueprinled in 
Rayleigh, Ci)llccted Works, Volume V, p. 1D2. 

£f\(cos 0 ) 

Ho 

Farr, Proc. Roy. Soc. Loiahm, 64, igg, iSog. Integral values of n from i to 7; 
0 0 to 0 go, interval i, 4 decimal places. Repnalucetl in Jnhnke ami J*)mde, 

p. 88. 

Mx), Mx) (0.101). 

Meissel’s tables, x o.oi to x Tjt.5o, interval 0.01, to 12 decimal [daces, 
arc given in Table I of Gray and Mathew.^ 'Preatise on MessePs h’lmctiims. 

Aldis, Proc. Roy, Soc. Lomlojt htt, 40, ig(X). .v o.j to .v -- o.o, interval 
o.i, 21 decimal places. 

Jaimke and Kmde, Funklionenlafeln, Table (H. .r - o.ot tti .r 15.50, 
interval 0.01, 4 deeinml [daces. 

Mx) ( 9 . 101 ). 

Gray and Mathews, Table U. Tidegral value.s ol n from 11 o to n ^ 60; 
integral values of x from x i to 2- - 24, iH decimal places. 

Jaimke and .Emde, Table XXin, same, to 4 signiilcuiU ligures. 

11 . A. licporl, igi5> 2g} it »*> 0 to w »> 

'X «==» 0.2 to V «« 6.0 interval 0.3 h decimal [daces, 

X ^ 6.0 to -x I® 16.0 interval 0,5 10 deeimal places, 

Hague, Proc. London Physical Soc. 39, 311, igi6 17, gives graphs of /h(A*) 
for integral values of n from o to 13, and u 18, x ranging h'l^m o lo 17. 

” ~ Fo(a!) « Gii{x)\ ~ ^ F,(.i:) 0 \{x), 

B. A. Report, 1913, pp, 116-130. jv o.oi to ;¥ «« 16.0, interval o.oi, 7 
decimal places. 
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JJ. A. Koiitiit, 191 5 i «'■ - ^>-5 to ;v ™ 15,5, interval 0.5, lo decimal places. 
Aldis, Proc.- Roy. Soc. London, 66, 40, lyoo: « o.i to .1; « 6.0. Interval 
o.i, iU decimal place.s. 

Jahnke ami ICmde, 'I’ahles VIi: and VIII, functions denoted Kn(x) and 
;V - O.I to .V ^ 6.0, interval o.i ; ;v « o.oi to x 0.99, interval o.oi; ;v =. i.o 
to iv .to..4, interval 0.1; 4 decimal idace.s. 

- ~ r„(.v) " (.'.(.v). 


X 


IL A. Reporl, i(p4, p. Hp Inti'/pal value.s of 
6.0, interval o. ij x >1 (i.o to x ‘ ^ t6.o, interval 


n from o to 13. ;v: == o.oi 
0.5; 5 decimal [daces. 


to 


f FdCv) I- (loK 

l'i(.v) (loK > . 7)/,(.v). 


Denoted F„(;r) and r,’(a;) 
resjxjctivoly in the tables. 


IL A. RejMirt, 1914, p. 76, .v - 0.02 lo x. 15.50, interval 0.02, 6 decimal 
placiis. 

11 . A. Ki'port, I9f5, p. .V'>o.i to .v -> 6.0, interval o.t; ,v =■ 6.0 to 
.r T5.5, inlerval 0.5, 10 ilei imal places. 

Jahnke and I'.imh', I able VI, .v o.ot to .r ca t.oo, interval o.oi; ;v; -- 1,0 
to .V r j to. j, interval 0.1, 4 decimal placits. 

1 iiCO, 1 I (a). Denoted /Y«(.v) and respectively. 

Jahidte and I'ande, 'I'able IX, ,v 1 * 0.1 to .v 10.2, interval o.r, 4 decimal 
[)lac(!S. 


£ 

2 


F«Cv) 4 - (loK 2 - - 7) 


Denoted F„(.v) in tables. 


11 . A. Reporl, 1915. Integral values of n from i to i,p .v 0.2 to;v 6.0, 
interval 0.2; .v 6.0 lo .v - 15.5, inlerval 0.5, 6 decimal [daces. * 

Jahnke and ICmde, 'I’able 11 . Integral values of n from » « o to n ^ 6 , and 
n «»> -i to ii w ...7; X «« o to .V 50, interval i.o, 4 iigure.s. 

/iCv), A iCv). 

Watson, Proc, Roy. Soc. London, 94, 304, 19x8. 

;v 0.05 lo X <^ 2.00 interval 0.05, 

X 2.0 to X 8.0 interval 0.2, 

4 decimal places. 





F«(a), 


- IV, (a). 


Denoted G«(q:) and respectively. 
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- F«(a) + (log 2 - y)Ja{(x), 

2 

- Fa-i(a) + (log 2 - 7)/«_i(a). Doiiolal '"K(y((v) iiiul -lV .i(a'). 

2 « 

Tables of these six functions ni'c given in the li. A. Report, ipib, as follows: 


From a 

to a 

Interval 

1 

50 

1 

50 

100 

5 

100 

200 

10 

200 

/jOO 

20 

400 

1000 

<;o 

1000 

2000 

100 

2000 

.Sooo 

.Soo 

0 

0 

0 

20000 

(OOO 

20000 

30000 

j 0000 

100,000 



1500,000 



1,000,000 




/oGv), h{x) (9.211). 

AUlis, Proc. Roy. Soc. Loiulon, 64, pp. 2i» iHoo; ;v ^ o.i to .v k, (,.o, 
interval o.i; a: “ 6.0 l:o;v ii.o, interval 1.0, 21 decinml pim es. 

Jahiike and Emde, Tables Xt and XU, 4 places: 


;V' « O.OI to X- ‘'« 

5.10 

interval 0.0 1, 


X ^ JJ.IO to X 

(l.O 

interval 0.1, 


X 6.0 to ;V 

To(;v) (0.211). 

u.o 

interval i.o. 


13, A, Report, 1896; a; «« o.ooi 
places. 

I, (a-) (9,211),. 

to .V 

5.100, interval o.ooi, 

1) decinml 

13. A. Report, 1893; a; » o.ooi 
places. 

to .V 

5.100, inlervid o.ooi, 

9 ilecimal 

Gray and Mathews, Tabic V, x < 
places. 

Ux) (9,211). 

>*< O.OI 

It) X 5.10, inlervid 0.01 

, t) decinml 

B. A. Report, 1889, pp. 38 *33; 

integral values of n fnim 0 it* 

n, X 0.2 


to AJ « 6.0, interval o>3, 12 decimal placea. These tallies are reproduced in 
Gray and Mathews, Table VI. 

jahnke and ISmtlc, Table XX.IV ; same rnngc.4, to 4 plticcs. 
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AI<lis, I’l'oc. Koy. So(‘, Itondon, 66, 14a, kjoo; x ™ oa to ~ 6.0, interval 
o.i, (lednuU phuTs. 

Jalinko and I'inide, Tallies XV ainl XV I, same miiKe, to 4 jilaccs. 


dray and Mai hews, ralile LV; x -- 0.2 to ;\: s--i 6.0, interval 0.2, g decimal 
placiis. 

K(i(‘V''//’) (O.ltW;) Denoted Nn{x\/i) in table. 

irliWi). ii[(.vVi). 

Jahnlo^ ni\d Dnuh-, Tables XVII and XVlll; .1; 0.2 to ;v 6,0, interval 

0,2, 4 7 liipiu^s. 


- Kjx), 

( 0 , 212 ). 

- (,l.v) . ■ A-, (,.■), 


Aldis, I’nic. Koy. .Sue. lamilnn, (14, 210 aa.t, iSoy; ;v ™ o.i to .v 12.0, 
inlerval 0.1, 21 dei inud ]ilue(‘s, 

Jahnke and Mmde, Table XIV; same, to 4 |>la(:(‘S. 

illldx), -IIUM ( 0 . 107 ). 


Jahnke and Knale, 'lable XIII; 


ber;v, ber'.v, 
bel ;v, bei^ ;v, 


( 0 . 210 ). 


.V 0.12 to .V 6.0, interval 0.2, 4 figurc.s. 


B. A. Kepmi, v 0.1 to .v ‘ ' 
Jahnke ami Kindi*, *rabh‘ XX; .v *■ 
10, 15, ao, 4 del inml places, 

ker;v, ker'.v, 
kei Xf kei' ,v, 


( 9 . 210 ). 


10.0, inti’ival O.I, y decimal jilaces. 
O..S to .V * ‘ O.o, interval 0.5, and x »» 




n. A. Uepoii, ryis; x 0.1 to .v 10.0, inlerval 0.1, 7 to decimal placer 
ber* X 1 bcB .v, 
her''* .V b be!"*’ a*, 

bera: Ian' ;v lad .v ber' a*, and the corre.spondlng leer and kei 

her .V ber' x \ - bei .v bei' .r, functiona. 

H. A. Report, iyi6; x <« 0.3 to x «« lo.o, inlerval o.a, decimal place.s. 

.S’hCv), .S"„Cv), !og.V„(.v), hmS\ix), 

C',.(.v), C\{x), logr„(.v), log (•'„{.!•). ( 9 . 201 ). 

En(x), /V„(A'), log /‘:„(.V). log K'n{x), 

B. A. Report, lyiYi; integral values of w from 0 to to, a: *« i.i to x -a i.y, 

interval 0.1, 7 decimal places. 
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Table I of Jahnke and J'lnnle /'ives Ihese l\vo fiinrlitins lo \ deeiina! plarcs 
for a; « 0.2 (,o ;v 8.0, interval 0.2, and .v - 8.0 to x ^ ■ u.o, inlerval 1,0. 


Roots of /«(.v) o. 

Aircy, Phil. A'lag. 36, p. 2/ji, 1018: l■'i^.sl .jo nmls (p) wilh <(urespondin)» 
values of J i(p), 7 dedinal places. 

Jahnke and ICimlo, Tal)le IV, same, to .| decimal phuH's. 

Roots of Ji(x) o. 

Gray and Mathews, 'I’alile Til, liist .so dhiIs, wilh coiivs[Joiidinjf values 
of y()(;i:), 16 decimal jdaces. 

Airey, .Phil. Majjf. p, s/ji: First .|o roots (r) with cori'<‘spondin)i; values 
of 7 decimal places. 

Jahnke and Kmde, '{’able I V, same, to .| dis imal phn es. 

Roots of /„(;v) r.n 

B. A. Report, 1917, fir.st 10 roots, to 6 li^'ures, for the folbiwin^ intefpal 
values of ni o-to, 15, 20, ;io, (|o, .so, 7.S, 100, 200, .mo, .pK), .s<Hn v.so, 1000. 

Jahnke and ICmde, 'Pable XXII, lir.st 9 roots, .t dei imal phuei!, intejutral 
values of n 0-9, 

Roots of: 

(log 2 >- 7)-^n(.v) ‘h I h(.v) **■' 0, Uenoled rM(.v) 0 in table. 

Airey: Proc. bomlon Phys. Snc. 2.t, p. atp, npo n. I-umi ,,0 for 

n ^ o, I, 2, 5 decimid places. 

Jahnke and l',mde, table X, fiast <| roots hn* ti ^ o, 1, decimal pla<u*s« 

Roots of; 

Ko(aO «=> 0, 

rdAO « o. Denoted AVr) and A'i(.v) in tables, 


Airey: 1. c. First 10 roots, ^ decimal places. 
Roots of: 


/o(a:) (log 2 - 7 )/„(.v) -h j 1^,(aO « 0. 

Denoted 

J m(.V) : 1 - PuCa’) ^ 0 . 

Ji{x) A- (log 2 7)/,(.v) 4. 1 ]',(.v) 0. 

2 

Denoted 

./•(aO I Vi(x) « 0. 

HX) - 2(l0g 2 - 7)/„(4 -|. ro(4 0. 

Denoted 

/u(aO - al%(.v) »» 0. 

IO/o(A!) ds (log 2 - i)J^{x) .|. ^ 

2 

Denoted 

ioJ«(.v) sfc l*o(.v) «* 0. 
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Airey, 1 . r. 
RoiAm oft 


Airoy, 1. <*. 


to nxils, (lirintal places. 

VmIi(.v) /,.||(.v) 

JM '' /„(■«■)■ 

Firsl. to rm»i!i: n o, .| tlecima! itluces, « r::i i, 2, 3, 3 decimal 


Julmke ami Fimle, 'I’ltble XXV, liisl, 3 iooIh for // o, 3 for n « i, 2 for 
n vs; *1 lijpn-t's. 

Airey, 1 . f. id'es mot:, of soim* other numtitHis iiivolviit}? Ressel’.s functions 
connected witli llie vihralion of t imilar jtliUes. 

Rotds t>f: 

..A,.(.v)r4v) ‘ J,U'x)y,{h). 

Juhnke ami F’.imle, 'riilile XXVI, lirst 6 roots, /} decimal places, for 
I/-, o, i/u», r, 3/,t, -j, /.* ■ • 1.,!, i._s, :i.o, 

'I'alile XXVI II, lirnl root, nn)lli|di(d hy (A* - 1) for/,*^^ r, t, 3, 1.5, a-ii, 
I9i .Vti t' same as aimve. 

'faille XXIX, lii-.t umls, imtiiiplietl hy {k - i) for certain irrational values 
of k, tun I I' o, I, 


X, NUMKRICAI- SOIAJ'IMON OF 
DIFF l!;R]^N'rI AI. 1';Q.U AT I O NK 


HY F. K. A'loUf.TON, 1 * 11 . 1 )., 
Professor of Astronomy, Univnsity of ('hhii’o: 
Research Associate of the Carneyfe Institntion of 


TNTRODUC'I'ION 


DiffcrenLlal cqiiiillona arc usually tiisl t'liciiunlcrcd in llir linal chupicr of 
a book on integral ealculus. 'I’he methods which an* there giviui for solving 
them arc essentially the same as those employed in the calcuhei. Similar methods 
arc used in the first special work on the subject, 'riial is, numermei types ttf 
differential equations are given in which the variabh's can be .separated by 
suitable devices; little or tiolhing is saiil about the <’xistem e tif snhitions of 
other types, or about methods of finding the solulimis. ’I'he faha* impression 
is often left that only e.vceptionally can ililTerential eriualions be stdvcd. What- 
ever satisfaction there may be in learning that some problems in g<’t»metry and 
phy.sics lead to standard forms of dilTerential I'qnalions is nmre than counter- 
balanced by the discovery that most practical problems do not lead to such 
forms. 


10.01 The point of view adoiiteil here and the methods which are ih*veloped 
can be best understooil by considering first .some simpler and la'tler known 
mathematical theories, .Suppose 

I. P(x) :v’‘ ■!• (ii;v" ' -b I iV I r- o 

is a polynomial equation in x having real coenicients </i, ay If n is 

I, 2, 3, or 4 the vnlucs of .y which satisfy the equalioti i an ln‘ expressetl as explicit 
functions of the coedlcienls, Tf // is greater than 4, forniulaH for the solution 
can not In general he written down. Nevertheless, it is poMsible to prove that « 
solutions exist and that at least one of them is real if 11 is odd. If the toeflieienlfl 
arc given numher.s, there are stmlghlforwiml, though somewhat hdiorams, 
methods of finding the solutions. That is, even though general birmulas for 
the solutions arc mit known, yet it is possiliU* Itnth In prove the exislenct* of the 
solutions and also to find them in any special numerical ease. 

10.02 Consider ns another illuslralioii the definite integral 

/ «« / f(x) tix, 

where f{x) is continuous for a < a? ^ 6. If R(x) is sucli a function that 

dP 
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llicii r - /■■(/') /■■('''• It'll '."|.|."SC 110 /.(.,) can he f„un<l aiUisfyiiig ( 2 ) It 
is iiovcilli.'IcM |i(.;«il,lc I.I Mini ||„, i„|,.|.ial I exists, iiiul it tlic value ot 

(,i0 is |!iv<u, f.ir .'Very value uf ,c ai llic ialeival it is i>assil)le to find the 

auau'iical value of / will any (leaiml dcgicc ot a|i|a-o.\iauiliou. 'I'liat is it is 
aol aecessary that Ihe lu iaiilivi- of Iho ialcgiaad of a dcliaito iategral he k’aowa 
ill order lo |irove llie cMSIeiice of the ialegral, or uvea to liad its value in any 
piirliriilur 

10.03 'riui fiu hi lur aiuiloj,i:.»us in l\w nna* of (lim'rential wiuatioiis. Those 
Imvini' ntiinciirul t orlli. iiailn amt pn-ia lilnal iniiial romlillons am lie solved 
irj^aolli'S'i <if wlirilicr uy not (heir vaiialilea t-an la; .separaled. They need to 
.Kiitij'fy only niild « .mdit ion;. wliirh are always fiillilled in jjhysiail prol)loms. 
H is with a ;uMiy.e of relief that one limis he r an solve, miineriailly, any particular 
prirhlran wlrit h r an he e\|av:i';erl in terms of dilTereiilial erjuations. 

10.04 This r hapler will nmluin an aironni of a imdhod of .solving ordinary 
(lilTerenlial er|nalams whiih is appliiahle to a hnaid class including all those 
which arise In jihysiml prohleiiis. A \n\y,y amount of experience Iras shown (hat 
the method is vrsv convenir nt in pnn the. It must he underslorrd that tlrere is 
for it ait umlerlyini' lof'ia‘l lia .is, invrrlvinj^ relinements of modern analysis, 
whith fully jnstities the pnacrlnif. In other words, it rait he proved that the 
process is < apahle <»f fmai iltinp, the sohition with arty desired dejpee of accuracy. 
The itroofs of ther r* fact!; helonj^ trr the domain of pure analysis and will not he 
)»iven here. 

10.10 .Siinpsonsi Method trf (*om|tntlnK Delinite Intejfrals, 'I'he method of 
solviii}!: rlitlerenlial eriiialimei with ii will he }'ivr*n later Involves the eonipulalhm 
of ilrTmitr' inlefpals hy a spet ial pim esti which will he developed in this and the 
folltrwin}' !iei liontt. 

l.et / hr? tin' variuhle of inte 
|j;ralion, and tmemiei the flelihile 
inlcKral 


I. 




• liiDilL 

I At 



This inlef^ral tim he inteipreterl 
as the area hetwr'en the / avis ami 
the curve y - ju'i and )»onmh tl 
hy the nrdiiiules/ a ami / - A, 
ftguru I. 

T.ci /,i -*• u, /„ A, Vs ‘™ /f/,V and 
divide the interval n / ^ Anpinto 
u equal parts, each of length h •’ 

(A - a)/n. Then im ap|troxSinale value of F is 

Kt ACvi h yi I • • ■ T y«)> 

This is the sum ttf rectangles wlmse ordinates, figure i, are yi, ya, 

10.11 A more nearly e.vat l value tan l»e nliiained for the first two intervals, 


j 
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ytt) yii yh finding Uic firini liclWH’ii I hr /-axis and (his rurvr and luuindwl 
by the ordinates k and h. The equation of the curve is 

I. . y -I- ■ ■ hi) I - • /(•)", 

where the coefficients Ru, ri, and a» are drlrrmimnl by the conditions that y 
shall equal }% yu nnd y-i at I eiiual to /u, /i and h respect ivcly ; or 


2 , 


f yu “ Ruj 

J y, (/„ .|. <j,(q .. . /„) . . /„)■'», 

[ yi “ <1(1 !• <ti(/'j * ■ Ai) I «u(/.! ' ■ Ai)’. 


It follows from these ciiuations and h • • ii < ii -• l» ■ ■ // that 

' </u > > yu, 




2// 


(.t.Vu ■- -l.vi t yj), 


(h '■ .,^^..(yu ’ ■ JVi \ yj). 
. . , /’'=• 

The definite integral / y<lt is approximately 

./Ai 


i'f 


(/(I -h </i(/ Ai) </a(V ■ ■ A.)'* 


d/ 


III) I Oi// p (/•;//'■' 

d 


which becomes as a consequence of (.0 
4 . 1 1 = (vu I ,|yi I- ya). 

10.12 The value of the integral over the next two inlrivals, nr from /j in / 4 , 
can be computed in the same way. If a is even, the approximaie value of ihu 
integral from Ai to /„ is Iherefoi’e 

J<\ i [y„ ,}y, ,p aya I i|yi ay^ 4 . ,|y„ i | y„ j. 

This formula, which is due to .Simp.son, gives results which are usually remarkably 
accurate considering the simplicity of the arithmetical operations. 

10.13 If a curve of the third ilegree had lieen passed through tlie four points 
yu, yi) ya, and ya, the integral corresponding to {,)), but over the liist iliree 
intervals, would have Iieen fmiml to be 




10)20 Digression on Difference Functions. For later work ii will be ncecsHtiry 
to have some projicrltcs of the successive difTercnces of I he values of a fuiicliun 

Fnt’ (>rituill\/ m't()r‘r>rt iiiitiwiu nt >i« r... ......... ...i 
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Ai.Vi ■ ^ V| • • yn, 

AiV;! ■ Vy - .Vi, 

^iVii Vi, ■ - Vii ly 

'I'livsi' inr llu' firiil (litlVimi rs uf llir vuhu';; of tin- fiuH lion y for successive values 
of /. All llu' suj ressivr interval;. I'nr / are supposed In he e((ual. 

10.21 In a similar way the setond diHerenees are <lefined l)y 

Aj Vji ■ • Ai Va ■ AiV), 

A y V.i ■ " AiV.i - AiVy, 

Ajv,. - A,y„ - Aiy,. I, 

10.22 In a similar way Ihinl •lilh'renees are tleliued hy 

A:i\-l ■■ AyVy • AyVy, 

A.iVi ' ■ A'^y.} ■ ’ A'jV.i, 

*. ^ ■ lAy \ ,1 ■■■' Ai*j\'ii ,|p 


and <»hvimisly I lie laoi ei s < an he lepeateil a;i many limes ns may he desired. 

10.23 ( he lahle of '.nn esj’ive dilleiem es ran he formed cnnvenieiilly from Ihc 

luhular values of ilie fmn lion and ran he arranged in a tahle as follows: 


‘rAiti.i; 1 


y 

A|V 

AyV 

A;iy 

y» 

y\ 

AiVi 



yj 

AiV 4 

AaVn 


y* 

1 \ ^ 

A;.y.i 

Aaya 




, , , 



In this lahle the mmihers in rath rolumn are suhlracled from those 
imimalialely lielow them and ilie remainders are placed in the ne.vl column to 
the right on the same line as the ininnends. V'at lations from this [aecisc arrange- 
ment could In*, and imicetl often have hccii, arloptcd. 

10.2i A very important ativanlage of a lahle of dilTerences is that it is almost 
sure to reveal any errors that may have heen committed in computing the y,-. 
If a single y, Inw an error t, it follows from 10,20 that the first difTcrence Ajyi 
will contain the error ifi and Ajy, n will cnniain the error -e. But the seco*'' 
diflercnteji A^vu A^vt n, Ajys ja will contain the resj>cclivc errors -l-e, 
Similarly, the third diiTerentes Aayo AjVtii, Aay<^a, and Asy^a will c^ 
the respective errors >i «, An error in a single yj affccta j -r * 

differences of order y, and the cuefla ienls of the error arc the binomial coeffi- 
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numbers in the various (llffcronce columns arc zero. Now in sucli functions 
as ordinarily occur in practice the numeiical values <*f the <lilU'renct;s, if (he 
intervals arc jiot Loo Kreal, decrease with rapidity and run snioothly. ;i[ an 
error is present, however, the dilTenmces of higher cjrder bectum^ viu-y irregular. 
10.26 As an illustration, consider the function y “ sin / for / equal to lo”, 

15°, The following table gives llu! function and its successive difl'er- 

ences, expressed in terms of units of the fourth decimal: ‘ 


'rAIU.K 11 


1 

sin 1 

Ai sin / 

A;i sin / 

A,( sin / 

10" 





15 


8 .S 3 



20 


»32 

■ -20 


25 


8 o() 

■ 2(1 

• 0 

30 

5000 

774 

■ 3.! 

>0 

35 

573 h 

73b 

•■3M 

- (1 

40 

64 28 


41 

' (1 

45 

7071 

943 

’ 40 


50 

7()bo 

5II9 

. .S 4 

• .5 

55 

8191. 

531 

5 « 

-4 

60 

8()()0 

499 

02 

- 4 

65 

‘)of >3 

4«3 

- tiO 

•4 

70 

9397 

334 

(Hi 

•'3 


Suppose, however, that an error of two units luul been nuuh* in tleternuning 
the sine of 45” and that 707.^ had been taken in place of 7071. 'Iln-n the part 
of the table adjacent to this number would have been the following; 


Taih.ic 111 


1 

sill {■ 

Ai sin 

Au sin 1 

A.i sin 1 

25 « 

4226 




30 

5000 




35 

5739 ■ 




40 

6428 


-44 

... u 

45 

7073 


-47 

- .3 

SO 

7O60 



- 1 1 

55 

8 1 91 



-h 3 

60 

8660 

490 

■--'fia 

■- 0 

.^S 

9093 

403 

.~oo 

4 


The irregularity in the numbers of the last column shows the existence of an 
error, and, in fact, Indicates its location. In tlic third dllTercnccft four numbers 

* Often it Is not necesaary to carry along the decimal and xerm ta the left of the Aral 
Bieniricnnt fitruro. 
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will In; iill'crlwl l*y un vrrov ii\ (lx; value uf I lie finuiion. The enoneous numbers 
in I he Iasi r«)hinMi an* <leiiiiy the seeoiul, third, hniiLh, and fifth. The algebraic 
sum of lliese four numbers e(|un!s lli(> sum of the four correct number.s, or ~i8. 
Tlu’ir average is nenee the central numbers are i)robably -5 and -4. 

Since the ernn-s in llu'se numbeis are ■ am! -i ^e, it follows that e is probably 
4-2. 'Pile errors in (lu^ secomi and fifth numbers are \ e and ~e respectively. 
On making these c<ureclions and working buck to the first column, it is found 
that 7074 slumld be replaced by 7071. 


10.80 (kmiputalion of Delinilt! Integrals by Use of DilTcrence Functions. 

Suppose the values of /(/) are known h»r / •■ = and Suppose 

it is d<!sired to Itml the integral 

1. //(/)<//. 

Ml 

'['he coeflicienls /(,i, A|, and hn of the polynomial can be determined, as above, 
so that the function 

2 . y /».! -!• hdt ' ■ /„) d- l>Ai - /«)'•’ I- 

Khali take the same values as/(/) for / - /„ a, /„ 1, and /..n. 

With this approximation to the function /(/), the integral becomes (since 

tii\ I f(i ' If) ^ 

3 - - / Xk I - U) I- lh{t - t.Y h(l - luYldl 

it hi 

-//(>, d - Ml -M* I-- ^ 

2 4 

The coelVu irnls hu, hi, hn, ami /ti will now Ite expressed in terms of y„.t.j, Aiy„.|.i, 
Aay„n, and A;ty«n. It follows from (2) that 

| yn..2 bi\ 2h\lt d" t\hnlf^ "• 

Vn 1 hii — hih d- hih'^ 

3'n hu, 

.V«I I />II T hih d» M'-* d- hhK 

Then it follows from the rules for determining the difference functions that 

{ Aiy„...i « bi/i - ^Ihh^ d' 7W/’, 

Aiyn *»" h\h ijA® d" hh^, 

AiyM 11 »* hih d- IfJf^ d' 

^ f Agyrt «« 2 hth^ Uh¥, 

1 A 3 y«.|,j 2 bih^, 
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IL follows from tlic last wjualions of thcsi; four scls of niualions Miut 

b\h 1 1 " ^ 1 1 Aii,Vii| ij 

I 

/)ji//’ Ki - AaVr, | i, 
y 

Aa;ViiH‘ 


Therefore the Inlejfrul (;0 becomes 


lu - // 


.Vttii "* A|Vi(| i AaVni i ' ■ • • • • 


The coellicienls of the lii|fhcr order terms Ajy«)i anti Ai,y„ii an 

I 

; respectively. 


1') 

y.u) 


and 


10,31 Obviously, if it were desired, (he iidejpa! fruni l„ ■> Iti /„ i, or over any 
other part of this interval, could beetmiputed by I he same methoihs Ibn' eNuniple, 
the intej'ral from i lit /„ is 


/n.M 


| ‘l C I 

y„|i - ;,Aiy„,i -I- I^AjVnM I I • . . 


N(tMi:mCAI, ll.tiCHTIlATltlNH 

10.32 Consider first Iheapplitailiou of .Slin(>sim's iiielhoil. .Suppttst'it isreipiired 
to find 


/•sv 

/ 

fhs" 


sin / <lt 


cos / 


■ : o..t,vr/. 


On applying 10.12 with the numbers laken from 'laiile I, it h fotimi that 

[•4226 h 2.0000 T 1.1472 I 2 .‘; 7 ia | 1.4142 1 .^. 0(140 | .Suii], 


which liccomes, on rctlucing 5 ” to radiims, 


h C)..vi27, 

agreeing to four places willi the correct result. 

10.33 On applying 10.11 ( 4 ) and timitting alterimle entries in 'ruble 11, it is 
found that 

I I sin tdi s® — [[.4236 >h 3.21)44 f .7071] o.i()<)2, 

which is also correct to four places-. These formulas couhl liartlly be surpasged 
in case and convenience of annliention. 
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10.34 Ntiw ionsilliT (Iu> applicjilmii of 10.30 (0). As il sliinds il furnishes Lhc 
inlegiul nvrr llu- siiii'h* interval /„ lo /„,i. If it is desired to find the integral 

from /« I" 'll*’ fi'nmila. for doing so is obviously the sum of m formulas 

siidi us (0)1 'In* vaiirn of the suliserij)! gnliig from n -I- i to n -b m d- i, or 

/„, m ■ I I i' Aiy„|,„.j.|^ 

• • ^'^AyViiii l' i i . • 1 A-.'-Vii I III ) ^AjiVriii *1' < i • ■ 'b A;iy((.| in ‘I* . . . ■ 

On applying Ibis fomnilii to the numbers of 'Table I, il is found that 
/ rt I sin hit ■ s'T(-.S*>n(» [■ T •''•i-ttl I' ,’ioyi .7660 -I- 

‘ '-fiyy.i I .nv.th 1 .o(h);! .064.1 .o.s.*>o -I- 

I I ^ {u)0.p' I .on.tM i ,0044 4 - .0040 4- .0054 4 ' .oo.sS) 

I * (,(K>oo ! .{K)0() b .0006 4 - .ooo.s 4 " .0005 4 * .0004)3 
■ ■ o..bb! 7 , 

agnteing lo four phn es wilh the exael. value. When a talde of differences is at 
iuiml fovering the di’sired range this mellaul involves the .simplest numerical 
operalitms. It musi In* noted, latwever, I hat some of the retiuired dilTerences 
necessilute a knowledg<> id the vahie id the fumlitm for earlier values of Lhc 
argument lhau the lower limit of the integral. 


10.40 Uedueed lotrm of the Differential Ktiualious. Differential ec|uationa 
witieh arise from [»hy;.ieal problems ns\ially Involve secoml <lerivalives. I'or 
example, the dilferenlial et|ualion salisjied by the motion (d a vibrating tuning 
fork luis the form 


where k is a constant depemling on the tuning ftirk. 

10.41 'Tin* dilferenlial etiualhms for Ibe motion of a body subject lo gravity 
and a reUirdiilicm which is proportional t<i its velocity are 


' (Px 

llx 

,{ljr - 

.r.. 

ily 

rtV 

'“‘•rfir 


wlierc c is a constant deimmling on the resisting medium and the mass and shape 

...1. :i il. .. I amt .-.r nrsit.iHr. 
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10,42 The (lilTercnliul e(|iuil.l(His (or the motion of u body niovinj' sulijocL to 
the law of giavUatioo arc 


(/•h> 

(K^ 

ith 

'<H? 

,.a 





.!0 


.v*-^ i- r r 


10.43 Those oxuinplcH illuslralc sulVu-iontly tlio lypos of (lillVivolial i‘(|nalions 
which arise in practical problems. 'I'lie numls'r of the eijuations «h‘peii(ls on 
the problem and nuiy bo small or great. In the problem of thret' bodies there 
arc nine C(|uationH. The e(|iiati<ms are nsnally m»l iiuiept'iident as is illustraUsI 
in 10.42, where each cfiuatam involves all three variables .r, y, and r, thnmgh r. 
On the other hand, ecpiations 10.41 art* mutually indejMsident f<ir the lirst <loes 
not involve y or its derivatives and Hh’ second does not invtdve .v or its deriva- 
tives. The right members may involve r, y, ami •; as is the ease In 10.42, t»r 
they may involve the first derivatives, as is the casi* in 10.41, or they may 
involve both the coordinates and their lirst derivatives. In some prolilems 
they also involve the independent variable /. 

10.44 Hence physical problems usually leiid to differetdial equations whii h are 
included in the form 


iPx ,( 

ilx ilv 


iir ill ' 

'Py J. 

ilx ilv 




whore /and /; arc functions of the imlicaled arguments. Of course, llur mimlier 
of equations may lie greater tlain two. 

10.45 If we let 

, <lx , ilv 


tir ^ 

equations 10.44 can be written in the form 

(h 


ill 




-jfj; y\D, 


(ly , 

(U ^ 


(lyf 

iu Vi x‘,y\{). 
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10.46 II’ we Ifl .V .Vi, .v' .v., y .va, y > .v.|, c(luations 10.4D arc 

indiHU;<l in Hh' l'"rin 

I ill • J Oj 


m-' h / .v 

tit .'"v'li Avi, . , , , A'h) t), 

T\m is UiF linni jilaiHlnnl form tu whirh i(. will hi; supposed the diA'ercntial 
eiiualioUM are mliu ed, 


10.60 Del'milhm tif ti Snluthni hilTenulitd lM|ua(ionH. l''or simplicity in 
wiilin^, ;mppit:ie the dill’erenlial etiimliims art* iwtJ in luunher and write them in 
the fitnn 


t/.V 

ill 


/(.v,v,/) 


} 


tly 

til 


HU', ;V, /), 


wli(;iv / and ij me known fiuu tions of their arffumenls. Suppose a* ^ a, y >=> b 
at / o. 'Then 

I A- -- (/>(/), 

• I y .. \l/{t), 

is the Miilntiun of (r) salisfyiniJt these initial enndiliona if r/> and 1 /' arc 
aueli funetions ihut 

<Mo) - «, 

1/^(0) h, 

3. 


# „ (.(,/i, 1^, t), 

the last lw<i ciinalhmHlndng saliHricd for all 0^ l^Tt wlicre 7’ is n positive con- 
stant, the largest value of t for which the solution is determined. It is not neces- 
sary that anti \p' he given Ity any forniulns - - it is suflkient that they have 
the properlidH dellneil i)y (3). Soiutiona ahvays exist, though it will not be 
proved here, if / titid /j are mitmutms functions of t and have derivatives with respect 
to both X and y. 

10.81 Geometrical Interpretation of a Solution of Differential Equations. 
Geometrical interpretationa of definite integrals have lieen of great value not 

htif »k(t in suQ'll'cstimr 
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practical moans of oljtiiiiiing thoir mimorical viiluos. 'I'lio tlunj.rs arc true 
in the caso of dilYoronlial o(|iia tarns. 

For simplicity in the ^njomctricjil rcproscnlatioii, consider a single e((ualiou 

where .T " a at / “ o. Sui)poso the snlu(it)n is 

2. 0(/), 

Kqualion (2) defines a curve whose codrdi nates are .v and /. Supj>o;a’ it is rt'pre- 
sented l>y figure 2. The value of the (angt'nl to ilic cm ve at every point on it 


% 



is /rivi-n hy ei|milion (t), for there 
is, corresponding |o each poini, a 
pair of values of x and / which gives 

, tin! value of tin* langi-nl, when 

.suiisliluicd in the right nientlier tif 
et Illation (1). 

Consider (he initial point on the 
curve, vi/. x - n, / = o. 'Phe tun- 
gent at this point is /(./, o). 'I'he 
T» curve lies close |o the tangent for a 
short distance fr<ini the initial point. 
Hence an apprn\iinale value of x 


, II . , I I » lillMI 111 *l 

at / /i, /i l>oing snuill, is the onlinate ilui ]uhuI whnr i\w lanKrnl al a 
intersects the line / ~ = /j, or 

.vi = '/(a,o)h. 

The tangent at .V|, h is defined hy (t), and a new step in tlie solution can lie made 
in the same way. Obviously the process can he eonlitnied as long as x and / 
have values for which the right memlier of (1) is defined. And the same jirocess 
can he applied wlien there are tiny nnmlier of eijuations. While the steps of this 
process can he taken so short that it will give the solution witli miy desireil 
degree of accuracy, it is not the most convenient process that may he emploved. 

It is the one, however, whieli makes clearest to the ininilions the imliire of the 
solution. 

10.6 ^ Outline of the Metluul of .Solution. (!oiisider V(|nat Ions 10.60 (i) and ilieir 
solution (2), The imihlem is to find funelions </> and 1// having the properties 
(2). If we integrate the last two einialions of 10.60 (3) we ^diail have 

0 a p /(0, 


0 h j. j 0, /) 

•/ft 

Ihc diinculty aiiscs from the fact iliui 0 and 0 are not known in ndvmice and 
the integrals on the right can not he formed. .Since 0 and 0 are the solution 


. , , . (III. I Y worn Hill 

values o( a; and y, we may replace Ihem l.y ilie lalter in order u. preserve llie 

OriOfimil notnlmn. tinri urn ^ 
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2 . 






y 


/ /Gv, y. 0 (ll; 

t/o 



Tf .V !in<l V do iiol rluvnKo rapidly in miinorical value, Lhon/(;v, y, /) and /jCt, y, /) 
will iiol in Krnenil flianj'u rapidly, and a lirsl. approxinwLion to the values of ;v 
and y satisfyini^ niualions ( 2 ) is 


3- 



at least ftu* values of / near zent. .Since (/ and h arc constants, the integrands in 
(.0 are kiunvn and the integrals can he coni|)Utcd. If the primitives can not Ijo 
found the integrals can he conipuhtd hy the mcMhods of 10.1 or 10 . 3 . 

After a lirsl appniximation has hetuj found a second approximation is given hy 




Xi ■■■: a I- 

y.j . . I- 


//(•'■<. 3't* 0 f//, 

«/ii 

/ ('(.V,, Vi, 0 <IL 


'I'he integrands are again known functions of / hecause .Ti an<l yi wore fletcrmincd 
as functions of / hy et{nalions ( 3 ). (’onset|Ucntly .Vj and y* can be computed, 
'rite process can evidently he repeated as many times as is desired. The «th 
a])proximation is 


S' 




a I- 
ft -I 


/ /Cvh .i,y« ..i,/)f//-, 
• / (» 

/ a'Gv« -I, .v« .1, /) (u: 


'.l‘her«‘ is no diOicnlt)' in carrying mil llie process, hut the question arises whether 
it converges to the solution. 'The answer, lirst estiihlished by I’icard, is that, 
as n increases, .r„ and y„ lend t«iwurtl the solution for all vidues of / for which all 
the approxinmlions belong to those values of .v, y, and / for which / and {• have 
the properties of continuity with respect to / and dilTcrenliability with respect 

to .V and y. If, hir exam]>le,/ ■ RRd the value of .v,, tends towards zero 

for / -- T, then the solution can not he extended beyond I T, 

It Is found in pmellce that the longer the interval oveu' which tl\c integration 
is extended in tlie suecessive approximations, the greater the mimher of approxi- 
mations whieh must he made in order to obtain a given degree of accuracy. In 
fact, it is preferable to take first a relatively short interval ami to find the .solution 
over litis interval willi iht^ re(|uired aecurncy, and then to continue from the end 
values of this Interval over a new interval. This is what is done in actual work. 
The details of (he most convenient methods of doing it will be explained in the 
succeeding sections. 
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AaT,,. a, A:iiV„. •>, A;,.v„ I, iitid A;,,v,. vary. I'Vjv example, in Talilc II it ia easy to sec 
that Aa sill 75" JilinoHl ciaiainly -3. It follows from 10 . 20 , 1 , 2 that 

AaT,,.).! Aa.V,,).! 'I- Ao.r,,, 

Ai.\„ |i £« Aa;V,i 1 1 -|- Ai;V„, 

.v,n 1 • i Ai.v„( I -p ;v„. 

After llie adopted value of Aa.v,,,, has iKien written in its column the successive 
entries to tin- left, can Ik^ written down ))y simidc additions to the respec- 
tive numhers on the line of /„. For example, it ia found from Table It that 

As sin y.s ' ■ A| sin ‘ * 'My?., sin 75” 9059* This ia, indeed, the correct 

value <»f sin to four jdaees. 

Ntnv having extrapi)!aled aijproximate values of and it remains to 
compute / and l' f'U ' ' .v., 1 1, y ^ > Thi n ^ ■ ’ fni i* d'he next stej) is to pass curves 

throuj^h tlm values of /ami /; for / ' ■ /„)i, /,„ mid to compute the intc- 

fp-ala (2). ’ritis is the precise problem that was solved in 10 . 30 , the only difTcrence 
beiiif^ that in that section the intejrrand was desiKualed by y. On applying 
e(|ualion 10.30 (0) l(» the (-ompulation of the integrals (2), the latter give 


where 


.V„| 1 ' .V„ t // \.Jn \ 1 ’ 

',.,Aiy*,i(i 

* y.j Aa/rin *' 

• “ A'/.. ! ■ • • 


.VnM ^V,, I \ ■ 

' ‘ 1 • '■ 


- ■ • 

. .3, 


f .fn\\ ' ’/(-V i> I ii 3'" in 1 0) 

I ■‘.’..n « Cv, . I i,y„| , 


M'he right imunbera of (.j) are known and therefore a’, 01 and y„.|.i arc 
determined. 

It will be recalleil that /„( 1 and /f„n were cominited from extrapolated value? 
t)f .v„n and y„,i, and hence are subject to soim; error. /Phey should now be re- 
c.ompnleii willi tlu^ values of .r„,i and y„ii furnished by (4). Then more nearly 
correct vahu'.s of the entire right members of Oi) are at hand and the values ol 
.v„|i and y„|i should be cjirrcHtted if necessary. If the interval h is small it will 
not generally be necessary to <‘orrect .v„|j and y„(i. JUil if they require corrcc- 
tions, then new values of/„|i and g„,( should be computed. In practice it is 
advisable to take the interval // so .small that one correction to fnn and i.« 
sunicient. 

After .Vrti I and y„|, have been obtained, values of x and y at /„.| j can be found 
in inccisely tin* saint! manner, and the jirocess can be continued to / « 

. . . . If the higlnir ililTereuces liecome large and irregular it is advisable to 
interiHilale values at the mid-intervals of the last two stejrs and to continue with 
an interval half ns great. On tlie other hand, if the higher diJTci'enccs become 
very small it is lulvlsaiile to t>roceed with an interval twice as great as that used 
in the earlier part iif the coinpuialion. 

'I'hc foregoing, ex|)re.ssed in words, seems rather complicated. As a matter of 
fact, it goes very simply in practice, as will be shown in section 10 . 9 . 



2.34 MATIIKMATK’Ar, KOUMUI.-K A\l> KI.I.H'TIC 

10.8 Thu SUirl. of (,lii; (^)iis(nu:lion of iIm- Sohilioii. .Suppose (lie (liiVeiviui-il 
cfiuatioiis arc again ' 

r,/.. 

/(•'•. V. 0. 


(,lx 

lU 

<iv 

til 


V, /), 


with the initial comlltions .v - a, y h at / . o. Only ilte iniiml values of .v •iial 
y are known. Iliil it follow.s from (i) (hat (he fairs of eliange of a au<l v at'/ ' 
ary((/, /), o) ami,!,' 0/, h , o) respectively, ('imsepueiitly, Ihsi !ippni.\ij|)afu,iK in 
values of .v and y at / : ^ /i • - // are 

2^ I ti I ///(tt, (t, o), 

( Vi") ' h I hyiii, h, o). 

Now it follows from (i) (hat the rates of ehangr of .v and v at e . , r, y v 
/ - /, are approximately /(.r,<'), y.d), /,) „nd /:(.r.'", y.'". /,). These rates ‘will |,e 
diflerenl: from those at (he heginuiug, and the avrragr rales of ihaniM’ for the 

firsl. intovni will Iw ,i«ul.v ll..' lurroi!.' of llir li.l. s l„.,;i„„i„,; 

en<l of the interval. 'I'herefore iloser approximations than I hose idviai in ( >) o, 
the values of .r and y at / < /, an* ' 

= Ml I i// 1 o) I /( v.u), v,*'h/,V|. 

/> I i/i 1 1'(, /,/.,()) I .;(.r,''\ y.'’\/p |. 

the process couhl he repealed on Ihe lirsi inlei val, Iml il is nol advi sdtle when 
the interval is taken as short as it should he. 

/(•>! 1111(1 |■.■,(|l,•^tiv.■ly. Him n|.|u„.iii„;. 

tions to the values of .r ami y at I . - where h h - //, are ' 

l‘///Y.rT‘. 

1 Vj*’) . * y,'") |. y.^'*, /,). 

With lhe.se values of .v and y approximate values ..f and y, are • ompnled. Simr 
fuRt jiro known It follows (hat A,/,. ^ i„„| me uImi known 

the lam terms In ilm ri^.lu memliers, t.ir ihe i'niii|inluii.m nf .v. nn.l v, 

exactly and the lust tw.i (lairs with ennsidcral.h' n|i|irTOi.nnli,.n. After f. and e 
lave been enmpulcd, a-, nnd y, ran lie enrrei ted liv 10.31 f.ii « ■- 1 'Cben an" 

, “‘'•“"'i "ttc'c vvliu;li niiiirnxininle vidnes nt I, nnd e. i nn be 

|) itol. Witli thc.Ho valuca nnd tlie eorres|iiindinK iliireivni e fiiiii lhiiis, .v, and v, 

dilTcrentmonStl?'f''"*'n^*^^ '"fi'itinK all llie iiirres|iiindin|{ 

1 eV • * ^ ('iiicliona, tlic soliilitiii is fully sinned nnd nr.im ds be llie 

method given In the preceding section. ' ^ 

which wilUnuatralc^holh^ tlT' '^’'“1“''“" '* lirnbleiii will be Ireiilcd 

illuauatc both the steps wlitch must be taken and iilsn llie ineilind of 
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arranKiiiK Ha' w'l'k. A lamvciUMK: amiiiKcmoiit ot Uic computalioii whicli nrc- 
sarvos a ('(iiniiU'U' ri'cmil of all Ilia miinaiical work Is very im|iortant. 

I lit! <liHVn'H(i!il ctjualion is 


I. 


d'x 

iir- 


( r l A’-O.v l- 2 k \ v \ 


(), ■ 


dx 


i!t 


1 Ul. / - o. 


'riu- prohh’in of lljr mniwm of a siiuplr prntiulum lukos (his form when expressed 
in suiltilih' variiil.les. This prohh'm is chosen here because il has an actual physi- 
cal inlerprelalion, because il can be inlejualed oCherwise so as to express / in 
ternir. of .v, ami because il will illuslral<; sulliciently the processes which have 
l)et'n explained. 

^:(|uali^Ml (1) will lirsi be inleKraled so as to express / in terms of .r. 

On mulliiilyiuK b.»lh sides of (i) by and inteKratiuK, it is found that the 

inleipal which salislies (he inilial condilions is 

. .... ..... 

’ .v) (1 kKv’), 


On separatini' (he variables Ibis equalani jpves 

• r , /\ 

•A, V (1 X") (1 ■■■ K-.V-) 

Suppose /{" c; 1 utid lhal (he upper limit .v <loes not exceed unity. Then 

I I ' nV' \ I xV |. .... 

* i() 


I x '.v- 


where (be ri^bl member is a conveifpiifj; .series. On subslitutinj' (4) into (3) and 
intcKtatiuK, ■< i^> found llni( 

<5. / sin ‘ .r 1 \\ XK i .v" | sin ' [■ ;|i; - .r" ... ^.s)3 

•I ^‘\/i ^ . .r« TUsin 'aTIk^ T .]. 

Wlien .V - I (his inlefpal bet onus 


fl. 

r ... 

j 1 1 (' 

"T«'i 

,fcv5)> + ,,,| 


1 

\»v \. 

I'll/ 

\2-4'f*/ J 


Kquiiliiin ( 5 ) j'ives t fiir any value of x between -i and *|-i. Hut the problem 
is to delennine x itt terms of /. Of course, if a talde is constructed giving t for 
many valius ttf x, it may lie usetl inversely to oliliiin the value of ;v correstwiuling 
Ut any value of /. The labor iiivolvetl is very great. When K- is given numerically 
it is simpler lo ctmtiniie the integral ( 3 ) l>y the method of 10,1 or 10.3. 

In itialliemalu ul terms, / is an elllplicnl integral of ;v of the fir.st kind, and tlie 
inverse function, that is, x us ii function of /, ia the sine-amplitude function, which 
has the real neriotl aT. 
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I ({ V 

Suppose and 'I’hni wnmllon (1) is e(iulvalfnt to the 


two equations 
7‘ 


(U 

Ux 


ill 

ih 

li//’ 


:v, 


V iy- I .v», 


which are of the form lO.GO (1), where 


«. 


and a: o, y • . i at / ■ ^ o. 


Tlic lust stup is t<i (l<•l<tl■miu,■ Ih.. iiiiciviil wliicli is n,,, . 

till! suliitiim. No Kuni'nil I'ulu nin l.r Kivrti, Tl.u l:n>;ri-./„ uiid il.,. suuill,.,- 
must the intiuva 1 k! (ulini. A fairly ko,,,! roll' is iu Knu'ial l.i la'liu /, „„ si„„|i 
that /(/. anil /i/;,, shall mil lie Krailia- lliaii lo™, (imas tl„. p,.iuiis;.ilih' l•|■|■(ll• iu ili,. 
lesiilts. In tiu! pres(Mit insPoHc we may (ahe // * = oj 

ani/i:!:!:;:!!;::':):,;;': 


^ O I \ I .! O.KXX), 


y,0) ill I .j 


It billows from (H) and these vahn's of v. and y, ihai 

f /i) M 1,<MKK), 

-0.1. 100. 

Ifciiac the moro nearly a, ma t vahms of .v, aral y„ whirh am „ii.„, liy 10.8 am 


II. 


,, 0' I I . 

a I -> iri. o I- - - 1 . 1. 0000 •(. t.( 

y,<f) N, I ,|. [ 0.0000 o.ifiqoj a. o.qqa5. 

Since in tins particular problem v I'vtU h i * .. .1 
hftiK /* 1111/1 K.f ii ' ' J ,M'o it Ih not neeessarv to coninnte 

ilcterilucl * kglvc.n“,iriZrar'''Trhn^ *' [ 


O.JOOO, 


, given hy the inUiKial. It tulhiws trinn (j) HI f, of .ml r'l 

that a Inst nppt.«inHUi<.n. to the viilun nf y at ( - - o.l la ' ‘ 


T2, 




0 mid in uqtittlions 

)} turn tiaj, the hist trial y-tablc is constructed as follower 
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/ 

y 

A,y 

A'iV 

0 

i .0000 




• ou.i.s 

■.0075 


1 

.t )770 

,0140 

' • .0074 
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Since V / il i»nw l\.ll<.ws fr.mi I he lirsi e<|U!il i(.ns nf fti) un<l 10.7 (4) for # ^ i 
(hill 111) iipproNijiiiite vfilite of .V;, 


If* 


.'',1 


( 1 ) . 


0 . 1 0 ( M > 


10 


.077^) I j .0!,|(J I \ .0074 


.iyS 6 . 


Willi Viiliie «if .V;t il iii foninl l|•(n^ Ihe sci'oihI of (,s) |,hji( ji|i, ^ .2901. 'rhen 
(he link (rial i; lahle eoiislniele.l fiinn Ihe values of /> al. I - o, 0.1, 0/2, is: 


l•M•^l Trial /'-'I'aMe 


/ 

If 

Ai.lf 

A.;.!,' 

0 

.IHHK) 



. t 

. 1490 

.1490 


J 

. 2901 

• . 141 ! 

0 

C 


'I'heii (he seemnl e«|imlioM of 10.7 (.}) ),'ives for n <* 1 the ivioie nearly correct 
value of Vrf, 


14. 


Vs .1)92. S I 


to 


..!t)l>l I .1411 

I 2 


r 


u 


.0071) 


■‘) 70 S' 


'I'his value of Vs mIiouM ii'|ila< e Ihe last entry in the (irst trial y-tablo. When 
(his is ilone il is foiiial ihal 4 \,y; - .0220, A-jV-j -.0145. 'f'iHai the first equa- 

lion of 10.7 (4) ).'ive:i 


* 5 - 


.Vj 'v 1 


ItJ 


] I 

•uyoa 1 .0220 i- - ^ .0145 




The e»niiiMiliilioii Is now well slarleil althonj'h .V|, y,, .v*, and va are still subject 
to slifthl errors. ‘I’he values of ,vi and Vj ran be eorreeted by ajiplying 10.31 for 
w "“'I. (I is nei'eHsary Inst to i ompute a more nearly eorrecl value of ;,'a by using 
(he value of .vj given in (15). M’he result is gs -.aHqfi, At.ijj >== -.1406, 
Aigi «« I xkjH 4. Then the second e(iiitilioj) of 10.7 (4) gives 


16. 


.Vs ““ .»iuJ 5 1 



.2.S|jf» I 


1 

2 


.140(1 


1 

12 


.OOK4 


- •<) 70 S> 


agreeing wtih (141. ‘I'his vulne of y, is therefore essentially correct. An applica- 
tion of 10.31 then gives 
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after which it is found that - .1480, > • . j.|.SD. Now the lirst trial v-lalilc 

can be corrected by usiiiff the value of y^ j'iven in (i.|). 'I’lur result is: 


Second 'I’rial y-'rable 


f 

y 

Aiv 

A.y 

0 

1 .0000 



. 1; 


■ -OfF/.S 


. i) 

.9703 

■ .O.i.S) 

,0143 


Jn order to correct .Vaainl va by thesuiiH' niel bod, which is (In- most conveident 
one to follow, it is necessary (irsl l(t oltlaiii aii|)n»\iina,h‘ values of i;., and v.,. 'rin. 
trial /'-table can be correcle<l by conipuliii/' /; with the vahu-s of .c j'iven'by (ly) 
and (15). 'rheu the line for /.'.tcan be c.Nirapolalcd, 'I'be results aie: 


Sci'iuid 'Trial ij' 'Table 


/ 

1' 

A.e 

A 

0 

. 0000 



. 1; 

- . 14.S0 

. i4>So 


» 2 

■ ■ . 2.S()ti 

. 1410 

1 .0070 

•3 

■■ .4230 

• 13.TI 

t .0070 


Then the second e<|iialion of 10.7 (.}) /tives bir w 

i I I ' *133.1 .ooyo j - 

When this is added to the secoml trial y table, it is foutal that 

ly- y. ' = .<)3d8, A,y:, - ..<M57, A,y„ - .0.37, A.y., - i 

Now .V. lUKl :v, cui l«,. oimTlcl l,v ,ii,|,lyiii,! 10.31 1,. 
in the last line of the second trial /'-table. 'The results me 


20 . 


;Va -- .0J)(/7 T 


10 


y* .0^25 4 - 


.0348 I .a3<;7 * . .0137 t .(HjoS 

^ I e? 

- .oyo'; 


. I ijHo, 


'.4230 I- .1334 I .(xjytt 
2 12 


TI.C preliminary w<n'k is linislual ami aa.l y l.avn laan, ,l..re,„nn..,l fnr I - o, 
•t, and .a willi an nmu' nf pmlinlily not nmre llinn oiu- miil in llio last idaw. As 

o ‘■oinplicalfd, lail lids is larjtidy 

1.1*1.!!*'. y l*/"dt‘d pa^fi (ireltniiaary valiins of ilu? unknown ({iiniitilit's am 
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liisl sirps air vrry simplr aiul ran lu’ nin uid oiu in prjuaicc in a few minutes if 
(tie I'liotii’M time iiilerval v.\ not too j,» feat. 

The prnl.leni now mimrs lo simi*le routine, 'rhere are an ar-table, a y-table 
(wl.iel. m the. problem serves also us an /.table), a liable, and a schedule for 
compnImK n. It is advisablr (i. use lari'c sheets so that all the computations 
except the seliedule for compntiiiK f; ,an be kept side by .side on the same sheet 
Tin- proces:; consists of six steps: (1) Ivxlrapolate a value of and its 
differences in IIh- i; table; (.•) e.mipnie y,.,. by the second e(|uation of 10.7 (4); 
(3) I’liler the result in the y table and write down the dilYereiices; (4) use the.se 
results to compute .r..,, by the first equation of 10.7 (4); (5) with this value of 
.i'„, , compute by the i; romputatioii schedule; and (6) correct the extrapolated 
value of 1;,. 1 1 in the i; tabh’. 

llsnally tin* correction to will not be ffreat enouj'h to reiiuire a sensible 
corrci tion to v.,, ,. Itut if a correction is rei|uirnl, it should, of coiir.se, be made. 
II follows from the inte('ration formulas 10.7 (4) and the way that the ilifference 
functions are formed that an error (• in produce.s the error jj/ze in y,„.„ ami 

the i-onrspondiiMt error in .v..,, is //'f. It is never advisable to use ho large 

a value of h that the error in r,.,, is apprei iable. On the other hand, if the dilTcr- 
eiiM’s in (lie (able .itid the y (able becoiiu* so small that the second differences 
ar<' insensible the interval may lie doubled. 

'Hie iollowiug table-, show the results of (he compulations in this problem 
reduced from live to four plaees. 


Final .v Table 


1 

,r 


Aj.v 

A.1.V 

n 

. Of 'H to 




. i 

.nouy 

. 01 ) 1)7 




. itjHo 

.<a)S3 

.0014 


..i 

-fU .-54 

.(.)054 ’ 

■ ■ . 0021) 

■ .0015 

.1 

.FMV 

.01)13 

•• .0041 

' ■ .001:5 

. *5 

, 4 VoS 

,o.S<n 

• • ,o<:)j{2 

- ■ .0011: 

,(♦ 


■ O.SCK) 

" .00(11 

.0001) 

•7 


07 . 4.5 

’ • . 00(15 

.0004 

, s 

.(Mioq 

.ntiftO 

■ ■ .oohl) 

•’ .0004 

.‘1 



.0070 

— .ooor 

1 0 


.05.) 5 

-.ooyr 

,ooot 

r . i 

, .S.pSti 

,045(1 

-- ,00(11) 

b.ooos 

1 . j 

..s,S 77 

• 0.401 

-» .00(15 

•!-.ooo4 

« - .4 


.032.H 

• .00(13 

b .0002 

I .4 

OM 72 

.o.'(i7 

• • .0061 

•h .0002 

» S 


.0.110 

• • .0057 

-I•.ooo4 

1 ti 

‘ 1^37 

.0155 


-|•.0002 

r .7 
! .H 

.11040 

.0103 

• ‘,0053 

•|•.ooo3 


.0053 

• .0050 

-|♦.0002 

I b 

•‘1005 

,0002 

— .0051 

•*" .0001 
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Mnal 


1 . 0000 
•970.S 

■ HSS;* 
.Si 20 
.70H7 
.7oo<) 
. (),ioS 

. 2()6S 
. 2.iS,l 
. 1S2.I 
. r 2»)0 

<«775 
.0271 
■' .Oi’.iO 


Aiv 

Ai,v 

A;,_v 

•.0075 



• .o,i.?o 

■ -o'd-S 


' ■ -‘M.S'.i 

•oi.ii 

1 .oor,! 

■ ■ .« 47 « 

• .ot 17 

1 .OOl(J 


.001)2 

1 .002,S 

■ ■.oii.ii 

• .0071 

I .OOU) 

■ ■ .ofr/S 

.0041; 

1 .ooiO 

• .0701 
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As has been rcinat’ked, large shcel.s should be used so ( liui I he x, y, and g-taldcs 
can be put side by side on one slieot. 'I'lien (he /•■colutnn need lie writ ten but oneo 
for these three tables. The g-schedule, which is of a diri'erent type, should be on 
a separate sheet. 

The dilTerential e(iuation (r) has an integral winch becomes for //■'• I 
, tlx 

and “77 “ y. 

21. y® '!> ";v’* -• i ^ r, 

•^ 3 /} 

and which may be used to cheek the coinpnlali<m because il must lie satisHed at 
every step. It is found on trial that (.n) is salislied to within <ine unit in (ho 
fourth place by the results given in the foregoing (ables bir every value of /. 

The value of / for which ;r = = t and y -■ * o is given by (0). Wlum /c’ ■ > it is 
found that 7 ’ t.M 54(:. It is found from (he tinal r (able by inteipolation bas^sl 

on first and second dilTerences (hat .v rises (<t its maximum unity I'or almost exactly 
this value of /; and, similarly, that y vanishes for this value of /. 



XI ELLIPTIC FUNCTIONS 

IIy Sir Guorcib GRiiiiNiiii-L, F. R. S. 




INTRODUCTION TO THE TABLES OF ELLIPTIC 

FUNCTIONS 

By Sir Georgr Greeniiiix 
In the integral calculus, /’-“%• and more generally, 

J •V'A J P + Q 

wliei e Af) iV, J , aic lational algchraical functions of :v, can always be expressed 
l)y the elementary functions of analysis, the algeliraical, circular, logarithmic or 
hypeiliolii., so long as tlie degree of A docs not exceed the second. But when 
A" is of the tliird or fourth degree, new functions are required, called elliptic 
functions, liecause encountered first in the attempt at the rectification of an 
ellipse by means of an integral. 

To express an elliptic integral numerically, when required in an actual 
questiiin of geometry, mechanics, or physics and electricity, tlic integral must 
be normalised to a standard form invented by Legendre before the Tables can 
be employed; and these Tables of the Elliptic Functions have been calculated 
as an extension of the usual tallies of the logarithmic and circular functions of 
trigonometry. The reduction to a standard form of any assigned clliptic integral 
that arises is carried out in the procedure described in detail in a treatise on the 
elliptic functions. 


11.1. Legendre’s Standard Elli])tic Integral of the First Kind (E. I. I) is 

^ jh 

a/i “ x^ sin® (/) ‘'o Viii - x^){i ~ kH'^) ” 

defining </> as the amplitude of u, to the modulus k, with the notation, 

(j) ^ am n 
'==’ sin ^ <=» sm am u 

alibrcviatcd hy Gudernmnn to, 


X »=« sn u 
cos f/) cn It 

A 0 “ \/(i “ sin** 0) A am it »» dn it, 
and sn u, cn it, dn it are the three elliptic functions. Their differentiations are. 


a. 

(lit 


A0 


(I sin 0 L A L 
— « cos 0'A0 


d am It , 
or — r— « dn «- 
(kt 

d sn It 
or — j — “ 
dtt 


or 


cn It dn u 
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(I COS (f) 

(hi 


- sill (j) A(/) 


or 


(I m u 
(In 



— K® sill (j) cos (j) or 


</ (III u 
(hi 


— sii jmIii u 

- K" sn n cn n 


* TT 

11.11. The complete integral over the (iiiadrimt, o < </> < o < ;v 
the ((juartcr) period, K, 

making 

.sn K i 
cn K ' ' q 
(In A' > > 

k' is the coniodiilus to k, k^ |- t, and the copi'riod, A"', is, 


K - A’ 


TT 




«•(/(/> 
A(/>’ 


A" 



(/</) 

sill” </))* 


11 . 12 . 

sn“ //. d' cn*** u I 
cn’-*# I- /C"sn" « ■ r 
dn“ u — cn’' /f - - 

sn o o, cn o ‘ < dn, o » < i. 
sn K I, cn A' • ' o, dn A" • k\ 


<r, defines 


11 . 13 . Legendre has calculated for every degree of 0 , the modular angle, 
K sin 0 , the value of /<’(/> for every degree in (he <inadnui( of the amplitude (/>, 
and tabulated them in his Table JX, Fonclions elliptiijiies, 1. 11 , ()o x (|0 .Sicx) 
entries. 

But in this new arrangeiiKMit of the 'fable, we lake « /'0 as the independent 

variable of equal steps, and divide it into ijo degrees of a (inndranl A', pulling 

u *3. cK » ■— ji A", r® ()o”r. 

As in the ordinary trigonometrical tables, the degrees of r run down the left of 
the jiage from o® to 45®, and rise up again on the right from lo iio”. 'flien 
columns II, III, X, XI are the equivalent of lA*gemlre’.s Tablt? of h'tf) and 0 , 
but rearranged so that /'0 proceeds by eriual increments t® in r®, and the in( rc» 
incuts in 0 are unequal, wherctt.H Legendre took equal increnienls of 0 giving 
unequal increments in u ^ /'‘0^ 

The reason of this rearrangement was the great advance made in elliptic 
function theory when Aliel^ pointed out timt F(fi was of the nature of an inverse 
function, ns it would be in a degenerate circular integral wllli zero modular 
angle. On Abel’s recommendation, the notation is reversed, nnd d, k m h,i 
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considered a function of u, denoted already by 0 = am w, instead of looking 
at inj.cgcndre’8 manner, as a function, F0, of 0. Jacobi adopted the idea 
in his luindamcnta nova, and employs the elliptic functions 

sin 0 = sin am «, cos 0 = cos am A0 = A am «, 

singlc-valucd, uniform, periodic functions of the argument '/*, with (cpiarter) 
period AT, as 0 grows from o to Gudermann abbreviated this notation to 
the one cniploycd usually today. 


11.2. I he hj. I. I IS encountered in its simplest form, not as the elliptic arc, 
but in the expression of the time in the pendulum motion of finite oscillation, 
unrestricted to the small invisilile motion of elementary treatment. 

1 he compound pendulum, as of a clock, is replaced by its two cc|uivalcnt 
particles, one at 0 in the centre of suspension, and the other at the centre of 
oscillation, the [larticles arc adjuste<l so as to have the same total weight as 
the pendulunii the same centre of gravity at G, and the same moment of inertia 
about (/’ or ()] the two particles, if rigidly connected, arc then the kinetic equiva- 
lent of the compound pendulum ancl move in the same way in the same field of 
force (Maxwell, Matter and Motion, CXXI). 

Putting OP I, called the simi)le equivalent pendulum length, and P starting 
from rest at P, in I'lgurc i, the parti- 
cle P will move in the circular arc 
PA /Pas if sliding down asmooth curve; 
and P will ac(|uirc the same velocity 
as if it fell vertically KP - NI)\ this 
is all the dynamical theory required. 

(velocity of py z^'KP, 

(velocity of 2 g' A^/^.sinMOi* 




and 

ca // 


OP'^ 

with AD 
- y, AK 


- A, A N - y, ND 
2 I, NK 5 = 2 / - y, 


/</yY f, 

U 'j 


y’^) ( 2 / 


y)-f F. 


where Y is a cubic in y. Tlien / is given 
by an ellii)lic integral of the form 

'Ay., 

vf 

E. I. I by putting y h 
2 / - y «• 2 / (i - k’* sin® 0), 


.1 



This integral is normalised to Legendre’s standard fonn of his 
sin® 0, making /10() » 0, h — y » h cos® 0, 


AD 


r , « sin® AUB. 


2/ AE 

^ mod ulus, tlie modular angle which Legendre denoted 

by 0] Vifi - K® 8in*0) he denoted by A0. 
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With /,' >= In^y and reckoning llio time I from A, this nuikea 

rt' (l(l> 


nl 


f 

♦/» 


Aif) 




in Legendre’s notation. Then the angle </> is called the iiniplitmh' of nl, to he 
denoted am nt, the particle J* starling up from .1 at lime / > o; and witJi u - > ut 


sn /f 

d/’ 

An 

y|() 

yiyi 

.sn'" u 

.LV 

AD 

cn u 

!){) 


cn’’ u >■ 

/7c 

Al) 


' An 

<]n a 

KP 

KA 


dn'** a ' 

NK 

' ap: 


Velocity of P - «'/I/i'cn u >//</’• PP\ willi an (eaillalion heal of 7’seconds 
in u <=* c/v, « a//'/’. 

11.21. I he numeru ai values of sn, cn, dn, tn (a, a) are taken from a lahic 
to modulus K ™ sin (naalular angle, 0) hy metiiiH ..f the functions />,- Ar Hr 
CV, in columns V, VI, VII, VJil, hy the ((uotienlM, ’ ' 

V K* sn rl\ M 


cn cA' 


n 


1) 

dn cA' 

•v/«' 

A 


V K* tn cK 




M t'K, 


lliCHC /), A, II, C lire ihc 'I’licCii iHiiii liiiiw «( Jmuhi, ii(iniiiilisi.i|, il,'|iii,.,| |,y 




7)(c) "• /((yo" ~ r) c(r) - /)(yo“ _ r), 

alley were calculiitcil tmin Die iMiuiicr Beiiun of niiKlen |iniiifiliiiK !•>' nuillilili'a 
of r , and powers of q us coefficients, delined Ijy 

** 

q isa 

G« ™ I - ay cos ar + ay' cos yr - ay* cos fir i- 

Hn - ayl sin r ~ ayl sin ar + ayV sin sr - . . . , 

as. The Elliptic Integral of the Second Kind (E. 1. II) arose first hisloricnllv 
m the rectification of the ellipse, lienee the immc. With DO/' » yi in Eigure i, 

y ^ 
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(Is 


~ C()s2 0 ■-l-'Fsina"? = aA(f/>, k), 

to tlie 1710(1 ulus K, the eccentricity of the ellipse. 
Tlieii .V = a Eel), where fi'Aef) • dej) is denoted hyEef) 
in Legendre’s notation of his standard K. I. II; 
it is tabulated in his 'rable IX alongside of 
for every degree of the modular angle 0, and to 
every degree in the quadrant of the amplitude (/;. 

Hut it IS not possible to make the inversion 
and exivrcss (j) as a single-valued function of 7iV/>. 



Fl(}. 2 


11.31. Ihc L. I. II, Juf), arises also in the expression of the time, t, in the oscil- 
liition of a paitule, ./ , on the arc of a pjirabola, us Fej) was required on the arc 

of a circle. .Starling from Ji along the parabola 
BA li', Figure 3, and with AO - h, OB = b, 
BOQ ~ <j), AN ~ y ^ h cos® </>, NP — x ~ If cos 
(f> and with aS* = 2//. « h tan a, OA' = SB 
“ b sec OL, the parabola cutting the horizontal 
at B at an angle cv, the modular angle, BBA'B' 
is a semi-ellipse, with focus at .S', and eccen- 
tricity /( = sin cv. 

(Velocity of -I- 



(6® cos® (/) -I- 4 ^® sin® (j) cos® </>) 


(/.®(i - sin® (X sin® (f>) cos® (/> « 2^ « 2 (ih cos® (j) 

- F® co.s'J (/), 

if V denotes the velocity of P at A , and fM' «. Then with s the elliptic arc BK, 




and .HO the point R moves round the ellipse with constant velocity F, and ac- 
companies the point P on the same vertical, oscillating on the parabola from B 
to ./F. 

In the analogous case of the circular pendulum, the time t would be given 
by the arc of an Elastica, in Kirchhoff's Kinetic Analogue, and this can be placed 
as a bow .on Figure i, with the cord along AE and vertex at B. 

Legendre has shown also how in the oscillation of R on the semi-ellipse BRB' 
in a gravity field the time / is cxpressilde by elliptic integrals, two of the first 
and two of the second kind, to complementary modulus (Foiictions elliptiqucs, 
I, p. 183). 
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11.32. In these talilcs, K<l) is replaced hy the columns IV, .IX, t)f A’(/') and 
G(r) - U{(}o " r), deliiied, in Jacobi’s notation, by 


K 


y.n cK - Jiif) "• c/'l 
(/(r) ~ /.n (i ~ c)K, r = - poc. 

This is the periodic part ot ./'’(/> after the secular term cA ' u has been set 
aside, K denotiiij' the complete 30. I. 31, 

/i A .jTT ! J 

The function zn //, or /.ii in Jacobi’s notation, or in our mUation, is 
calculated from tlu5 series, 

rn * II) 

sin 2 «//' aTT 


silili iHir ' 

ijji«i j., 

This completes the e.Nidanation of the twelve columns of the tables. 


11.^. The Double Periodicity of the 10lli|itic iMimlitHis. 

This can be visualised In pendulum motion if /.travily is supposeil ri'versed 
suddenly at U (Kip[ure i) the end of a .swiiift; as if by the a»!dition t»f a wei|j[ht 
to bring the centre of gravity aimve or by the movemeni of a weight, as in the 
metronome. The point J* then o.siillates on tin* arc /t/’,7P, and IhniIs the elliptic 
function to the complementary modulus a', as if in imaginary time, t<i imaginary 
argument uli -^JK'i: and it reai'hes V on .LY pnaluceil, where tan A HE' 
tan /I7'73>cn {ul'i, a), or tan EAP' . Ian V'.’.l/bcn {nt\ a'); or with nP 
Dll' - y;73‘cn («i, a'), dr - /I/bcn {v, a'), with DIDDR' > DIE, El" crossing 
DJi in R', 


cn (ivj a) ' 
sn (/v, a) 
dn {iv, a) 


ca (f, a') 

/ sn (i>, a') 
cn (f, a') 

dn(t',A0^ I 

cn (v, a') sii (A ' - 


i tn (v, a') 

t-. a') 


where K' denotes the complementary ((|narter) peraal to comodulus A^ 
If 7», m' are any integers, positive or negative, inchuHng o, 


sn in f <|m; A' >|« ^w'iK') >■■■■ sn u 

cn [« h AmK m'iK *h iK'Y] « cu u 
dn (f# b 2;;/A' 4- dii « 

11.41, .rhc Addition 'riicorem of the ICIlijMie Fimctions. 


sn (a da t') 
cn (t> ds u) 


sn » cn V dn n .ir sn v cn # dn u 

I ~ A* .HU* it HU® 17 
cn n c n v 4- sn u dn u sn e dii v 


T A® sn* u sn* » 


dn (n ± u) m »» « V cn V 

1 - A® an® u an® v 
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Coaniiiiitude Formulas, with 

71 = ± iC, 



sn {K 

.. cn 77 

“ 77) - -j — = 
dn u 

sn (/v -b 77) 



cn {K 

s k' sn 77 

“ iisir 


cn {K + 77) == 

k' sn 77 
dn 77 

dn (/C 

~ 77) - 

dn 77 ~ 

dn {K -\- 77) 



tn {K - 

- 77) ~ “ 7 ~ 

ic tn 77 


tn (/C -b 77) = 

k' tn 77 


11.43. Legendre’s Achlition Forniuhi for his E. I. II, 

.lu() yA</) •</(/> =--5 Xdw^U'du, (j) = Xdnii'dn. = am«. 

E(f> -I- •El/' - Ka - sin <f) sin ^ sin d, ^ = am ?), d = am {v -|- u) 
or, in Jaeolji’s noUUion, 


/,n u ■ I - y.n v ~ zn (//. d- v) ~ sn u sn v sn {v -\- ii), 
the secular i)arL cancelling. 

Another form of the Addition Theorem for Legendre’s E. I. 11, 

Ed I'O ~ ih'dy - ^ ^ M' sin'' <!> n / ^ 

l.U ,0 = ara(,.-H) 

or, in Jacohi’s notation, 

ail (» -I- «) + /.a (» -«)-!. z„ V = 

I — /(" sn* u sn* V 


11.6. I he .I'illiptic Integral of the Third Kind (I'’. I. Ill) is given by the next 
integration with respect to n, and introduces Jacobi’s Theta Function, 0«, 
defined liy, 


d log 0//. 
(lu 


ts: 


Z u >= 7A\ U 


On r J 

Oo 

Integrating then with respect to u, 

log 0 (v -b 71’.) - log 0 (v - 7/.) - 277 zn V == 

and this integral is Jacoln’s standard form of the 3C. I. Ill, and is denoted by 
"* 2 II ( 77 , v ) ; thus, 




2 /f* sn V cn 71 dn 71 sn* u 
I — K* sn* 77 sn* 71 


7^77, 


IT («, «) - r r «) 
J I ~ K* S 


/ iiii V Mr u J ,, , vr/ 171 — 7f.i 

V d- IT log rr/ ( • • 

sn* 77 sn* 71 * ^ 0 (71 -I- 77) 

Jticobi’a Eta Function, I [ 71 , is defined by 

Hti 

'^-«V7<sn7i, 

and then 

7 / log Hti cn 71 cln 71 , , , , , 

— n __ |, denoted by zs 71 / 


dv 


sn a 
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on V (In w 


J /* — I 

f SIU) CIUmIiM) -|| / >. 

' .i • -U • ■ ■ 11 (u, V) 

o I - Sir* u sir* J) sn v 


1 , ( ) (t) • • n) 

l u) 


. M, 

2 ■’ () (i< h «) 


This gives Legendre’s standard J'h L 111, 


r M (i(j) 

J I // sin"</) A</j 


where wo put n •- sn" v < > - k" siir' xj/, 

.... / , K*'\, , . cos-'^AV civ't'dir' j» 

AP - I d- ' ■ (i ■ • n) " . 1. , ^ ■; 

\ n/ siir i/' sir’v 


the normalising multiplier, A/. 

The K, I. in,' aris(!s in tliedyimmusof llie gyrosdipr, lon.sphcrlru! prndnlnin, 
and in Poinsot’s herpolhode. It can 1 k^ visnidi/.cd in ihc :;oUd ungh* 'd a slant 
cone, or in the perimeter of the reeijn jicul rime, a spliem eonii-, or in I In* mag - 
nclic \)otenlial of tlie circular Imst;. 


11.61. We arrive here at the t!e(initions of the fuia lions in the tallies, Jaeolii’s 
Ot# and llu are normalised liy the divisors On and HA', and with /•-' nor, 

I 1 /-A 1 • . . OcA j / V t 1 IcA 


J){r) denotes , 


. 1(0 denotes 


wJiile Ji{r) yl(po- r), (;(/•) /)(()o - r), and /t(o) vl(no) - />(<>) ( *(«)o) 


ra X, C(o) /K()o) 


Then in the former definilionH, 

/I(r) /I (no) 


m PM 


sn H \/ k' sn r/x 


Mr) Jt(p) 

no-rm 


C'(r) Ofo) , dn cA' 
Mr) /)(o) Wk' 


Then, with u eK, v ««» /A", r ^ t^oe, s »»' ^)Qf^ 




I “* »*) 


jsnZ/C /i (is), uii f I “» n iiT »a .A foo ~w »si n 
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llic Jacol)uiii multiplication relations of his theta functions can then be 
rewritten 

/■^(r -1- s)D{r — .v) = DhDH — tan® OAhAhy 
A{r -I- _ s) - AWs - DhAh, 

n{r -1- s)B{r ^s) ^ BhBh - /lV/1®^, 

Hut uuCoitunately for the physical applications the nuinljer s proves usually 
to be imaginary or complex, and Jacolii’s expression is useless; Legendre calls 
this tlie circular form of the .li. 1. Ill, the logarithmic or hyperbolic form corre- 
sponding to real x. However, the complete F/. I. Ill between the limits o <0 <lir, 
or o <11 <K, o <c < 1 , can always be expressed by the E. 1. 1 and II, as Legendre 
pointed out. 


Ili6> I he standard forms are given above to which an elliptic integral must be 
reduced when the result is re(}uired in a numerical form taken from the Tables. 
Hut in a practical problem the integral arises in a general algebraical form, and 
theory shows that the result can always be made, by a suitalile substitution, to 
depend on three dilTerential elements, of the X, II, III kind. 


I 


(Is 


Vs 

IX Cv~«) 




XXX 


^ jh 

{s ~ ff) VS' 


where .V is a culiic in the varia))le s which may be written, when resolved into 
tliree factors, , . , 

,V .=^1 4\s - xi)(x - - sa ) 

in the sequence a>.vi>.va>.V 3 > — oc, and normalised to a standard form of 
zero degree these dilTerential elements are 

.p VTi ~ Sa (Is 

11 -4^4 * 

V^i - A'a VS 

III 

7^ Vs 


X denoting the value of S when x «« cr. 

The relative i)ositions of x and (t in the intervals of the sequence require ’ 
preliminary consideration before introducing the Elliptic Functions and their 
notation. 
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11.7. Tor the E, L I ami its reiii'escntalion in a taliultir foriii wllli 


.. >'2 -• 


i 

/ 

t/.vi, M 


,Vi • .\;i 
V.Vi • .V;| f/.V 


■V| • • A;i 

\/m tis 


•c , / 

i/m. io 


and utilizing the inverse notatinn, (hen in tlie lir.st iii((;rval nf tlu^ sei|m'nee, 




if .. .. = ^‘'D 'V/'. 


(t - c)K / 

t/jfl 


/"’a/.Vi • ■ >va <Is' 


■ ^ dn 'vA' 

- -va > .V 

■ Va 

• Aa 

.'li » .Vi ■ 

’ A -.! ■ .Y 


indicating the suhstitiitlons, 


V ~'V ‘ ([> sn-’ cK, •' “ ' - siir' ^ > sn’’ (i • r)/\. 

A vV lY;^ 


In the next interval .V is negative, and (he «(nnodulns x' is re(|Mir<*d. 

s\ >s:.-s-i 

JK'^ r'>^y:A!'£,„sn '/' Cm-,, 

V“- A ' ■'< ' '';i ' ''I ■''■i * .Vi ,v,i 

{ 'V^'l ■■■ ,, /.Yi .V't’.V ■ A, I ... .. V 


>v/"' .. ,,r ^ 

t/ii v «..,V ' >'1 ‘ A':t ' ,V| .\'4'.v .V| 


.S' is positive again in the next interval, and the mndnliis is k. 

.v'a >.v >.v.i 


dn 'Vr' 
V .V 


(i - e)K ^ f -A'l ’ Hn'’>^A' fu 'v.A' ' ■'« 

V.S ' -'a •“ vi ,v > .Yj . .V 

dtt 'y 

cK TO ( ^ gjpu/*) . . cn 'vA*' ' w> tin ' 

V.S' ' h - > Xs ... sn V Xx Ai, 


A't >a 


indicating the sulistitutions, 

'«■ <hi® (i - c)K, ^ Hins it> - »jt« ^A: 

,y TO Sn sin'^ r/j eh 
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S is negative again in tlic iast intcivai, and the moduius k'. 

S'3>^> — CO 
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— .?3 * ^1 — S 
S2~S 


= cn-V^^’ = dn-v/^^^ 

«/.V V- 6 V i2 - ^ V i'2 - i' V Si _ S3.S, 

JK' = r -^4^ = sn-t/i^ = en-'v/^ - dn-l/^ 

J-co V“ »S T i'l ~ i' V .Vi - s V Sj _ s 


11.8. I'or the notation of the K. I. II and the various reductions, take the 
treatinent given in the Trans. Am, Math. Soc,, 1907 , vol. «, p. 450 . The Jacobian 
Zeta function and the 7',r, 6 r of the Tables, are derined by the standard integral 


p Si - s (Is ('<!• . , , , re 


or. 


O’ •— .v.q do" /V 

„ Vir -"S 7:^' ” Jo 


where zn is Jacobi’s Zeta Function, and II, IV the complete JL I. H to modulus 
K, id, defined )>y, 

n o. fj &(<!>, k) (1<I> - _£'<ln* {cK);l{cK) 


IT 

IV ^ j^=' A(0, id) (kf) ^ J^'dn2 {JK')>(1{(1V), 

The function m n h derived by logarithmic dilTerentiation of 0«., 


(I log ()u . 

7,n ii '"3 ov concisely, 


()//. exp. f 7A\ u • (lu, 

ami a function zs 11 is derived similarly from 


ZH n *=« 


d log Iln 


dn 


d log B?/ d log sn u 
du dn 


^ 7A\ n T 


cn u dn n 


sn u 


For the incomplete E. I. II in the regions, 

00 >.V>^l>5a>S>53 


sn® eh « - " — ' or => 

S — ^:l So — Sn 


and 


256 


MATIIEMATICAT. l''OKMUI.A': AND KIJ.ll'TIC I'UNCTrONH 
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»/ V-^i — 53 V^V V**' 


the iutegnils being «.> at 

the uppei 

r limit, .v 

f.'t <0 

, or at the lower 

limit. 

.V ■ < .Va 

where c === 0 

and zs cK 

■i O ) * 






5io also, 
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■ r)(// . ^ vy<) • = 

zn cA' 


/‘fa - 5a 
J *^5 - 5a 

v.v 

/• .V-. 

eyi 1 

./ V5i ■ 

5a <ls^ _ 
- .va VS 

r(/C 

' u ■ 

* ■ //) - zn ('K 

... ,.\r/v .. //) ,|. z, 

1 cK 


Similarly, 

for the variable cr in 

llie regions 






5i>(r>53>.Vn>0’ 


10 



5/ negative, 

and 
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5l ff „ .V, • 
5l -"■ .V3 5, ■ 

.. ff 
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- cr (Iff 

V A 

:.-'. V.V • •//') 

zn/A" 

V 5 

1 - 5ji V - 2 


I'l ■ ff \/ 


(x IKK' 

//Oi 

zn/A^' 


a (Iff 

-jflj 

Aji cr 

\/.Vi -• .va 

(Iff - 

/(//' «"'7C') 1 

zn/A' 

r 

J V5i - 

58 s/ "" i/ 

,/ 5i •-* O’ 

V- s 

(i /)(//' - . V^K') . . 

zn/A" 

r ff ^ s 

i, (Iff 

, p" - ? 

sAi ■ •' .Va 

(Iff 

fir 1- zn./VC' 



./ ViSi - 

5a V ^ 

5i • ” ff 

V - S 

(* . f)ir zn/A' 



r£.-a^ 6 :> „ (, „y)(A-< _ /,«) ,, zh/a" 

Ai - cr ... 2^ t/,r \/.vi - .va \/ » • 2^ 

1/ A’l “ (T V - A *' V-Vl Ail V «" « 


A?* -- <r V.vi - Si . r 5 ;i - O' rf<r . •„ 

I ^l0• ^ I *«, (I ».../)// Z;l/A 

J 5l - O' S Va'i - A'a V-t 

these last three integrals Ijclng infinite at the upper limit, & s,, or lower limit 

(T 0 - CO, where / 0, iss JK^ •«'<». 

Putting (j 1 or / « I any of these forms will give the complete K. T. IT, 

.... 1 1ft • 
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11.9. .In dealing practically with an E. I. Ill it is advisable to study it first 
in the algeliraical form of Weierstrass, 

{s — a) VS 

wbcic .S “ 4’.y — i'l'.v — .Vavv ~ .vg, ^ the same function of o', and begin by ex- 
amining the se((iieiK;o of the quantities .v, or, i'l, .vg, 

Then in the region 

i- >iT >.v?. xr >i’3, 


/ 


])Ut 


A' - .V;, cr - Ss == (^2 - Sii) sn-v, 

sn u ' Si — .yg 


.y - a 


(1 — /c^ u sn’^ v), =. dll, 


' VS 

V^ - Vxi ~ .vg (.92 — .Vg) sii V cii V du ?),■ making 

y ds /Tv“ sn cn 2> (In sn® «. , v 

. - <r v'v " J r-^S^n^v- ”)• 

Hut in the region, 


•t - .'•» = fe - .'-a) SIX’’ «, <r - fa -VS = (.V, _ fa)i _ 


making, 


O' >.91 >.92 >,y >. 93 , 

. 9 l ~ . 9 g I 

= n I 

Sir V 2 

sn® V 
cn V (In V 


cn V (In V 
sn® V 


O' - .9 = ™ (l - K® Sll® 11 Sll® v), 

'du 


cn tKln _^ 
sn V 


or 


ClV^ r XT rr/ \ . 

J cr--.9 Vs J I" li-Hidum’-v 
In a dynamical application the sequence is usually 

^>^l>(r>.92>.V>53 

.9>,9| >,92>.V>A-3>(r, 

making negative, and the E. I. Ill is then called circular; the parameter ’5 
is then imaginary, and the expression by tlie Theta function is illu.sory. 

Tlie comiilete 1C. I. Ill, liowcver, was shown liy Legendre to be tractalih 
and falls into four classes, lettered U') (jj/Oi p. 138, i'i-), PP* i33> i34 (Eonc- 
tions elliplifiues, I). 
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KIJ.IPTIC function 

K « 2. 3087807082, K' - 1. 0480952186, R . . 1. 1038279040, K' 1.4081140284, 
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liij.iPTu; function 

K = 2. 6046600700, IC ■ . 1. 6200268901, H . . 1. 1183777380, K' 1. 6237002063, 
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K = 3.1633862619, 


ELLIPTIC FUNCTION 
K' = 1.6828428043, E - 1.040114390V, K' 1.6608871006, 
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